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The Geometry of Linear Programming

Hyperplanes

Definition: A hyperplane in R" is any set of the form

H(a, ) = {x:a'x =3}
where a € R"\ {0} and 8 € R.
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The Geometry of Linear Programming

Hyperplanes

Definition: A hyperplane in R" is any set of the form

H(a, ) = {x:a'x =3}
where a € R"\ {0} and 8 € R.

Fact: H C R" is a hyperplane if and only if the set
H—xo={x—x0:x € H}

where xp € H is a subspace of R” of dimension (n —1).
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Hyperplanes

What are the hyperplanes in R?
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Hyperplanes

What are the hyperplanes in R? Points
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Hyperplanes

What are the hyperplanes in R? Points

What are the hyperplanes in R??
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Hyperplanes

What are the hyperplanes in R? Points

What are the hyperplanes in R?? Lines
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Hyperplanes

What are the hyperplanes in R? Points
What are the hyperplanes in R?? Lines

What are the hyperplanes in R3?
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Hyperplanes

What are the hyperplanes in R? Points
What are the hyperplanes in R?? Lines

What are the hyperplanes in R3? Planes
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Hyperplanes

What are the hyperplanes in R? Points
What are the hyperplanes in R?? Lines
What are the hyperplanes in R3? Planes

What are the hyperplanes in R"?
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Hyperplanes

What are the hyperplanes in R? Points
What are the hyperplanes in R?? Lines
What are the hyperplanes in R3? Planes

What are the hyperplanes in R"?

Translates of (n — 1) dimensional subspaces.
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Hyperplanes

Every hyperplane divides the space in half.

H(a, ) = {x: alx = B8}
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Hyperplanes

Every hyperplane divides the space in half.
This division defines two closed half-spaces.

H(a, ) = {x: alx = B8}
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Hyperplanes

Every hyperplane divides the space in half.
This division defines two closed half-spaces.

The two closed half-spaces associated with the hyperplane

H(a, ) = {x: alx = B8}

Lecture 12: The Geometry of Linear Programming (M Math 407A: Linear Optimization



Hyperplanes

Every hyperplane divides the space in half.
This division defines two closed half-spaces.

The two closed half-spaces associated with the hyperplane

H(a, ) = {x: alx = B8}

are
Hi(a,8) = {x €R":a"x > f}
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Hyperplanes

Every hyperplane divides the space in half.
This division defines two closed half-spaces.

The two closed half-spaces associated with the hyperplane

H(a, ) = {x: alx = B8}

are
Hi(a,8) = {x €R":a"x > f}

and
H_(a,8) = {x €R":a"x < g}
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Intersections of Closed Half-Spaces

Consider the constraint region to an LP

Q={x:Ax<b,0<x}.
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Intersections of Closed Half-Spaces

Consider the constraint region to an LP

Q={x:Ax<b,0<x}.

Define the half-spaces
Hj:{x:ejTXEO} forj=1,...,n

and
Hpyi={x:ax < b} fori=1,...,m,

where a;. is the ith row of A.
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Intersections of Closed Half-Spaces

Consider the constraint region to an LP

Q={x:Ax<b,0<x}.

Define the half-spaces
Hj:{x:ejTXEO} forj=1,...,n
and
Hopi={x:a]x < b;} fori=1,...,m,
where a;. is the ith row of A.

Then

n+m

Q= ﬂHk.
k=1
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Intersections of Closed Half-Spaces

Consider the constraint region to an LP

Q={x:Ax<b,0<x}.

Define the half-spaces
Hj:{x:ejTXEO} forj=1,...,n
and
Hopi={x:a]x < b;} fori=1,...,m,
where a;. is the ith row of A.

Then

n+m

Q= ﬂHk.
k=1

That is, the constraint region of an LP is the intersection of finitely many closed
half-spaces.
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Convex Polyhedra

Definition: Any subset of R" that can be represented as the intersection of finitely
many closed half spaces is called a convex polyhedron.
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Convex Polyhedra

Definition: Any subset of R" that can be represented as the intersection of finitely
many closed half spaces is called a convex polyhedron.

If a convex polyhedron in R" is contained within a set of the form
{x|t<x<u},

where ¢, u € R" with £ < u, then it is called a convex polytope.
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Convex Polyhedra

Definition: Any subset of R" that can be represented as the intersection of finitely
many closed half spaces is called a convex polyhedron.

If a convex polyhedron in R" is contained within a set of the form
{x|t<x<u},

where ¢, u € R" with £ < u, then it is called a convex polytope.

A linear program is simply the problem of either maximizing or minimizing a linear
function over a convex polyhedron.
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Convex Polyhedra

Definition: Any subset of R" that can be represented as the intersection of finitely
many closed half spaces is called a convex polyhedron.

If a convex polyhedron in R" is contained within a set of the form
{x|t<x<u},

where ¢, u € R" with £ < u, then it is called a convex polytope.

A linear program is simply the problem of either maximizing or minimizing a linear
function over a convex polyhedron.

We now develop the geometry of convex polyhedra.
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Convex sets

Fact: Given any two points in R", say x and y, the line segment connecting them
is given by
oyl ={(1-Mx+Ay:0< A< 1}
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Convex sets

Fact: Given any two points in R”, say x and y, the line segment connecting them
is given by

Byl = {(1— Nx+Ay: 0< A< 1),

Definition: A subset C € R" is said to be convex if [x,y] C C whenever x,y € C.
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Convex sets

Fact: Given any two points in R”, say x and y, the line segment connecting them
is given by

Byl = {(1— Nx+Ay: 0< A< 1),

Definition: A subset C € R" is said to be convex if [x,y] C C whenever x,y € C.

Fact: A convex polyhedron is a convex set.
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Example

(&)
(o]
(e}

—X1 — X2 S -2
3X1 — 4X2 S 0
—x1+3x <6

Mex{$x_25)

\exts)

\ex(Se_28)

ex(1) W, e extd) g 18!
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Example

Mex{$x_25)

\exts)

a o—x1—x <=2
C2 . 3X1 — 4X2 S 0
a . —x1+3x<6

\ex(Se_28)

ex(1) W, e extd) g 18!

The vertices are vi = (£,9), v» =(0,2), and v3 = (%, 8).
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Definition: Let C be a convex polyhedron. We say that x € C is a vertex of C if
whenever x € [u, v] for some u,v € C, it must be the case that either x = u or x = v.
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Vertices

Definition: Let C be a convex polyhedron. We say that x € C is a vertex of C if
whenever x € [u, v] for some u,v € C, it must be the case that either x = u or x = v.

The Fundamental Representation Theorem for Vertices

Let T = (tj)mxn, & € R™, and consider the convex polyhedron C := {x e R" | Tx < g }.
A point x € C is a vertex of C if and only if there exist an index set Z C {1,...,m}
such that x is the unique solution to the system of equations

n
d tix=g i€
j=1

Moreover, if x is a vertex, then one can take |Z| = n, where |Z| denotes the number of
elements in Z.
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Observations

When does the system of equations

n
Zt,'ij:g,' iel
J=1

have a unique solution?
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Observations

When does the system of equations

n
Z tijXj = 8i el
j=1
have a unique solution?

|Z| > n; otherwise, one solution implies infinitely many solutions.
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servations

When does the system of equations

n
Zt,'ij:g,' iel
J=1

have a unique solution?
|Z| > n; otherwise, one solution implies infinitely many solutions.

If |Z| > n, we can select a subset R C Z of the rows T;. of T so that the set of
vectors {T;.|i € R} form a basis of the row space of T. Then |R| = n and x is
the unique solution to

n
Zt,'ij =g Ii€R.
Jj=1
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Corollary: A point x in the convex polyhedron described by the system of
inequalities

Ax < b and 0<x,

where A = (aj)mxn, is a vertex of this polyhedron if and only if there exist index
setsZ C {1,...,m} and J C {1,...,n} with |Z| + |J| = n such that x is the
unique solution to the system of equations

n
> apx;
=1

x = 0 jeJ.

b; i€l and
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Example

a o—xp—x < =2
G 3x1 —4x <0
G —x1+3x<6
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Example

a o—xp—x < =2
G 3x1 —4x <0
G —x1+3x<6

(a)The vertex v; = (&, 8) is given as the solution to the system

—X1 — Xp = -2
3X1 - 4X2 = 0,
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Example

L o—Xx—x <=2
[ 3x1 —4x <0
aa o —x1+3x0 <6

(b)The vertex vo = (0,2) is given as the solution to the system

—X1 — Xop = -2
—x1+3x = 6,
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Example

a lo=x =X <=2
C 3X1 — 4X2 < 0
g : —x1+3x <6

(c)The vertex v3 = (25—4, %) is given as the solution to the system

3X1 - 4X2 =0
—Xx1 + 3X2 = 6.
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Application to LPs in Standard Form

n
E ajxj < b; i=1,....m
j=1

0

IN

Xj j=1...,n

The associated slack variables:

n
x,,+,-:b,-—§ ajjX; i=1,...,m. &
j=1
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Application to LPs in Standard Form

n
E ajxj < b; i=1,....m
j=1

0

IN
X
.
Il
l—\
QB

The associated slack variables:

n
X,,+,-:b,-—Za,-jxj i=1,...,m. &
j=1
Let X = (X1,...,Xn+m) be any solution to the system .

J={jec{l,....n}|x=0} I={e{l,....m}|%=0}}
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Application to LPs in Standard Form

n
E ajxj < b; i=1,....m
j=1

0

IN
X
.
Il
l—\
QB

The associated slack variables:

n
X,,+,-:b,-—Za,-jxj i=1,...,m. &
j=1
Let X = (X1,...,Xn+m) be any solution to the system .

J={jec{l,....n}|x=0} I={e{l,....m}|%=0}}

Let X = (X1,...,Xn) be the values for the decision variables at x.

Math 407A: Linear Optimization
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Application to LPs in Standard Form

For each j € J C {1,...,n}, X; = 0, consequently the hyperplane
sz{xeR":eij:O}

is active at X, i.e., X € H;.
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Application to LPs in Standard Form

For each j € J C {1,...,n}, X; = 0, consequently the hyperplane
sz{xeR":eij:O}

is active at X, i.e., X € H;.
Similarly, for each i € Z C {1,2,...,m}, Xp+; = 0, and so the hyperplane
n
Hppi ={xeR": Za,-jxj = b}

j=1

is active at X, i.e., X € Hpy.
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Application to LPs in Standard Form

What are the vertices of the system

n
E ajjX; < b,' i:1,...,m
j=1

0

IA
X
.
Il
\.I—‘
vh
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Application to LPs in Standard Form

What are the vertices of the system

n
D apx < b i=1,...,m
j=1
0 < X j=1,...,n
X = (X1,...,X,) is a vertex of this polyhedron if and only if there exist index sets

ZcA{l,...,m}and J €{1,...,n} with |Z| + |J| = n such that X is the unique
solution to the system of equations

Zainj:b,- i€, and x=0 jeJ.

=1
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Application to LPs in Standard Form

What are the vertices of the system

n
D apx < b i=1,...,m
j=1
0 < X j=1,...,n
X = (X1,...,X,) is a vertex of this polyhedron if and only if there exist index sets

ZcA{l,...,m}and J €{1,...,n} with |Z| + |J| = n such that X is the unique
solution to the system of equations

Zainj:b,- i€, and x=0 jeJ.

=1

In this case X;,4; = 0 for i € T (slack variables).
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That is, X is a vertex of the polyhedral constraints to an LP in standard form if
and only if a total of n of the variables {X1, %2, ...,X,+m} take the value zero,
while the value of the remaining m variables are uniquely determined by setting
these n variables to the value zero.
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Vertices and BFSs

That is, X is a vertex of the polyhedral constraints to an LP in standard form if
and only if a total of n of the variables {X1, %2, ...,X,+m} take the value zero,
while the value of the remaining m variables are uniquely determined by setting
these n variables to the value zero.

But then, X is a vertex if and only if it is a BFS!
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Vertices and BFSs

That is, X is a vertex of the polyhedral constraints to an LP in standard form if
and only if a total of n of the variables {X1, %2, ...,X,+m} take the value zero,
while the value of the remaining m variables are uniquely determined by setting
these n variables to the value zero.

But then, X is a vertex if and only if it is a BFS!

Therefore, one can geometrically interpret the simplex algorithm as a procedure
moving from one vertex of the constraint polyhedron to another with higher
objective value until the optimal solution exists.
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Vertices and BFS

The simplex algorithm terminates finitely since every vertex is connected to every
other vertex by a path of adjacent vertices on the surface of the polyhedron.
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Example

maximize
subject to

3x1 + 4x
—2x1 +x2 <2

\tex{$x_25}
2X1 — X2 S 4

0 S X1 S 35
0<x <4

\tex{$V_33%}
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The BSFs in the simplex algorithm are vertices, and every vertex of the polyhedral
constraint region is a BFS.

Phase | of the simplex algorithm is a procedure for finding a vertex of the
constraint region, while Phase Il is a procedure for moving between adjacent
vertices successively increasing the value of the objective function.
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The Geometry of Degeneracy

Let Q = {x: Ax < b,0 < x} be the constraint region for an LP in standard form.
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ry of Degeneracy

Let Q = {x: Ax < b,0 < x} be the constraint region for an LP in standard form.
Q is the intersection of the hyperplanes

Hj:{x:ejTXEO} forj=1,...,n

and

Hn+i={X:Za,-jxj§b,-} fori=1,...,m
j=1
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of Degeneracy

Let Q = {x: Ax < b,0 < x} be the constraint region for an LP in standard form.
Q is the intersection of the hyperplanes

Hj:{x:ejTXEO} forj=1,...,n

and

Hn+i={X:Za,-jxj§b,-} fori=1,...,m
j=1

A basic feasible solution (vertex) is said to be degenerate if one or more of the
basic variables is assigned the value zero. This implies that more than n of the
hyperplanes Hy, k =1,2,...,n+4 m are active at this vertex.
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Example

maximize 3x1 + 4xo
subject to  —2x3 +x <2
2x1 —x0 < 4

—x1+x <3

x1+x <7

0 <x S 37

0<x <4.
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Example

\tex{$V_4$}

y

\tex{$V;
\te; \tex{$V_5%}

maximize 3x1 + 4xo
subject to  —2x3 +x <2
2X1 — X2 S 4

—x1+x2 <3

x1+x <7

0<x <3,

0 S X2 S 4.

\tex{$V_6$}

\tex{$x_1
\tex{$18} \tex{$281 \tex{$3$1
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2 @ 1 0 0 0 0 0] 2 vertex

2 -1 0 1 0 0 0 0] 4 Vi =(0,0)
-1 1 0 01 0 0 0|3

1 1 0 0 0 1 0 0]7

1 0 0 0 0 0 1 0]3

0 1 0 0 0 0 0 1|4

3 4 0 0 0 0 0 00
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-2 1 1 0 0 0 0 0| 2 vertex

0 0 1 1 0 0 0 0] 6 Vo, =(0,2)
@ o0 -1 0 1 0 0 0] 1

3 0 -1 0 O 1 0 O} 5

1 0 0 0 0 O 1 o0of 3

2 0 -1 0 0 O 0 1] 2

11 0 4 0 0 0 0 0] -8
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o 1 -1 0 2 0 0 O 4 vertex

0O 0 1.1 0 0 0 0] 6 Vs =(1,4)
1 0 -1 o 1 0 0 O 1

0 0 2 0 -3 1 0 0] 2

0o 0o 1.0 -1 01 0] 2

o o o0 2 0 0 1 0 degenerate
0 0 7 0 -11 0 O 0 ]-19
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0 1.0 0 0 0 0 1 4 vertex

0 0 01 2 0 0 1 6 Vs =(1,4)
1 0 0 0 -1 0 0 1 1

0o 000 ® 1 0 2|2

0o 0 00 1 0 1 1|2

0o 01 0 -2 0 0 1 0 degenerate
0 0o 00 3 0 0 -7]-19
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Degeneracy = Multiple Representations of a Vertex

A degenerate tableau occurs when the associated BFS (or vertex) can be
represented as the intersection point of more than one subsets of n active
hyperplanes.
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Degeneracy = Multiple Representations of a Vertex

A degenerate tableau occurs when the associated BFS (or vertex) can be
represented as the intersection point of more than one subsets of n active
hyperplanes.

A degenerate pivot occurs when we move between two different representations of
a vertex as the intersection of n hyperplanes.
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Degeneracy = Multiple Representations of a Vertex

A degenerate tableau occurs when the associated BFS (or vertex) can be
represented as the intersection point of more than one subsets of n active
hyperplanes.

A degenerate pivot occurs when we move between two different representations of
a vertex as the intersection of n hyperplanes.

Cycling implies that we are cycling between different representations of the same
vertex.
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Degeneracy = Multiple Representations of a Vertex

In the previous example, the third tableau represents the vertex V3 = (1,4) as the
intersection of the hyperplanes

—2x1 +Xx0 =2 (since x3 = 0)

—x1 + x2 =3. (since xs = 0) and
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Degeneracy = Multiple Representations of a Vertex

In the previous example, the third tableau represents the vertex V3 = (1,4) as the
intersection of the hyperplanes

—2x1 +Xx0 =2 (since x3 = 0)

—x1 + x2 =3. (since xs = 0) and

The third pivot brings us to the 4th tableau where the vertex V3 = (1,4) is
represented as the intersection of the hyperplanes

—x1+x =3 (since xs = 0)

xo =4 (since xg = 0). and
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Multiple Dual Optimal Solutions and Degeneracy

0 1.0 0 0 O 0 1 4 primal solution
000 10 2 0 5|2 vs = (3,4)

1 0000 1 0 -1]|3

0000 1 1 0 2|2  dual

000 00 () 1 1] 0  solution

0 01 00 2 0 -3| 4 (000301)

0 0 0 00 3 0 -1]-25
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Multiple Dual Optimal Solutions and Degeneracy

0 1.0 0 0 O 0 1 4 primal solution
0O 0o 01 0 -2 0 5|2 va = (3,4)

1 0 0 0 0 1 0 -1/ 3

0 0 0 0 1 1 0 -2 2 dual

000 00 () 1 1] 0  solution

0o o100 2 0 -3, 4 (0,0,0,3,0,1)

0 0 000 -3 0 -1]|-25

01 0 0 0 O 0 0 4 primal solution
0o 0o 010 0 -2 3|2 vd = (3,4)

1 0 0 0 0 O 1 0] 3

0 0 0 01 O 1 1] 2 dual

o 0o 000 1 -1 -1}70 solution

0o o100 O 2 -1/ 4 (0,0,0,0,3,4)

0 0 000 0 -3 -4|-25
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Multiple Dual Optima and Primal Degeneracy

Primal degeneracy in an optimal tableau indicates multiple optimal solutions to
the dual which can be obtained with dual simplex pivots.
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Multiple Dual Optima and Primal Degeneracy

Primal degeneracy in an optimal tableau indicates multiple optimal solutions to
the dual which can be obtained with dual simplex pivots.

Dual degeneracy in an optimal tableau indicates multiple optimal primal
solutions that can be obtained with primal simplex pivots.
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Multiple Dual Optima and Primal Degeneracy

Primal degeneracy in an optimal tableau indicates multiple optimal solutions to
the dual which can be obtained with dual simplex pivots.

Dual degeneracy in an optimal tableau indicates multiple optimal primal
solutions that can be obtained with primal simplex pivots.

A tableau is said to be dual degenerate if there is a non-basic variable whose
objective row coefficient is zero.
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Multiple Primal Optima and Dual Degeneracy

50 0 0 100 O 1 —10 5 500

25 1 0 2 O 0 -1 .15 15 primal
-5 00 0 1 0 0 —.05 15 solution
-1 01 -1 0 0 1 -1 10 (0,15,10,0)
—-100 0 0 0 O 0 —-10 —10 | —11000

.5 00 1 0 .01 -1 .05 5

1 1.0 0 0 —-02 1 .05 5 primal
-5 00 0 1 0 0 -—.05 15 solution
-5 01 0 0 .01 0 -.05 15 (0,5,15,5)
—-100 0 0 0 O 0 —10 —10 | —11000
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The Geometry of Duality

max 3x1 + X2
s.t. —X1 + 2X2 <4
3X1 —x < 3

0 S X145 X2.

N \ex($n_1=(-12)8)

E

=TT Nex(Se=G.18)

N
\tex($n_2=(3,-1)$}

+
Mex{ 1) Mex (2}

+
\tex{3)

Lecture 12: The Geometry of Linear Programming (M

Math 407A: Linear Optimization



The Geometry of Duality

The normal to the

hyperplane

—x1+2x =4

is np = (-1,2). Ny

- vextse=@ 0w

Vex(on 223 )%)

Vet 13 \ext2) \ext 3}
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The Geometry of Duality

The normal to the

hyperplane

—x1+2x =4

is np = (-1,2). Ninneans

The normal to the .
hyperplane o
3x1 —x2 =3

is np = (3, *1).

Vex(3n 2= 1)%)

Vet 13 \ext2) \ext 3}
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Geometry of Duality

The objective normal
c=(3,1)

can be written as a non-negative linear combination of the active constraint
normals
m=(-1,2) and ny=(3,-1).
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Geometry of Duality

The objective normal
c=(3,1)

can be written as a non-negative linear combination of the active constraint
normals
m=(-1,2) and ny=(3,-1).

C=y1h1 + yana,
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The Geometry of Duality

The objective normal
c=(3,1)
can be written as a non-negative linear combination of the active constraint
normals
m=(-1,2) and n=(3-1).

C=y1h1 + yana,

- 12 A1)
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Equivalently




The Geometry of Duality

1 313

2 11
1 -3]-3
0 5|7
1 -3]-3

7
0 1|¢
1 0] ¢

?
0 1|1
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The Geometry of Duality

1 3|3
2 11
1 3|3
0 5|7 n==2
1 -31]-3 7
7 Y2=73
0o 1|1
1 0] ¢
?
0 1|1
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The Geometry of Duality

1 3|3
2 11
1 3|3
0 5|7 n==2
1 -31]-3 7
7 Y2=73
0o 1|1
1 0] ¢
0o 1|1
5

We claim that y = (g, %) is the optimal solution to the dual!
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max
s.t.

3x1 + X
—x1 + 2xo
3X1 — X2
0 < x,
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The Geometry of Duality

P

max 3x; + x

st. —x1+2x
3X1 — X2
0 < xq,

D
min
<4 s.t.
<3
X2.

4y1 + 3y»
-y1+3y, >3
2y —y» 21
0<n, ye.
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The Geometry of Duality

P D
max 3x; + x min
st. —x1+2x% <4 s.t.
3X1 — X2 < 3
0 S X1, X2.

Primal Solution
(2,3)

4y1 + 3y»
-y1+3y, >3
2y —y» 21
0<n, ye.

Lecture 12: The Geometry of Linear Programming (M Math 407A: Linear Optimization



The Geometry of Duality

P D
max 3x; + x min
st. —x1+2x% <4 s.t.
3X1 — X2 < 3
0 S X1, X2.

Primal Solution - —
(2,3)

4y1 + 3y»
-y1+3y, >3
2y —y» 21
0<n, ye.

Dual Solution

(6/5, 7/5)
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The Geometry of Duality

P D
max 3x1 + X min  4y; + 3y,
st. —x1+2x% <4 st. =y +3yp >3
3x1—x <3 2y —y» 21
0 < xi, x2. 0<n, y2.
Primal Solution - — Dual Solution
(2,3) (6/5, 7/5)

Optimal Value = 9
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Geometric Duality Theorem

Consider the LP (P) max{c”x|Ax < b,0 < x}, where A € R™*". Given a vector X that
is feasible for P, define

Z(x)={j€{1,2,...,n}: 5 =0}, 5()‘():{i€{1,...,m}:Za,j)_g:b,-}.

The indices Z(X) and £(X) are the active indices at X and correspond to the active
hyperplanes at X. Then X solves P if and only if there exist non-negative numbers r;,
J € Z2(x) and y;, i € £(X) such that

Z riej + Z Viaie

JEZ(X) i€e&(x
where for each i =1,...,m, ajs = (ai1, ai2, - - ., a;,,)T is the ith column of the matrix A7,
and, for each j =1,...,n, ¢ is the jth unit coordinate vector. In addition, if X is the

solution to P, then the vector y € R™ given by
_ _{ yi forie &(x)

P = . solves the dual problem.
Yi 0 otherwise ’ v ual p
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Geometric Duality Theo Proof

First suppose that X solves P, and let y solve D.
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Geometric Duality Theorem: Proof

First suppose that X solves P, and let y solve D.
The Complementary Slackness Theorem implies that

. (1) yi=0forie{l,2,....m}\ERX) (00, a5 < b)

(1 Zy,-a,-j =cforje{l,....n}\ 2(x) (0< %)
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Geometric Duality Theorem: Proof

First suppose that X solves P, and let y solve D.
The Complementary Slackness Theorem implies that

. (1) yi=0forie{l,2,....m}\ERX) (00, a5 < b)

(1 Zy,-a,-j =cforje{l,....n}\ 2(x) (0< %)

Define r = AT)_/ —c>0.
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Geometric Duality Theorem: Proof

First suppose that X solves P, and let y solve D.
The Complementary Slackness Theorem implies that

. (1) yi=0forie{l,2,....m}\ERX) (00, a5 < b)

() > yiag =g forj € {L,...,n}\ Z(x) (0 < %)

i=1

Definer=A"y —c>0. By (Il), ;=0 for j € {1,...,n}\ 2(X)
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Geometric Duality Theorem: Proof

First suppose that X solves P, and let y solve D.
The Complementary Slackness Theorem implies that

. (1) yi=0forie{l,2,....m}\ERX) (00, a5 < b)

(1 Zy,-a,-j =cforje{l,....n}\ 2(x) (0< %)

Define r=A"y —c>0. By (Il), ;=0 for j € {1,...,n}\ Z(X), while

() ¢ =—rj+ Y _ yiay for j € Z(%).

i=1
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Geometric Duality Theorem: Proof

First suppose that X solves P, and let y solve D.
The Complementary Slackness Theorem implies that

. (1) yi=0forie{l,2,....m}\ERX) (00, a5 < b)

> g =g forje{l,...,n}\ Z(x) (0< %)

i=1

Define r=A"y —c>0. By (Il), ;=0 for j € {1,...,n}\ Z(X), while

() ¢ =—rj+ Y _ yiay for j € Z(%).

i=1

(1), (I1), and (111) gives

- Z re + Ay =— Z riej + Z Yiaie.

JjE2(%) JEZ(X i€e&(x
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Geometric Duality Theorem: Proof

Conversely, suppose X is feasible for P and 0 < rj, j € Z(X) and 0 < y;, i € E(X) satisfy

Z rigg + ATy =— Z riej + Zy,a,-

JEZ(X) JEZ(X) i€&(x)
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Geometric Duality Theorem: Proof

Conversely, suppose X is feasible for P and 0 < rj, j € Z(X) and 0 < y;, i € E(X) satisfy

Z rigg + ATy =— Z riej + Zy,a,-

JEZ(X) JEZ(X) i€&(x)

Set i =0 ¢ £(X) to obtain y € R™.
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Geometric Duality Theorem: Proof

Conversely, suppose X is feasible for P and 0 < rj, j € Z(X) and 0 < y;, i € E(X) satisfy

Z rigg + ATy =— Z riej + Zy,a,-

JEZ(X) JEZ(X) i€&(x)

Set y; =0 & E(X) to obtain y € R™. Then

ATy = Z Vidie > — Z riej + Z Vidie = C,

i€E(X) JEZ(R) i€E(x)

so that y is feasible for D.
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Geometric Duality Theorem: Proof

Conversely, suppose X is feasible for P and 0 < rj, j € Z(X) and 0 < y;, i € E(X) satisfy
=D g+ Alg=—>" g+ > i
JEZ(X) JEZ(X) i€E(X)
Set y; =0 & E(X) to obtain y € R™. Then
ATy = Z Vidie 2 — Z riej + Z Viaie = c,
i€E(X) JEZ(R) i€E(x)
so that y is feasible for D. Moreover,
Z ':/ej X + Z y,a,.x = Z y’al.X *.)7 Ax :}7Tb7
JEZ(x i€E(X i€E(X)

so X solves P and y solves D by the Weak Duality Theorem.
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Does the vector X = (1,0,2,0)7 solve the LP

maximize X1 +tx2  —x3 +2xy
subject to x1 +3x —2x3 +4x, < -3
4X2 —2X3 —|—3X4 S 1
—X2  +Xx3 —x5 <2
—Xx1 —X2 +2x3 —x5 <4
0< X1, X2, X3, Xa
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Example

Which constraints are active at X = (1,0,2,0)7?

X1 +3x0 —2x3 +dxa < -3
4X2 - 2X3 +3X4 S 1
—X2 —|—X3 — X4 S 2
—X1 —Xo  +2x3 —x5 < 4
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Example

Which constraints are active at X = (1,0,2,0)7?

X1 +3x0 —2x3 +dxa < -3 =
4X2 - 2X3 +3X4 S 1
—X2 —|—X3 — X4 S 2

—X1 —Xo  +2x3 —x5 < 4
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Which constraints are active at X = (1,0,2,0)7?

X1 +3x0 —2x3 +dxa < -3 =
4xy, —2x3 +3x4 < 1 < s0y, =0
—X2 —|—X3 — X4 S 2

—X1 —Xo  +2x3 —x5 < 4
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Which constraints are active at X = (1,0,2,0)7?

X1 +3x0 —2x3 +dxa < -3 =
4xy, —2x3 +3x4 < 1 < s0y, =0
—X2 —|—X3 — X4 S 2 =

—X1 —Xo  +2x3 —x5 < 4
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Which constraints are active at X = (1,0,2,0)7?

X1 +3x0 —2x3 +dxa < -3 =
4xy, —2x3 +3x4 < 1 < s0y, =0
—X2 —|—X3 — X4 S 2 =

—x1 —X2 +2x3 —x5 < 4 < soy,=0
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Which constraints are active at X = (1,0,2,0)7?

X1 +3x0 —2x3 +dxa < -3 =
4xy, —2x3 +3x4 < 1 < s0y, =0
—X2 —|—X3 — X4 S 2 =

—x1 —X2 +2x3 —x5 < 4 < soy,=0

The 1st and 3rd constraints are active.
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Knowing y» = y4 = 0 solve for y; and y3 by writing the objective normal as a
non-negative linear combination of the constraint outer normals.

1 0 0 0 " 1
3 -1 -1 0 v | 1
2 1 0 0 n| | -1
4 -1 0 -1 ra 2
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Row reducing, we get

yir ¥ r ra
1 0 0 0 1
3 -1 -1 0 1

-2 1 0 0| -1
4 -1 0 1 2.
1 0 0 0 1
0 1 1 0 2
0 1 0 0 1
0 1 0 1 2

Therefore, y; = 1y3 =1, n =1, and r, = 1. Hence, X = (1,0,2,0)7 sopves the
pimal and y = (1,0,1,0)7 solves the dual.

We now double check to see if the vector ¥y = (1,0,1,0) does indeed solve the
dual.
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Check that y = (1,0, 1,0) solves the dual problem.

minimize  —3y1 4+ y» + 2y3 + 4w

subject to %1 - v4 > 1
i + 4y — vz — ya =2 1

=2y — 2» + yz + 2ys > -1

4y + 3y — 3 — ya = 2

0< Y1,¥2,Y3, Ya.
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Check that y = (1,0, 1,0) solves the dual problem.

minimize  —3y; + y» + 2y3 + 4y dual slacks
subject to i - y4 > 1 rn=2~0
3yi + 4y — vz — oy =1 =1

2y = 2 + vz + 2 2> -1 rs =0

4y + 3y — 3 — ya = 2 r=1

0< Y1,¥2,Y3, Ya.

Lecture 12: The Geometry of Linear Programming (M Math 407A: Linear Optimization



Example 2

Does x = (3,1,0) " solve P, where

-1 3 =2 1 0
A - 1 _4 2 5 C = 7 s b: O
1 2 3 3 5
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Example 3

Does x = (1,2,1,0)7 solve P, where

3 01 4 2 2 9
3 2 21 0 3
A=l 1 2 30| =] 5| b=y
3 2 -1 4 2 1
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