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tt' tl,r objLctivc luncrion. thus, drc problcm cdn be.epr.senred by thc
Lrsrangian

(.(.,]) ,,(t L tr,r(, F d(')'1, (2)

$lrr.c thc.onstant,,- U * r," rr",,t 
^, 

r..'l hc f enrlty rer.s $,gg.st
tl,c likclihood tlat, if i is I Iocrl ol)tin,al sohrlion rvnb corcsDond;na
,nukil)licr vcdor t satislr'in{

rft,) ':,,rr(r)-=o. (l)

,d ;l ' is suflicicntly li;gh, tl,s, Ar(1, t) {jil ha!c tr L;crl minimum rit r.
In fi.r, ;t is casy to show thrr this is lruc ifr satisfiG rhe skdddd second-
.i.l.r (ndititDs suficicnt lor l1).rl o1Jri,!r1ity in (l) t 1,ercli,re, onc
nrighr itlenpt to ntv.: (l) by !n!n,g r scqucncc oL unconsr'iincd
l!,,l)lu,s of thc followiog fu,,,:

derenrin0 rJ, Dnrnnizn,g (,(r,.),,). (1)

llcfu, r could be incrcrscd fron 1in,e to rimc ii cotrlcrg€oce di(l nor
nr(nr frst enongh. Shce r* s,tislics

0 r,K,(I,, rl .= !r,(r,) I I b., I 2//,(:9)vt(x"), (5)

a sin,tlc rnd nrturul sry to soctrtc the scquerce {l,r} is to set

.ri ' r,- i 2'r('"), i.= 1,..., . (6)

ll.stenrs did not dcr.lo| this ;der drc.rctically beyoDd this strgc,
bIt ]'j,)$!ll lvorked out.i algorirhnr Nirh a rule hr $hcn to;ncreasc r.
IIc a.lually.llowed sc|!rat. fr.rlty flctors for.rch of thc tcrms
t(rlr. IIc dcmaDstrated ;r l{cf. I thxt. if the secondi,dcr sufiicienr
corditn,ns {or oftiDrility rve.c srtinl.(1, th. gorithn shoukl convr.gc
loully it a liocrr rate, sidr)ut thc r..d io. hr!i',g / -, I co. l he m,in
i(hin1.ge oltbc algorith,n lics in thc lartd propcrry, s;rt it t( i,lcs
. n'rrr.ricrl stnbilhy th.1 is .ot llrnd in rhc usual l,r.alty,ntthods_h{(ll d nor addrcss drc AursrnJn ol ro {h.t erlcot thc cxlct globil
niniD,ur ir (4) crn br (lirlt,,isl,cLl i hvor ot in dtptuxin,ltc to.rt

l\lorc rca.ntly, xlirlc ./ a/. (t{rls. ,l 7) hi!c tri.d out urtous
trrnlifiotn,ns or th;s .lgo,irhni r.nrput irnrlly. Iilrchcr (lt.is. 8 9)
hrs (lc\rlotcrl r rclitrl trrli,,i(t,tr. \l.rc thc r,ultit)ticr vccto. r, ,s
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dnjlstcd.,rrdldrrl-r rs rl,e r,;nnnizrtn,n ol 
^,1x, 

1) ir r is carri.J o!r.
]\n elrlier .\thod Nloog tbese gcoenl Ud.s n,ry rlso l)c lin,nd in r p.tcr
ol \noi! rn(l Sol.w (Rcf. I0), which lrents rhc calculrtn)n ot s.d,ll(
toints lry n,erns ol sohing di{crcntial cqnit os.

Asid( iro.r rn crtcN;od $hich Arorv rnd Sol,)w dcs.ribcd lbr
thrir diilcrcnti.l cquition approach, no sprcili. rlgo.itl,D' 

'rlxted 
to thc

nclhod ol llestcocs rnd lro$ell ltas bcen p,oposcrl ft,r froblcms \ith
incquality constrrints. Ilowcvcr, Rock.fcll.i (l{.t. ll) hrs stuJ;cd tl,c
inalogrc oi the Lrglrngirn r(" tu. inqn,liiy c.nstrrints.nd,;n thc
conycx .ise, l,xs $trblishcd somc of its gcrerrl rInrln(,tnnrrl phpcrt;cs.
.{ s,ddlc-Iroint thcor(nr ior nonconvex, nrcau.lity corstrrirred prol,lcns
hrs also l,cerr |rovtd bv,\rrow, Could, and Ilo\v. (ncl l2).

Ii thc .,,nsrriinN /,(r) l) te .eplrcftl l,y /,(r) .. 0, tl,c nrtunl
rcfh.!n,d,t ir rl,r l.3l.lrnsiio K,, rs llcrrn,rtrrfud iD licl. ll, is

/.,(.,,1) L(') (l/4)' t I(:1,, 2,r(n)" r'''1, (1)

rvhcrc
,(r) n {t,0}. (8)

,,4r'-,,. 2,/.,., , t {''';)',,,'til'',.,,,'' t"',, , t' ,,,

Notc thNt tlc rultitlicrstr are rdr restr;clrd to l)e .onnrg.live, dcspite
tle incqurlity constraints in drc problem.

It ;s crsy h gcn(rdlizc drc algorithnri. Npt]rcach 01 tjcsnincs Nnd
Iloscll to tlic ireqtrality c.se in teans of./-" . l he basic p(,cc.lure is thrt,
siver ltr (r.d , :' 0), ile

d.tcnnirc lr miniDizins /.,(a, !r), (10)

0 r./.,(r,rr) vl,(,,) i I t(r,' I 2/r(11)rt(\1. (|)
Wr tl,cn set

]l ' - |{r," 2d("))::,0 ttn i 1,.., , (t2)

)ri"rr'l 2rl,''("1 .rr'') (ll)
St.rs (10) rnd (12) (ll) nrrke sensc, oiconrs., cvrn il rl,. lunctioos a.c
not ditirr(ntixl)ll. ll,ri t,rnsf,rm,tbn of this t)r)cr(l,rrr ;nto a l('crlly
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c,nty.rgcnt rlgor;tlu trttrrr(d rlrr. il)w(llt, {l,crc / is nrrcrsrd ir
. {lsttmalic Nay ;i o(crssrry, is slriiAl'tf,rwrrd xnd \rill not lre cirird
ont herr. O!. rin instcarl is n, sho$ using our earlier results io Rcf. I I
tlrt, in thc case rvh.rc tlc ltrrcti,,ns r.rc convtx .nd not neccss.rrily
dilrcrrntiabl., thc prcc.dtrr sivctr br (10),nd (12) coovrrscs (li'b.lly
tr rrbiftiry fixcd / ind $ilh rhc ntn,idizad , only.fpro\iDrrc, rt
l.rst if sonrr fornr of thc Slitrr (,nditi(f is salisticd. lJy rclrt;ng 1l,c

t,inlhtrc to Nlorc.u's th.ory or trroxin,xl D'atpinss (licf. ll), wc rrc
rhl( t,) (knu,si l( {l'c !rusi,rl trol,rrty th!t the sc.tucnc! of multi|lier
rc.t('rs :|k tl,r. ronvergcs, rvcn l[,n,gh t[cr. nriy be llntrc thrn onc
possiblc linrit, d.fnding rn thc nriti.l choicc of:r,0.

2. Convcrgence Theorem

llen(forrh, kt,Y d.note i (onvcx sc1 in i real-vcclor spnc. /i
(f,,ssihh nrhnitciiur.nsnnrnl), rnd lrt 1", J,,...,1- bc real-vrh'd
.otrltx f,,'rcti,'ns o -Y. \tc shnll lt concerncd *nh llrc foll('sing
rn,rnN, (r):

n'n,nni,r/,(rJ ovd "llr, -\ \arisf\n'sl.(r).-i 0 16 i t,---,,t.

llNtId thtll introducing (rllinc) tqurlity construirts ir thc nrodrl, ve
sut'l)osc f{r Doiaiion.l sin,tlic;r} d,,l eftlr so.h.rnsrrlinr is reprcsentcd
by . pr;r ot ;.cqrr.Iitics. :iLtuxl;l) consrminls (ould rlso br trctrrd
crt'li.:itly, if so d$ircd, .n(l tlis $.ulJ occcssitltc o y routidc xnd
ohvious chmges in the stiren,cnrs of ihc rcsults bclow. 'l [e ronvc\ity
or 11. tuDctions /l implius tlit tlc t,rsrunsian J,,(r, t) is ..n!us in
x, .\' and con.alc in I €.Ar iRri ll, lh(tretu 1).

'l hc.lgorilhnr t., be;rrNt;rnn d is drc following.lt dcpcnds oo thc
iniriil .hoiccolr ' 0, r0 c./?'', iDLL scqlcncc {rj} \rith 0 <d^*0.

AlAorithm. (;ircn r* c R,,, illtcn';rc -J € -V sDch l[!t
/,Jri,rl j irr1.,(.r,]) I dr. (r4)

'l h, tr. dcnn.f*'r by (12) or, clrun.l.ntly, (l:l).
l,rt /r dcrotc lht optirirl nlu{ in (P), thrt is, the infi.run s,rl'icct

k rhr const.rints. 
^ 

Kalu 'I\tht a..tor ti,r (l') is r vector r.: /l,r'r
i\irl' tl,r proFrty t[.t

itfli,(r) i r l(,) ' ,;,/d(\)) /, /r (r5)

()',' 
','.'in rrs"lr.rn n,N h. \r)r.,'
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Thcoren 2.1. S!t'lrac tltr( (l') 1l,ssts,rs ,Lr l..,sr ,n,. l{,rho
'lu.kf v(r,tr rn.l t[.u

I '/,', ', lti)

'Ll,rD, i_rtl |,nv.rs(s r,, soa,( IiuIn l\,.1{d \(t,tr, \hile l!*) srtislns

li,ns rlr(rr)::0 r,r , 1..,/, ll7)

li,,li(r) ./, i r(l'). (l1r)

Assun,ins thrt rl,c ot)ti'trxl ul,k ,r is lirih, it is \rrll loo\rn (ll(t.
l4) thlt. liuhD luckcr v(cb. (lors cxisx il tft ,\luto drriitirt is

satislicd: thcrc is r r)oint a e -I su(h thlt t(!) -:0lbri 1,...,n. ln,r
probl.n's in $hich c!"rlity cdnstaiots hn!( b.\1, r(pk\cntcd by pxirs
of (rfiinc) ine(ltriiirics, this crncridr ;s r(,t rt)rlir.bl., but it 'nry be
retlrced I'y the n"',uial Sl|tcl bnlitid: tlta is i t,oint r, (orL,{
sich dnt r(r) l0lor t - l,--.,,2, \iith strict i c(tuility f,r c$.ry /i
$hich is not rUlnc 'lhe corc of -Y cons;sls ol thc points t sucl, thrl
cvery ny c rinrtlng lftnn r ucrts ,{ i rt lQst on. lroi t hcsid$ r-
'I'hc irgunot giv.n ir llef. 14, 'I htor(nr 28.2, for tlB suflicicllq of tltr
rrrlifierl Slatir eon(lirion cirics ovcr to thc infinitcd;ncnsiotil ,)rse-

\torc g... lly, still lssunri g /1 to be tinit(, x liuhn lirckc. vc(t.y
fiils lo.\ist ilf th.r( is r vcctrr u € R{ sucl' rh.l

it

it

10, irrU,(x)i r, .r, [(r) . , !, ,.... /,.(r) a,,,1 (20)

(sct l{cf. t5, Or.lliry 29.1.2). Whcn i Kuhn Ii'ckrt !ect,,r crists,
it is oot rossib[ lor.ry scqxencc {rr} in,I srislynrg (17) n} satisly

lim n,r/n(ri) -:,.. (ll)

'lh.trr)lol ll,.or.n,2.1 isbas(don(srltsin Rrl. ll cdncrnring
rhc .onc .. litrrciion

rtT t2()') - 2(0)lA :. " i., (te)

!,_(.r ) , ii,{/-,G,r) (:2)

t I n{lc. th. l,\ t! nl,csis r hJt , l( trhD 'li'ckrr h1'r (\isrs, .(. is .vcr}$hfc
finitc ind LoDrinlo(slr .lillercntiablc on k', rn,l tl'c l(,,hD 1i(kcr
rrctorshrniirsn,r\i',iiTinssct(ltel. ll,ilte, ll,rr(r,,2) t:1rrthLn,rrt,

{,{r) n,a*11,,k!) (lia')rr r:r, (:l)
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.,,, ,rlr/,'', , ,, , ,..t..,,)l
'"'I6 il | 0,

r::0,

(Rct. 1l, l'heorem 2); d.oorirs by M(1, tbe uniquc o for $hich
mun,rum in (21) is rtuin(|, Nc scc dut VgJ,y) coincidcs witb
smdi.nt of r, '8J@) (l/4,) 4 r 2^tu rl(},), and hcncc,

n(r) r' I 2,1s,0r. (25)

Itr pdrti.ullr, i,/l ;s r bouddcd scqxcnce. Lh€ u.iturD (.nrinuil) ot{"
on bound.d scls then in,tlics thar
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liT I3.(/") -(.(,u(r'))l o,

in vic* ol (28) 1\ r obse've ncrt froD (2:]) rhrt

(,oi) _ &(ru(rr)) (1r4, rr(y,) ]{}i
or, in otbcr words, usios (2s),

(,(.],tr) / lvs.(ri), - 30(,17(rL)). (r4)

Ilut (23) also yi.lds

.s.(,rr(i,r)) .: (0(r/(.lr)) (t/4r) t/(r,l ,u(]i)i. {,0(,1i1(1,)). 0s)

(bmbiniis (15) Nith (14), se havc

(,l,U(ri)) :,r,(/) I r v8J.y*)t. t r.I t. (t6)

liror, (16), (l-l), rnLl rhe li.t tbat (, is borndcd rhovc lsidft thc n,ixi
nizing set fo.s", cotrsisring of the linhn't\,.kcr vccrors tor (p), is
noncmrtyl, rve are ablc t(' concludc $at

lT vr'(r') : o

(ilDscquenlly, il / is ,n ,rbitmry cluster poinr ol lhc bounilcd se.luen.c
lr*], sc h.re vs/0,) . 0. Since & is coDrdve, rhis o,clns thrr t orx!;
miz€s & !nd, hcncc, ;s a t(uhn'fucker rcctor. ll,r ;qlualitr (12),
sl,i.h h,ldsInr.,r) l(,l',' l',(k(r vcctur. r.s i,,,1,1,,.rl ,, ,rn bc
onlyon...,"lr',,.',rf.,i,"J,,i1v,J.|1,,..tr,li..r,,,ir,r.rrg-,r'rcrr.c
for& slr;ch conlcrscs to sonre Kuhn Tuck.. r..tor for (I,), rtul thc
l)(Df of the thro,en, is .onrplcte.

L llr,sJr'\r's, II. 11.,,r,l,ril,tura.tlCtddi."txltlnl\,li{nt rnr(XIcLtnxl5in
Oftirnizr.on I'rnnrDs 2, lilil.d Ly L. A. Z.1tl,, L. \\r. NoNt&lt, Nt
A. V. llx,,krislrnnn, A.rn(rricIless, Ncs \irh, NeN l'.'lt, t969.

2. lljirr,\,,s, [r. R , ']1,rlli n t Grdi t ltdhtL, lnflrt ,,f opriJrizln,,
'l li.o,l ,r,l ,\fth.!nn,s, \i)i. rt, tt. 103 .110, t169

(24)

Proof of Theorem 2.1. lb ohtain thc desircd condusiu\ about

{rt}, n sunices, acco ins to lhcorcn 4 of ltcl 15, to p.ovc thrt {tf} is
a l,oun.lcd mrximizins scqrcnce fors.. Il, inaddition, {Jk}is convdscnt,
tl'c lvlhle theoreh ;s estahlishrd.

As shown ;n l{ct. ll, l,rn,mr 2, condition (14) yiclds thc cstimatc

/ lv/-,(ai.,_ri) vs,(rl)l! .: "N.
'l hcrclore, by (25) rrrlied n,l,i rnd by (13),

(1,,) r' lr(Jr): or i

(26)

1.27)

f': Ir" ' ,r4r")l 0. (28)

Now, M is by definition rhr |.oxionl m.ppirs in thc scnsc of 
^'Iorcru(l{ef. l3),ssociatcd $itl thc conlcx runction / 2r9,. thus, Jll

is nonetprnsire (ltef. ll), thrt is,

ttb) rt!) :. ) r l0 all 1,3. (29)

'l he fixcd points ol,ill ,,( fre.iiscly the points , sucL that Vg.or) 0;
ir other words, thq rrc thc liuhn llckcr ve*ors fd (P). Let t l,e
rn arbihary Itul)n I u.lic 1eclo.. 'l hc.,

rlt(1i) r! ,l/(rr) rt(_1) i I't r , (10)

I'y (29), so tl, t, by (27),

l,r" 'l-: 'li{rr) r' :. (ri,)'/'1 I r' J. (ll)

Ir l,,ll(n!s trorn (16)d,rr

]r :v -.: lrr y t (,.,)' ' . .r Nh$cvr! /:' l. (12)
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The Multiplier Merhod of Hestenes and powell Applied
to Convex Programmingl

R. 't. IrocMr,.LL^n2

Gmmnricared by XI. lt. Itc5t0rcs

Abstracr. 1",',r,hnrrr prng.rmmine 1.',.r,',- "rt,,,,,,,tir1constraids, Il$tencs and Powell hava nidelrendently frotos.d
a dDrl',cdod ofsolution in rvhirh squaa ofrhc const(inr funcrions
fe added .s pendltics to rle Lagrangi.n, and 2 ceft.nr simple rute
is uscd foi updaiing tle Lagrangc mulri ic6 .ftd each cycle.
Powell h.s Nscntidlly shown rlrat rhc rat€ of convergcncc is linedr
if.rc stets $ith a $rmcicnrly higt tenrlty fa.ior and sufrcic ty
nc.r to a lo.2l solurion sarisfyins thc usual second-oid.r sufficient
condnions for oprnnrlny. 'l ht papcr firrnishcs rlrc .oii{jsponding
melhod for incquality,constrained p.oblems. ctobrl convcrgence
to rn ottim.lsolurbn k esrablishcd h the convcx crsc for an arbitnry
p€nrlty frchr and wnhout the reguncm€it that ar.xact ,ninimum
be calcnlarcd at each cyclc- hrthermorc, rhe l.rgmngc muhiptieG
arc shown to converge, even rhough the oririnll muhiplicB mry not

'Ihc following idca, ir eficct, was nised independcnrly by Itestenes
(Refs. I 2) ,nd Po$.n (Rct 3) at .onferen.es in thc spring of 1968.
CoDside. thc folldving nonhrear progratu.ing p.oblen:

minimizcl,G) s'l)jed tot(r) : 0, i : 1,...,,,, (l)

wlere thc fuDctions,:n,'+rR are ditTerentizbtc. the snutioDs to tbis
troblem .re not iltered if tcrms of thc fotu, /r(r} t:: l, trc added

,1his {oik B$ sllFoned n, lrn by th. An rrorce ()uiu. ofs.i.rrin. Rcala.ch undcr
crrnt No. al:arrosR ?2,2269.

I ltDrc$or, Drprnrnrnr ot Nl.rhrmdi$, un;vchny of\!Nh;,srrrj scxrle, $asrrnrgton.
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