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Exercise 6.4 (10pts)
First answer the following:

(i) Let D’ = (V,A’) be a directed graph with capacities u’ and s,z € V. We call an s-¢ flow g : A’ —
R>q elementary if there is a single s-f path P in D’ so that

value(g) ifaeP
gla) = :
0 ifa¢ P

Now let f* be a maximum s-7 flow in D" under «’. Prove that there is an elementary s-f flow g
under «’ with value(g) > |1;—,|Value( ).

Now let D = (V,A) be a directed graph with integral capacities u : A — Z>, distinguished vertices
s,t € V and for the sake of simplicity suppose that for each arc a € A one has a~! ¢ A.

(i) Let f be any flow under u and let /* be a maximum value s-¢ flow. Prove that the residual graph

Dy contains an s-t path P where uy(a) > ﬁ(value(f*) —value(f)) forall a € P.

(i11) Consider the modification of the Ford-Fulkerson algorithm where in each iteration we pick
an s-t path P that maximizes min{us(a) : a € P} where f is the current flow. Prove that this
algorithm takes at most O(|A|In(2value(f*))) many iterations.

Exercise 6.5 (10pts)

Let D = (V,A) be a directed graph with capacities u(a) := 1 for all a € A. Let s, € V and assume
that §°(¢t) = 0. Let 8"(t) = {ay,...,an} be the arcs incoming to ¢. Define M = (X,Z) with X :=
{ai,...,ap}and L :={{a; € X : f(a;) =1} | f is an s-¢ flow under u in D}. Prove that M is a matroid!



