SOLUTIONS TO MIDTERM 2 PRACTICE PROBLEMS

(1) (a) To find N(A), we solve the matrix equation Az = 0. Row reducing the matrix
210 =50

[A]0] gives us 0001 4 0
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Thus the set S = 0 1 0 is a spanning set for N(A),
0 O
0
and since it is also linearly mdependent it is a basis for N'(A). (We can see this
-2 -1 100
1 0 0 010
last fact since the matrix | 0 1 0 | row reduceseasilyto | 0 0 1 |.)
0O 0 -4 000
0 0 1 000
(b) From above, we can see that the recuded echelon form of A is the matrix
é ?) (1) (1) _45 . Since the leading 1’s appear in the first and fourth columns,

we know that the set {A;, A4} = { [ ; } : [ 3 } } forms a basis for R(A).

(¢) The non-zero rows of the reduced echelon form of A form a basis for the row

1 0
2 0
space of A, so 1 1,10 is a basis.
0 1
-5 4

(d) True. N(A) = {solutions to Ax = 0} and N (B) = {solutions to Bx = 0}.
These two matrix equations will have the same solutions if and only if their

augmented matrices are row equivalent. Since A and B are row equivalent, so
1



(2) (a)

(b)

()

are [A|0] and [B|0]. Thus {solutions to Az = 0} = {solutions to Bx = 0},
and so A and B have the same null space.

True. Row equivalent matrices do not in general have the same column space.
However, from part (b), we can see that R(A) = Span {[ ; } , [ 3 ]} = R?
3

7
dent (which means that since it has 2 elements, it is also a spanning set for R?
by Theorem 9 from section 3.5). We know that row equivalant matrices have
the same rank, so any matrix B that’s row equivalent to A will also have rank

2. Thus a basis for R(B) will also have 2 elements, and by the same argument
as above, the span of that basis will be all of R? so R(B) = R? as well.

since the dimension of R? is 2 and the set { [ ; } , { } } is linearly indepen-

1] [o] [O]
The set Of,[11],]0 is a basis for R3.
0 | 0 1
1] [o] Jo] [1
The set Of{,{11,10¢{,]1 spans R3, but is not a basis, since it
0 0 1 1
is not linearly independent.
1] [o] [o]
0 1 0 . . . .4 o
The set ol 1ol"]1 is a linearly independent set in R*, but it is
0 0 0
0
not a basis since it does not span R*. (For example, 8 is not in the span.)
1
1 0 0
Letvi=| 2 |,vo=10],andv3= | —2 |. We only know what T" does to
3 1 2
1 0
v1, U9 and v3, so to find what T"doestoe; = | 0 | andey = | 1 | we first need
0 0

to find a way to express e; and eg in terms of vy, v and v3. That is, we need
to solve e; = ayvy + agvs + agvs for ai, as and as. This is equivalent to solving

the matrix equation Az = e;, where A = [v; vo v3]. The augmented matrix
10 0 1 100 1

is| 2 0 —2 0 | whichrowreducesto | 0 1 0 —5 [, which tells us that
31 2 0 001 1

e1 = v1 — Dy + v3. Thus,

T(e1) = T(v1 — 5vg + v3) 2: T(v1) — 5T (ve) + T(v3)



3 1 2 0
=|12|-5]10|+]|-2|=1|0
1 0 0 1
Similarly, if we solve es = bjv; + bavs + bgvs we get the augmented matrix
10 0 0 100 O
2 0 —2 1 | whichrowreducesto | 0 1 0 1 S0 €9 = Vg — (1/2)v3
31 2 0 001 —1/2
and
1 2 0]
T(ex) =T (ve) — (1/2)T(v3) = | 0 | =(1/2) | =2 | = | 1
0 0 0
The matrix A such that T'(x) = Az for all z is the matrix A = [T'(e;) T'(e2) T'(e3)],
0 01
so from the information given and the calculations above, A= [ 0 1 0 |.
|1 00
1
From the given information, we know that the vectors w; = | 4 | and wy =
0

2
1 | are both in the range of C. We can see that the set {wy,wy} is linearly
)
independent, and so the rank of C' must be at least 2. Since rank(C)< n = 3,
this means that rank(C) = 2 or 3.
9
Similarly, we can see that u; = | 3 | isin the null space of C, so the nullity of C'
2
is at least 1. Since rank(C)+ nullity(C') = n = 3, we must have that rank(C') =
2. Thus {wy, ws} forms a basis for the range of C, i.e. R(A) = Span{w;, ws}.

b
From this description of R(A), we can see that a vector b = | by | isin R(A)
bs
if an only if the equation b = cjw; + cowsy is consistent. The Augmented
12 b
matrix for this system is [w; wy |b] = | 4 1 by | which row reduces to
0 5 bs
1 2 by
0 1 bs/5 . Thus b € R(A) if and only if by—4b;+(7/5)bz = 0.
0 0 by—4by + (7/5)b3
So an algebraic specification for R(A) is
by
R(A)=<{b=| by | €R® : by —4b; + (7/5)b3 =0
b3



is a basis for

[ 9
(b) From above, since rank(C') = 2, nullity(C') = 1, and so { 3
2
il 9 )
N(A). Thusz= | 2o | e N(A)ifandonlyifz =¢| 3 | for somet € R, and
( y :
T3 2
S0
., 1 = (9/2)x
— _ 3 1= 3
N(A) =T = X9 eR 2y = (3/2).%‘3
Zs
8
(c) The equation Cz = v where v = | 11 | will have solutions if and only if
15

v € R(A). From above, we can use the algebraic specification for R(A) to check

this: 11 — (4)(8) +

has at least 1 solution.
Let x; be one solution to Cx = v (we know there’s at least one.) Let zo =

$1+

since

9
3 |. Then
2
9
C.CEQ = C(ﬂ?l + 3 )
2
9

:C$1+C 3

(7/5)(15) =11 —=32+21 =0, so v is in R(A) and so Cz = v

9
=Czr;+0=v
2

3 | € N(A) and z; is a solution to Cz = v. This tells us that x5 is also

2

a solution to C'x = v. Thus since there are at least 2 solutions to C'x = v, there
must be infinitely many.

(5) The data in the table gives us the over-constrained system

which corresponds to the equation Az = b where A =

=N O

)

= (- 2)a—|—(

2)b+c
+(=1)b+c
+ (1)b+c¢
+(2)b+c
4 -2 1 a
}_11} ,r=| b | and
4 2 1 ¢

. To find the best least-squares quadratic fit for the data, we need to find



a least-squares solution to Az = b. To do this, We solve the equation AT Az = A”b.

34 0 10
Now, ATA = | 0 10 0 | and ATb = , so the augmented matrix is
10 0 4 10
34 0 10 34 100 1
0 10 0 2 |, which row reducesto | 0 1 0 1/5 |. This tells us that our
10 0 4 10 0 01 0
a*
least-squares solution to Axr = bis x* = | b* , so the best least-squares
C*

quadratic fit to the data is y = t* + (1/5)t.

(6) (a) False. There are many different bases for any subspace.
(b) False. Any basis for W will have p elements, but W will usually have infinitely
many elements.

1 0 0
(c) False. For example, B = 0O|,]11],]0 is a basis for R?, and W =
0 0 1
1
Span 1 is a subspace of R3, but any basis for W will consist of one
1
1
element which is a multiple of | 1 |, and this is not true for any of the vectors
1

in B.

(d) True. If dim(W) = n, then W has a basis B = {wy,...,w,}, and since W C R™,
B C R™. Thus since B is a linearly independent set of n elements in R", it is a
basis for R". Thus R" = Span(B) = W.

(e) False. The subspace criterion says that the zero vector must be in W since W
is a subspace. This means that the zero vector is not in V', so V fails the first
condition of the subspace criterion and so is not a subspace.



