Math 555, Winter 2009
Assignment 6. Due Friday, Feb. 27.

Reading: Course Notes, through p. 80 in chapter on Lebesgue integration.
Jones, ch. 2.

1. A collection Ai, As,... of measurable subsets of R" is said to be almost disjoint if
)\(AJ N Ak) =0 fOI‘j 75 k.
(a) Prove that if Ay, A, ... are almost disjoint then AU, Ax) = 352, A(Ag)-

(b) Conversely, suppose that the measurable sets Aj, Ao, ... satisfy A(U2,4;) =
Y2 A(Ag) < oo. Prove that the sets are almost disjoint. Does this remain
true if the < oo above is replaced by the weaker hypothesis that A(Ag) < oo for
each k7

(c) Suppose Aj, Ay, ... are measurable sets and suppose that each point z € R"
belongs to no more than d of the Ay’s, where d is a fixed positive integer. Prove
that Y p2y M Ag) < dA(UR2; Ag). [If you need a hint, see Jones pp. 58-59.]

2. Define the function f on (0, 1) as follows:

% if n is the smallest integer so that a, =7

f(0.01005..) = { 0 ifa,#7foralln

[Here 0.ajasas . . . is the decimal expansion. In case of nonuniqueness — e.g., 0.5000. .. =
0.4999... — choose the terminating expansion.] Show that f is measurable. What is
3 f(z) dz? [The Taylor series for In(1 — z) will be useful.]
3. (a) Show that the function sin z/z is not integrable on (0, c0).
(b) Show that limp_,o [y sinz/z dz exists.
(c) Show that if f > 0 is measurable on (0,00), then limg o fy* f(2) dz < oo if and
only if f is integrable on (0, c0).

4. Evaluate [*°_e*" dz by computin » e~ @) 4z dy in two ways:
o0 g JIrR

(a) by directly using Fubini’s theorem, and
(b) by using polar coordinates in R?.

5. For the function f(z,y) = (x—y)/(z+y)?, show that the iterated integrals f; (fol f(z,y) dy) dx

and fol ( fol f(z,y) dx) dy both exist but are not equal. Show that this does not violate
Fubini’s theorem by showing that [fjo 1011 [f(2,9)| dz dy = oo.



