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DUALITY TIIEOREMS FOR COI{VEX FI]NCTIONS

BY R. 1. ROCEAFELL{RI

Coohunicat€d ly A. 11. Gleason, Seltenl,er 19, 1963

Let F be a finite-dimensioral real vector space. A propet concelc

function ofl F it m e\ety. here-defincd f unction/ such that - @ </(s)
{or a1l r, J(r) < - for at least one r, and

"/(),itr + (1 - I)$:) 
= 

I,t(st + (1 - I)/(1:t

for all sr and *r when 0 <.|',<l.Its efecthe domoi, is the conve! set
doinJ: {i' /(r) <@ I.Its.onjLsate [2r3;6;7] is the lunction./* de-
6red by
(1) /*(c) = supl(', n+) - f@ *epl for each ,* € F*,

ivliere F* is the space ol li ear fuDctionals on F. The conjugate func-
tion is proper convex on I*, and is ahvays lor.er semicontinuous. If
f itsell is Ls.c., thenJcoincides with thc conjugate/** of /* (where r+*
is identifred with r). These facts and defrnitions have obvious analogs
for concave functions, \,\.ith "inf' replacing "sup" in (1).

Suppose/ is l.s.c. proper convex on a and g is u.s.c. proper coflcave
onnlf

ri (dom, 
^ 

d (dom s) + g,
ivhere ri C denotes the relative interior o{ a convex set C, then

i'f l"rk) - s(.) I l € i?) : marlc-(j*) -fG-) lr € F-].
This rvas proved by Fcnchel [3, p. 108] (reproduced in [s, p. 228]).
The purpose o{ this note is to announce the fo1lo$'ing more general

TttEoRE\t 1. Lel F and G be rtnite-d,imensional paltiattJ-odeled, rcat
uectot spaces in uhich the nonnesdtiNe canes P(F) anl P(G) ale ?otr-
hed,ral. Let A be a lheat ttulzsJotnation lrcm F to G. Let I be a prcpet
canLe\ function o7, F antl. let Z be a.prc.tet conme J nction on G, If
lhere exists al le.ast one $ei(dom fl such that r>0 and Ax>J Jor some
yerl (dom s), rhen

inf I/(d - !rv)lr > o.,r.r > vl
(2\

m'rlt- ')' - f ''+ v* > 0 '4.r* 5 '*1 '
Nhere A* is the adjaint aJ A.

I The nateriai in this note stens fron the arthor's .ecent do.toral dissertation
at Harva.d, Snlport qs piovided xldd granr AF--{FOSR-62,348 ar tle Cooputa,
rion aerte', \ld-', I'L.pr.sI ri(J.,ol fp hlolocr.
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The p&tial-orderings are, oI course, assumed to be cornpatible
with the vector structure. The orderings in F* and G*aredual to those
in Fand G, i.e. ?(F*) consists ofther* such that (a, r*) >0 wlenever

" 
>0, etc.
In particular, any F and G can be supplied ivith the degen€rate

pariial-ordelinss in wh;ch P(-D:F and P(G): {0}, so that ?(F*)
: {0 } a"d 

"(6):G-. 
If Theorem 1isthen irvoLed, one obtains

CoRoLL-ARy 1. / srr,s I he ,rotalion aJ Theoten I, bltl omil the lariial-
otdetirls of F aftd, G. If Axeri(dor.' s) Jol at least ofle x€ti(.dom J),

(2) i 1/(r) s(r.l) lrl € F] : maxlg+(r*) ./*(-t-r.) r* € c*1.

When F:G and,4 :1, Corollary 1 furnishes a slightly generalized
version of Fenchel's theoren not .equi'ing seni-continuity.

Another rew result is the following.

CoRoLLARy 2. Assume the ,totatian oJ Theatem l, and s pqose aho
rldr dom /, doln /*, dom s and. do s* dle att ti,tear meniJatds. If any
one oJ the Jattow;ns is true,

L"r in. lhxr ! y)ln:o,,lxZy j jr pirr,
,b' srrp fg*r)*.'i,*',1y.=0. A"y'3:l I i!trnik.
,., lr. ).10<redo tl. Ar>JcnolllzJ+a and

{0., ".)l 0 
= 

y*€ donls*, A*y+ <.i < donfl + A,

then al.I thfte aft true. iforcotet, thek the "inl" and t'srp' arc eq al
and both are atta'ine.d.

This corollary is dedrced fron Theorem 1 and its dual (in which
the roles o{ the starred and unstarred elements are reversed), usinc
thc trivial fact that ri C: C when C is a linear nranifold. The ap-
propriate seni-continuity ol J and g, s.hich one necds ir order that
,f**:/ aod g**:g in the dual o{ Theorem 1, is also a consequence
of the hypothesis, because a convex or concave fllnciion is actually
continuous on any relatively open set $,here it is linite-valued.

Fix any D*(F* and c€G. Let l(r') = (r, ,*). Let s(iv):0 if J,:,
ard g(1)--- il j,*r. Then J+(r*):0 il I*:r*, f(r,;*):@ if
x* tb*, and c"6"): (c, 1*). ln this situation, Corollarl' 2 yields the
important existence and duality theorems ol Gale, Kuhn and Tucker
ror Iin"r progrdm- ,.ee [+]'. Varv oLhcr co4ver prosrd,,"ning re-

sutts, both new and old, are also co tained in the theoreD and its
corollaries. The conlmon exkemum value can be characterized as a
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Theoren 1 is proved by way of a simpler theorem of some interest
in itseu.

T]JEaltEM 2. Let h be a ,totet conlJer f nction on a f,n;te-d,imensional
real I)ectat sparc E and let K be a tolyhedral conltex cane i E. IJ
ti(dom h) intetsetts K, thefu

(3) '+ia', ,€ 
^l 

- - nin{r' ?-, I z'c ff.j.

G, 3d) 
= 

0 for all z € don i.

where K+:l,a€E*1Q, z*)>0lat a zeKJ.
An outline of the proo{ o{ Theorem 2 follovs. One sho\rs first that

no generaiity is lost i{, is assumed Ls.c. Then one observes that (3)
holds whenever ri(dorn l) actually intersects ri.(. This is obtained
{!om Fenchcl's theorem by takins l(z) -r(:), eG)=o it z€K,
g(r): @ if zQ-K. The proof proceeds now by induction on the
dinensior of K. lf dim r:0, then ri K:'( trivially, so (3) is true.
Assu e next that (3) is true lor concs oi djmension less than r, and
that dim,K:/. It may be supposed that ri(dom /r) does trot intersect
ri -(, since the other case has been covered. A separation argument
thetr produces a d€-K* such that -:.f +r+ and

(4)

Let {!: {z€r (',:j)-0}. Then Iro is a polyhedral
and dim I.o<r. Hence by the induction hypothesis

(s) inflr'G) i, € r!] : - min{r.(i.) lr € rf}.
It is easy to see from the properties of z.i that the lelt sides o{ (3) and
(5) are the same. On the other hand, because K is polyhedral,

l(d - l?. -,\ad I a{ € ('.^ > o}.

x{oreover, (4) and defrnition (1) inply that h+(z+ )d)>h*(z*) rot
all ,*€E* and ),:0. Therefore ihe minimurn ol ,+ on -(; can be
achieved on .K* itsclf, so that the right sides of (3) and (5) are equir-

Theorem 1 is deduced from Theorem 2 by choosing

E: Iz- (*,yl]re F,'€GI, nG\=J@)-g6),
r: l(,, r) , > o, rr 

= 
rl.
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