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1 The periodic case

Let X denote Brownian motion on the line and ¢ a continuous nonconstant
periodic function with least positive period 1. Put

u(z) = u(z; q) = Eyeq(0), = >0, (1)
where
g
eq(0) = exp(/ q(Xy)dt), 0 = 09 = min{t : X; = 0}.
0

A simple calculation shows that

u(z + 1) = u(1)Epyie4(0o1) = u(l)u(z).
The function u, if finite, satisfies

+u” + qu =0 on (0,00) with u(0+) = 1. (2)

See [1], Chapter IX. The function v(z) = u(z) [y u(z) 2dz, © > 0, also
satisfies the differential equation. From this one sees that

/000 u(z)2dz = oo, (3)

for if not, then w = u — v/k, where k is the value of the integral on the
left in (3), would be a positive solution to the differential equation with
initial value 1 smaller than the minimal solution u. Since u and v span the



solutions it also follows that « is the only non-negative solution to (2) which
also satisfies (3). Chung calls u the gauge for {(0,00);q}. (For additional
pertinent information see also [2], Chapter XI, Theorem 6.4.) These facts
about u lead to the following Floquet type result.

Theorem 1 If u is finite then u(z) = e “r(x),x > 0, where r is a strictly
positive continuous periodic function (with period 1) and the number c is
nonnegative. A necessary (but not sufficient) condition for u to be finite is
that fol q(z)dz < 0.

The last assertion follows upon integrating the identity 2g = —p? — p’ where
p = u'/u. For an example with fol g(x)dx < 0 but u = oo, take g(z) =
—1+4 360 cos(2mx). Then, for 0 < z < %, we have

u(z) > Egleq(og); o0 < 0%] > Ezlexp(17909); 09 < 01/6] = o0,

which implies u(z) = oo for all z > 0. The case ¢ = 0 in Theorem 1 can
occur; u(z) = exp(sinz) is the gauge of {(0,00); ¢} where ¢ = —3u" /u.

2 The almost periodic case

We have in Theorem 1 another instance of a class of functions, periodic,
defined on a fixed domain, (0, 0o), such that for each ¢ in the class either the
gauge u is identically infinite or else it exists and is bounded. This pleasant
dichotomy disappears when we replace the class of periodic functions by the
larger and more interesting class of almost periodic functions.

A continuous function f on R is almost periodic if to each € > 0 there is
a number /(¢) > 0 such that every interval of length /(&) contains a number
v (an e-almost period) for which |f(z + ) — f(z)| < € for all x.

A basic result is this: A function f is almost periodic if and only if for
every € > 0 there is a trigonometric “polynomial” T.(z) = > ;_, bgetH+®
such that ||f — T¢|| = sup{|f(z) — T:(z)|; —00 < = < o0} < &. A series
of the form Y 7%, Ae™*® which converges uniformly in = on R defines an
almost periodic function.

If f is an almost periodic function, then f is bounded, uniformly con-
tinuous, and the mean, M{f} = limy_,(1/7) fOT f(x)dz exists. Moreover,
every f* € Hull{f}, the closure in the uniform topology of the set of trans-
lates of f, is also almost periodic and has the same mean.

The next theorem provides the basic Chung-gauge result for general
almost periodic potentials.



Theorem 2 Let q be a non-constant almost periodic function and for any
constant a let uy(z) = u(z; ¢ —a) = E%eq_4(00) be the gauge corresponding
to q(-) — a. Then there exists an number ag > M{q} such that for a > ay,
ug(z), as a function of x, decays exponentially at oo, but uy(-) = oo for
a < ag. For a = ag, uq,(z) is finite but may be unbounded. Moreover, the
same conclusions with the same number ay hold for every ¢* in the Hull{q}.
If the derivative dg/dx ezists and is also almost periodic, then there exists
at least one ¢* € Hull{q} such that the gauge u(z;q* — ag) is bounded.

We will not prove Theorem 2 here. One may easily construct a proof using
some results in [4]; in particular Theorems 1, 2, 10 (and its Corollaries 1
and 2), and Theorem 16.

We call the number ag = ag(q) of Theorem 2 the gauge number of gq.

Example. This example shows that the gauge corresponding to an almost
periodic potential need not be bounded. Put

o 1
g(z) = ;sm(%w)a Tn = 5-7...(4n+1)

The series defining g converges uniformly on bounded intervals but does not
define an almost periodic function for, as we will see, limsup,_, ,, g(z) =
+00 and liminf,_, |« g(z) = —oo. However g can be differentiated term by
term with the result

o0
g (@) = mcos(yn),
n=1

and this is an almost periodic function since this series converges uniformly
on R. Likewise g” is almost periodic. Let

o0

Then g is almost periodic (with mean M{g} = —% >°°° ; 42) and the positive
continuous function u = Y satisfies (2). Furthermore u is the smallest
positive solution to (2) because, as we will show, (3) holds for u. These
facts guarantee the finiteness of the expectation in (1) and establish that
the function u defined here coincides with the gauge u(z;q) as defined in
(1). The unboundedness above of g implies the same for u. Note, however,
that liminf, ,o u(xz) = 0. Also, from Theorem 2, it follows that the gauge
number, ag(q), equals 0.



It remains to verify the unboundedness assertions. Let
zj=5-9...(4j+1)(7/2) =7/2 mod 2.

Then sin(y,z;) = +1 for n = 1,2,...,j, and sin(y,z;) = 0(1/n),0(1/n?)
for n = j+ 1, n > j + 2, respectively. Hence g(z;) = j + 0(1/j) — +o0 as
7 — o0. Next let

y; = (45 + 3)xj =37/2 mod 2.

Then g(y;) = —j+0(1) = —oo. Similarly, on the interval y;—1 < z < y;+1,
g(z) < —jcos(n/10) +2 < —1/2, for j > 3, and therefore

/ u(z) " 2dz = / e 9@ dg > 226 = 00.
0 0 -

J

3 A conjecture for almost periodic polynomial po-
tentials

Fix n + 1 numbers by, by, ...,b,, with b; # 0, 7 > 1, and n real numbers
W1, 42, - -, lhn- We assume that the later set of numbers is linearly inde-
pendent over the rationals. For 6 = (61,02,...,6,) € [0,2m)" let us put

n
q(z; @) = by + Z by, cos(prx + k), (4)
k=1

We also put go(x, @) for the case in which by = 0. These functions are almost
periodic with M{q(-;80)} = bo.

For any fixed 69 the linear independence of the us and Kronecker’s The-
orem ([3], Theorem 444) implies that for every positive €, there exist arbi-
trarily large numbers ¢ and integers 71,72, ... , 7, such that

[ty + 2rpm — 09] < €

for k = 1,2,... ,n. Hence there is a sequence %;, tending to infinity with
J, such that cos(uk(z + t;)) — cos(ugz + 62) uniformly for = in (—o0, 00),
k =1,2,...,n, which implies ¢(z +¢;;0) — q(z;0°%) uniformly in z. We
can apply the same sort of argument to any function ¢(-;80) of (4). The
upshot is that that the hull of any function of the form (4) does not depend
on @ and coincides exactly with the collection of functions (4) that one gets



as @ varies over [0,27)" (but with the same numbers p1,... , fn,bo, ... ,bn,
of course).

Let ag denote the gauge number of the function go(z,#). This number
does not depend on 0. From Theorem 2 it follows that the “Gauge Di-
chotomy” holds for {g, (0,00)} for any g of the form (4) provided by # —ay.
For by = —ay, the gauge u(zx; q(-;0) is at least finite for all 8 € [0, 27)" and
is bounded in x for at least one 6.

It is tempting to conjecture that the gauge is a bounded function of =
for every @ in particular for the case by = —ay.
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