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,1 -Yccessary Conditian for r/te Erisrrnre

of Best,4pproxitnations

B. R. KRIPKE AND R. T. ROCKAFEI,LAR-

C oinlnlLnicdt.d by G. BrEKtloFF

Th€ purpose of this note is to prorc thc follosing thcorcm:

Ihearcm. Let B be a Btrnach spau and X a baunnd subs.t al B. In ard.t
thaL lar edrh bataul.d rcal-u1h e(l lunctian F an X tlrcre eaist a clntinn s lineur
Juncriandl d. B* slnh ttia, ard) : sup I I(r) -d(r) : :' !l:] = inf i 

^(r) 
t, s B+],

iL is necssat! rhat 0 be in the i.nteriar al the clased, baldnced, .anrei huU K al X
reldtiLe ta its Lineat spa lKl.

In the preceCing paper by E. \lJ. Cheney anC A. A. Goldstetu, it Nl1s Llrorcd
th.r,t tlijs conditioD is also sullicient to insLDe the e\isr.ence of bcsl spproxinitio$
even $tren I is not bouncled. We slrall actually shoN that \r'lrcn thc condition
fai1s, thele is a hnear Iunction -i' oD [r] such urat

(a) the restriction ol Ir to ,Y is co tinuous
(b) -f can be unifornily approxiNated on .I 1ritHrr any desired degree ol

accumcy by fun.tionsls in B*, bui
(c) t]le rGtriction of a io -Y is mt cqur!]to {hc rcstriction to X of a y func-

fiorsl nr B*.

Lci p be t e no n ol E. Suppose 1l has no inteior rclative to the p-topologl'
on 1,!. Since K is synmetric, convex, closed, and absorbing tz Eal, there is,,
nohldon[K] suchthatr = hetiil :d(, 

= 
1] (Bourbaki t1, p.gilj). Since

1l is p-bou[ded, t e uew topo]ogy induced by d oti lrl is ftuer than the p-topolosy.
Because K is p-compiete, the d-topoiogy on Uil is coDplete, so that d rlakes
[l] hto a Banach space (Bourbahi, [1, Chap. I, Cor. of Prop. 8]).

Let us sho\v tlat II{l cannot be p-closed in B. In the contrary case, it \r'ould
follo11-liou tLe open nappins theorcm -rhat d and p n'ere equil'alen'! norrN.
(D 

'rJord 
cnd Schwartz 12, I'heorern IL r.5l). But u:ris $'oulLl contradici our

hypothes;s tlici il has no jnterior rel:r,tive to the p-topolo$'on l1{l.
TLtLr thc p-closure.L of lrl js actually larger tlan L-Iil.'l'he irrclusion niap
l TLi6 wort wts sdplort€d by srali,{I--\IOSR e2.3$.
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f: F{l + li tu cootiruous fro the 
'-topology 

to urs p-iopology. It3 rdjoint ?*
maps the p-dual t' oL into the d-dual Kl* of [Il]. let di be t]le nornr on J,fqi
dual to a. ?a(I*) caonot be d*-closed in [K]+, for if it vere, ii \i'ould lo[ow
ihat 1'(Ltr)lwould be p-closed in, (Dunfod aud Schrvortz [2, Tbcorem YI. 0.{]).
Thts ihero is &n eleDent ol lI ia the l-closure of ?*(t*) which does aot bolou
to T*(L*).

?r(r*) consisis of those fuuotionals in lKl* which ore lestrictioDs to [K] of
lunctionals in tr*. Thc Flabn-Baoach theolcm shows that in fact f*(l*) consists

of ilc rcsilictioss to Kl of furtrcliona.ls in B* (Dudord &nd Schwaftz 12, Theore
IL 3.1ll), Consequently, Fio a linear fLmctionel on E'l which iE not thc restrictioD
to lfi] of a function&l iD r*. Since [1l] is ure lbeor spon of cl(cow (X U -.D),
ure values of a p-cotrtinuous linear functionel or Fil are completely deicrmirlcd
by its valueB oD X, Thi6 prorcs (c).

The o*-topolog is tha,t ol uniform coDvergcnce on tr. Sincc P lies iE the d+-

closure of ?q(r*), (b) is provod. Since F jE the uniform limit on.K of p-oor1-

tinuous linear functioDals, (a) follon't *s well.
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