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The analysis of ihe stability of Hamiltonian dynamical sysiems in
varioxs econonic nodcls depends on the "curvature" ofthe Hamiltonian
function ai a rest point of the syslem, or equivalently, on grolvth properties
involvifls gradients or subgradienls. The purpose oftbis note is to esiablish
a general property poiniing in particular to a simplification of conditions
assumed by Cass and Shel1 [].

h this context, a Hamiltonian H Rr tRr+l o, -:ol is an
extcndcd-rcal-valued function such that H(k,Q) is concave in L and
convex in 0. The dynamical system of interest in the case of a constant

A e boH(k, Q), Q + p8 e arHk, Q\ (1)

where aolland a Yare the subdifi'erentiais [2] with respect to 0 and n (or
if difierenliabilily is present, the gradients), and a rest point is a pair,
(r*, 0*) sarisfyins

0 € aoH(k*, Q*), pQ* e ?rH(k+, Q*). (2)

Pafiicular attention is direcled to detcrmining thc existence ofsolutions to
(1) satidying

k(0) : I and 1im e "i(k(r) r:) (0(D 8.) : 0, (3)

and whether sucb a solution is stable jn the sense ofconver-qins to (n*, O*)

The author jn [3] and I4l dereloped results on existence and stability
on the basis of assuming 11 was strictly or strongly convex-concave in a
neighborhood of (2). Cass and Shell [] sholved under dilTercnt rssump-
tiolJ, to be considered below, that (l) and (3) inply convergence of
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r(r) to t*. Brock llnd Scheinkman I5l obt.rined conle.gcnce of (i(t), 0{i))
ro (r+, O*) undcr nore ditrc.entiability but less convexiry Gaines 16l

proved the existence ofsolutions ro (1), (3), usins a dilTcrent approach and

differenl growth rssxnlptions on tl than ihe author'
ID the paper of Cass aDd She1l, a certain global gro\rth propcrlv of ,? is

implicit tu ihe condltions thcJ jmpose on the undcrlling technologl For

insrance. ir is n consequencc of their model tlit soixdons to (1) satisi' ir

unilersai bound l(1).:.r. lve wish io discuss otthis aspeci ofthcir
sorr, l-r rheir '"rorior il.o i . rhe tlc r

aft.Q) =inf!, R.(l r-)+, (0 Q+) pQ' & k+)

(1)

(where inf 
" 

: I d)). Clearlv @(r*, O'):0 It is k'own thar @ is

everywher. nonnegaLive by virlue of thc conca\iLv conveiitv of l'1 (scc

The crucial condllion invoked bv Cass and Shcll can be staled rs follows:

(S) For evcry € :.0lhere e)iists | :- 0 such that

k k* >.-4\k,Q) ' p(k k+) (Q Q')>6
we shall establish that (S) c.rn be exprcssed ecluivalentlv il] lhe apparentlv

weaker forms nr Theoren I belo\l. For this we need the i'trn1less technical

assunpiion ihat /1is r/rred in rhe sense of 12 Section 341 (This is al$r'!s

true for,ryarising liom a! cconomjc rnodel A direci rtrfcierl condition is

th.Lt /I.< -.c cver]$herc and JJ(k. 0) is upper semicontinuous in k )

TrrEoRlM L Srl'lorr H is Jinite at1 4 neigltbathaa.l af lkt' Q') dnd

la) I.t p - 0, (S) iolr1s i.f mset:' olk Q) ::'0 fu dtt (k. Q)

+ (k+, Q+).

t R= ?t,tllk, Q), z. zoH(k.0)\'

(s) holi.J il for eLery G'. Q') lti|h k' Q' <0 the(b) If p :0,

1t!) - 6\k+ tk', Q* + to') - Pt'k' Q'

sdisrtes 
"(t) 

> ofat a t>Aa d

lirn ,nf rO : 0.

Theoren I '!ill be derived lron a morc general result Consider an

arbirrary nultilunction ,4: Rr 'R' and anv palr 'r*,'}'+ such that

r+ E -4(r+). Definc

@(.r):infl(r- j*)'(}-r*) -v€,a(j')l (5)
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Thc case above conesponds io I : (r, 0) € R" I R",

A(.k. q : l( .R. z) Re ?fiU{, q, - € aaH(.k, Q)1,

x+ : lk+, Q+). y+ : l.pQ!,0).
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(6)

(1)

One says in gencral thrt A is nanatake if

), e .1(r,) for t - 0, l, inplies (-{L rJ .(r\ _r,J > 0. (8)

It is naxintal mo ota e if it is monolone and its graph

G(l) =. i(x, )) c RN x x! I E ,4(-y)l

is not propcrly cont:Lined in the graph of any other notrotone
l' : R! - nr. The !,fl!.tiLe domdi al A is

D(A) - Ix Alx):. e1'.

The conncction with monotonicity and the prescnL contcxtis tlle following.

THToREM 2 [7]. lf Aissircnbt (6)Jbt d (lasel.oncaY-ca rcxfutlction
H which is linite a a eishl)athoorl of .! point (.1t",Qt), t/rcn A i, tltsxinal
monotonc an.l (k+, Q+) . r1t D(AJ.

TlrroRrrl 3. Zel ; : nr ' > Xr be an atbinat)' naritndl manatotle
nnltifu ction anl let @ be deJined by (.5) for an)' .t+ an.l r+ sati::flitjs
x'eint D(A) anl !+ = 

A(r+). rhe the r1f in15) i\ aba)s,tttai ed,a l<tr
i\ an ereryyhett lowet setnica tinuaus futi( tiotl vith

@(r) > ''(i'1 - 0 Iot oI r'
Llottorct. the erpr.rrtdn @(r-" + sj')]s is far a .) a' o deueasnls as a

In pafticrldr. P liln.tion

,(r) - (1,r) minj@(:r) r r* -rl, r>.0.
is o negatite, lawet semiotiti uou\, andecrcasitlg and

o(r)>t(.r !* ) r-_r* faraIx-t+. (10)

Prorl Consider nro ralxes rL :- .', ::, 0 and ary .r, E,aC.'* - r,x').
t : 1, L The monotonicit], o1,.1 implies

0 < t(.!'- J,r'l (:'+ r!-r')l (r1 rJ
: (rl r:) -r' (.r! .r,J

(!1 r!)lri1(r' rr,rl r*) (r, -i')
,,'11'* ; s,r') r*) lr, r,*).
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and consequently, since the li are rrbitrary,

0:: (r1 sr)lril@(:r+ r s,-J) -!t1@(:r+ : rzr')1.

Thus r 1@(j* + rr') is nondccreasing in r :-- 0 .ls clairrled.
The maximal monotonicity of I is known I8l to nnpi)' ihat int r(,1) is

convex and Gince int r(l) is nonenpty by hyporhesis),

Fudhermorc ,4 is compact-valued rnd upper serniconlinuous on int r(,1)
(cf. [8]). Thcrefore, @ is lower senlicontinuous on jrt ,(l) and the inf in
(5) is auained ihere.

Consider now a noninterior point t of r(,{). By (11) 3nd rhe convcxity
ofinr D(l) $e have x+ + r(i r*) = int r(,r) for 0 < s < l lnvjewol
this and the monotonicity oi @(r* rjr')ii in r i: 0 for a1l j'', the global

1o$er semicontinuity of .tr will follow if rve sho\\ lhat the restriction of @

to the line

t:1.!t-)(t r") -..<r< :d)l

is lower semiconriDuous aL t. Let

,L[: l, '/{; -rr) : 0},

i.e., M is the X' I dimensioral subspace of RN orthogonal to Z. Defi.e

io(:r) - M ;r x. L
: a llx+L

Ar(.\): (.A A;(r): Ao(.x) -: M if rez

The multifurciion lo is trilially nraximal nonotone. Therefore, '11 is

ma mal rnonotone, because,l, -,4 . Atr and D(.Ai 
^ 

int D(A) :. :1

[9]. In particular lJ.r) is closed for each iEr. Note that since ,u is
N - 1 dimensional, l1(r-) actually has a very sjmple struclxre:

l,(, : (,r(-r) . r) + ,u for :r. I
(cquiralent to a 

"rc'd,rrc,sional 
naximal monotonc lnultifunction). Also

.),* e,.1r(r*), and the fuDction

D(,1\ c cI lrt D(A). (1D

@,(x): infll.t :'*) (] .r,+) -' .=,1r(r)l 02)



IIAIIILTONIA\ (;ROWTH PROI'ERTY r95

coincides on l- with @(t. One sees ea\ily fronr the "one-dimensional"
nature ofll that, relative 1o Z. @1is lower semicontinuous and the inf in
(12) is always attained. Thcrefore, @ is los€r senicontinuous relative to l,
and (inasmuch as jr r* I M for -t e Z) th€ infin (5) is attaioed for alt
.r: a. This finishes the argulnent !ha1 O is globally lower semicontinuous.

PtoofofTheorcnl. (a) is oblious from (10) and the iol'er semi-
continuity ol @: if @(x) ;' 0 lor ali -r ;= r'i, then d(s) :' 0 for all r j:' 0.
For (b). $e make use mercly of the lower sem;conlinuity of

v(k', e) : a&" + k'. e+ - e't, pk' . Q'

We have Y(k',0') positiye by hypothesis cxc€pt at the origin, $herc it
vnnishes. The hypolhesis thar

tinJ inf Y(tk' , te') :., o

nnplies by a simple compactness argLrnent thar adually lor some r > 0
and3::0

Y\k', Q') :-: 3 , tk'. Q\ < t.

Therefore, for any € ,_' 0.

inf{v(l', O') l/L' t > €t > m n{3, 3.) ! 0

5. - nin{Y(r',0') ir'.0' ,i /, r' ;!.j.
Tiis is the desired con.lu\ion

5,
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