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Let l.), f\, . . ., fm be real-vaiued lunctions which
but not necessariiy diflercrtiable, and consider the conver prograD in*hr.h f^lal :. r'inimi-^'l "uui",. ro h" .o.s.raiirs r,(x)' 0. ....
Ir{x) '"0. i-^al n,. b-rs \., .... \h ar, .! ^d ] adrr ,;" r urript ""s
,or rh. Frnerar it rh"y.r. ronc"gar:ve and i\p (un(ons rdin-d) inf mum
or1h. c6nw^\.unc,r.n fo I \r tr --... ' \mfmisf ni." dnd Fouai rn

the con6trained inlihuh oI I
The meaning of such Lagrange muliipliers is connected wilh

a notion of pe.turbation, nahely where the given program i6 perthrbed
by subtracting con6tants u. irom the consrrainr functions {.. ior each
u = rut, ... uml. F . .^l p/-) - rru., ... . u-l danor. rle infimum
ot fo{i) subject lo ihe constraints

\{x)1!u,,. {1)

Then p(0) iE the infimum in ihe given ,'unpelturbed', prosrad,
,ng th1' p(0) is rinirp. on. can <hov .ds:.v rha' u. :\.. ...
a I ag_ang- -u'riplier v..tor ,, a-d o-ry i{

p(u)i p{0) - <u, u,r.) ior e'ery u e nm, Q)

wheie <. , .> denotes the ordinary inner pioduct o{ two vccto!s in
Rm. i! other vords, Lagrangc m{ltipliers depenii onty on the iunction
p, and they.icecribe some sort oi oi p around u = 0.

No$ ii happer,s tirat p is a ccnvex irncrior on Rm, and rhai
co 4,,ion (2).a. o- d ,-yl"d 1,1 ,-r- " o-h;-FTiona oa.'v. rr\as or
e at C. Ac.ording to the general deiinitioi oi convexity aor 1:ucaiona
*hose value3 tuay bc not only rcal nudbers bur i o and - 6, ihe con-
r {ii) o'p .,.ais ': -t th, -oieraDh or D rwr:.n is ,be ser oI 5airs
", or EL.l "r.", u . , , ., . -F=;-a D,ur' i. a co-vex se ir- R-'l
Co1d.,io,,Z sr,p",f,6- ai.in- fun.r on

hiu] = p(0) - <u, uD

is a (nonveriical) suppo.ti.g hyperplane to th€ epig.aph oi p ai rhe
point i0, p(0j). Theoremr about ihe eristence oi Laglang€ nuiiipliers
may thus be deduced iron iieo.efrs about the existence oI supporting
hyperpianes to convex sets. The convexity ol p also impites that ihJ
one-sided directional deri€tive

p,(0; u) : iimlp(\ u) _ P{0)]/ixi0
exisi. io! erery u (aBEihing lhar p(0; is finiie). lt iuh6 out thai, in
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tgeneial, u* is a Lagtange multiPlier veciot i{ and ohly i{

p'(oi u) > - <u, dD fo..veryu.lim.

A Lagranite multiftier vector lails to exist if and otly if lhcre is
some u €uch that p'(0; u) = - d. A unique Lagrange mllitiPlier vecto!
u,r, ekists if and only if p i6 difierentiable at 0, in which case
u* = - Vp{0). Thus the Lagraoge mullipliers ii, when unlque, give
lhe rate of change of the idlibum in the given Prog.am with resPect
to perturbing the constiaihts to thoee in (1):

I.: -

I'o! prools oI all
observe

)e- u=0 i=i,..., d.

r:.act6 we refer to 19, section 291.

I(u, x) = i (x) if l.(x) < u1,

+ 6 i{ !ot,

. f txr<u (J)

then i is a convex function or a-+t. Mi.l-irinc {o(i) subject io

'.(x) 0, r ;5 equivale_l 'o ninimiTlng lh. rul.rrol f'0 '
"'. " 7""ge. ^rFr at. or P . On hp orhc! ha'o. p can be .aDre'sed
in ter@s ol f too:

p(ui = infx {(u, x}. (4)

lqrs -ads,o.h" rotrow, g \oFr4n.o a g--^rdl;/cd rolucx
1lj9-g:t:1. "',.h is .F" . o Iy ""rli', d ' a r""-nr ifir G;l;--l.
.", I b- dn\ on n-'n 1-o n"..ssa.' y ''- ,c pl.,)-

.r"r";. tn-L'r' pro:-"m rDl .ot14 po_aing'o l. onp i" o m r hi "
l(0, x) in ! . Rn. Thi" minimizaiion problem is noi taken in isola-
iion, ho{cver, bui rather in ih€ .onlext cI a cettain sPecified sysiem
of pe.turbations. Thc perturbations corresponding io (P) are to be
those in lvhich the objective function i(0, xJ i3 rePtaced by f(u, x) ior
various choices oi u . Rm. (In rhe case qhere f is given by (3), sucll
petlulbations andunt io changes o{ constraints as in (1) ) The 

l
perturbation {!nctiotl foi (Pj is the lun.iion P defined by (a). when I

;lO, tn* .rt," " ,i n Pl, i" ni F. i14 -srans_ .nurrrnl "
vectors for iP) are deJined io be Lhe vectors u* ' ilm satisfying (zl i
qhiie ihe opiimal rciui:i{tr io (P)are defined to be the vectors

x e n! at.oi.iel rhe infirum of ihe convex {uoction i(0, ) is attained
It ca! be proved that Lhe pelturbation tunction p ol a geneial'

ized .onvcx ptogrim {Pl i5 conv€;. Therefore aiL the rcsuiis siated
above fo! Lagtange muliipliers inirclaBsicar" convex P!ogram€ are
al6o taiid {o! Lag.ange multipiiers in generalized convex prog!am8.

we sha11 now expiain ho{ Fenchei's theory ot conjugate
convex iunctians [3], i4j, can be used to obtain a comPlete and
slmetrie duality theory for genereliz€d convex Prograli3. The
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dctails .f th,s n.w d,'aliry thLory will be publish.d in J9l.
For lh. ronr.nr, let p deiot. any conv.x iunctron on F"'.

'fhc closurc oI p i6 defincd to bc the convex function c] p whosc
c pig npfr-ii*rc 'intc 

r s cction of a1l the nonvcrtical closca hari-spacea
m+l

rn R ' coh{aining th. .p'Breph oa p. Thus cl p is ,he poinlwise
strp.emum o{ the colleciion oI all affine (i. e. linea.-p1u5-a-constant)
functions h sLrh rhrt h'ul 1p(u) for evcrv u. If cl p = p. ihpn D 16

said lo bc clos.d. {I, can bc 5ho\n tha', ,t p nowhprp tal,es on the
valee - @, {cl p){u) = p{u} for every u which i3 not a boundaiy point
ot the convcx set {uip(u) < 6}. }

The conjusate of p is the function p* on Rm defined by

p*(u*) = sup,r{< u, u} - plu)).

Fenchel p.ored that p,! is a closed convex Iun.tion, and that p+* = cl p.
ln parlicular, if p is closed thcn p is in turn lhc conjugate of p* and
the .etationship between p and p* is a symmetric one. The epigtaph
ofp* consists of the pairs 1u*, ox) e Rm+l such that the affine functiot
h(r) :<u, u'D - a* satis{ics h(u) < plu) Ior every u, and this set of
pairs gives a dual description oI p when p is closed.

We would like to point out that, in the case uhere p is ev€ry-
where finite and diffelentiable, one has

p*(u*) = <u, Vplu)) - p(u) when 9p(u) = u+.

This fact can be used to explain the connection between duality baaed
on rcnch.lrs conjuBacy and the duality theories for nonlinear pro-
!ramminA in which.rpres6ions Iike. u, vp{u)\ - p(u) ar. ,mportant,
for ins'anc. ll_. lhcory or WoLI. [10] an.l l]. thcory nf Danlz,e.
Eiscnbcrg and cottle [11]. we must foreso expiaint.C ihc connection
he!e, however, and refer instead to the exposition in [8] and f9l.

Given a gcneralized conver prograh {P) co!responding ao

rbove ro a clos^d convex function I or a-+n. we.iefine the dual
p]ggleg (F J;s-fouows. Let f* be the conjusate ol { and r;-

c{x't. u,r.) = - i*l- uj., x,r).

Thie s is a concave function, an,i lP*) is the sene.alized concave
plggfam co!re6ponding to g. Thus in (P'r') one is to maximize the

runciaon g{0, u*) !o u* € Rm, ?he peltu.bation6 consid€red i' 1P*)
are those which lepiace thc objective {unctio.r g{0, u*) by g{x*, u,*)

for warious cr oices of x_ . R'. The perEurbation _unct on n lP*) ig
the concave lunction q on Rn defined by

q{x*) = supu* g(x*, u*).

Whe! th€ optimal varue q(0) tn (P*) t! firite, the Iagrange bultiplie!
vectord fo! {P*) ale defined to be the v€cto!! x E Rn .uch that
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q(x't) < q(0) - (x, x{) for evcry i/r e Rn,

while the optimal solulionB to (P*) ale d€Iined to be the vectors

u* . Rm at vhich the supremum of the concawe function g(0, . ) is

The coDjusate of a concave function is detined by the 6arne
formula as the conjugate oI a conv€x function, except that trinflr re-
ptaces "supr!. lt can be seen flom the symmetry of the conjugacy
co!resPondenc€ that

that gele.aiizcd prosraos are always normal, u

f(u, x) = - s*i- x, t),

so that (P) is in turn the dual of {P*). The duality betqeen (P) and
(P,r) is thus slnmetric.

Tie duai pairs oI minimization and matimization probiems
which onc obtains by thi6 schere include not only the familia.r iinear
programs, but in e6sence au the other pairs of (conv€x oi concave)
e\l.rpmul^n prnblcmq for shi.h qub€trnti-l duality theoriFs are pres-
entlyknown. Detair€ and cxamples mavb- round in l?1.'3land [91.

Theolehs about the duality bctween (P) and 1P*) ate baEed
on lhe follo ing factr the objectivc function g(0, . ) in (P,F) is the
conjugate of the concave functiofl - p, wheleas the objective fulction
f(0, . ) in (P) is the conjugaie of the convex functiotr - q.

We 6hall 6ay that (P) is noihar if cl p agrees with p ai the
origin. Normality of (P*) i5 defiled €imila!ly, lt can be demod6trait

they are quite freakish. (In othe! words, heuristically 3p€aking, any
naturat program can in practice be expected to be nolmal. )

T\to sain duality result6 can be Etated.
Thcoreh l. The forlowing conditions are equivalent:

(a) procram (P) iE no.mal;
(b) prosram (P':) is nomal;
(c) the infimum jn (P) ard thc suprcbuh in (P/r) ale equ.l

Thcorem 2. S ppose that the equivalent conditions in
Theoren l aoid: th.n u* i6 a Lasranse multiplier vecior lor (P) if
aEd only if u,t is an optimai solution to (P'r). Dually, x i3 a Lagrang€
multipiier v€ctof for (P*) if and only if x is a! optimal sorurion to (P)

Existenc€ and uliqueness theorems for optimal solutions ca!
be obtaincd via Thcorem 2l.om existence and uniquenes3 theotems
for Laglange multipiic.€, 6uch ac those cited eallier.

Optihal solutions ard Lagrange multiPliers can be given
a 3addle-point chalacterization. L Iact, ihete is a one-to-one cor-
respondence between duai pai!s of geEelalized €onvex and concave
proglahs and r'teSuiarized" concawe-convex 'nini'nax Problema of
the most senera.l type. This correspofldence, al6o bas€d on r,enchel'!
conjugacy, i. explained tn Isl, Ial ana Is].
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