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ProP€rcies of convex funccjonr are important in many models in €(onomics and operallon!

research, and somerlm€i i! is deslrable !o know wherher rhe conjugare f' of a given function

t is once, twice or rhree'tlmes difierenriableJ €ven lf there is no direct formula for f* meking

this clear- For insiance, a method in economerrics or the aonvergence of some oPtimizalion

algorlthm maldepend on rhe det.ee ofdifferentiablliry of f'. The question.riset.s to lust
wh?t thir entails for the funcrion f, which is moreaccesslble.

Essenlialfirst-order dafferentiablliry of f: ii eguivelenr io essenrial erri(r converlty of f. as

lhown in I l, art i26] I The word..essenrlal" her€ cover! certain deEils about the behavior

of f and f' at .he boundaries of their effective domains. The purpose of rhe present brief

oote ls to Pojnt out how this reruk can be combined with the classical invetle function

theor€m to 8et a .orresponding equlvalence of hiEhe. ord€r.

Lei f denore an exrended-real-vatu€d convex fonctton on Rn which is proper and <losed,

in th€ ienle that lrr effe.rlve domain Com f - I r f /xr < @ ) is nonempty. f l! finite on

domf,andall the level seisoftheform {xif(xl { al are closed- The conjugate of f is

the funcrion f' on Rn defin€d by

ill

It i!

f' (x') : 3up I x.x* - f rx: ],

llk"w se convev. prope. ard . osed. ard I" --f.
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We ihill try f L! regular of order m (where m > 2 if the lollowing fo!r condliion! 3re

(a) the (oPen convex let C int idom rr it nonemPtv;

(b: f is m rimei cohtinuously dlfierentiable on Ci

lc) fo. every x: C, the second de.iv.tiv€ matrix 2f(x) 
13 Po3liive clefinit€ :

ld fo. every eequence Itk, ln C,ha. (onvertes to some boundary Pcl't x of c'
.k

one has , (x J +6

Remark' condltion (d) ls satisied va.uoudy if f l! finlt€ everywhere (C - Rn)

Note rhat(b), (c) and (d) oily dep€nd on the r€striclion of f to C. As a matter offact'

any function f deffned on tn open tonvex let C c Rn and havtng rhere proPertles tdn be

exlended ln a unique manner to be d closed ProPer convex funcilon on all of Rn with

C-.int(domf. To do ihis. iimpl/ telect any i=C and for e.ch boundarv Point x of

f rx): lim f (ll-) x l-,\x)rl0
.lways exists, ) For x t C, deflne f (x) .= + o. The Proof of thit woik ii

p.57 lncidentally, (d)can be replaced by !he coniirlon rhar

2)

( This llmlt

Siven In I l,

13'

THEORE14,

llm tf { I l.) I x+) x/ . (x'x ) - - -)r 0

ai ln (2) ;see I l, Lemma 26.2 ].

f is reSul.r oforde. m if endonlyif f isregularoforder m

Proof. By the symmetry ofthe con,utacl corretPondence, it luffic€5 to show lhat conditionr

(al, (b), (c), (d) for i imply the same for i' . cer.atnly (b) and (c) imPlv:

ie. f is 3tricrly convex rnd diff€renrlable on C.

Accordint to I I, Theorem 26,5 j, <ondicionr (al. (e) and (c] for f imply (al- ie) and (c) for fr.
lloreover, in !his care rh€ gradient mapplng .f cirries C one_to-one onto C'- ln!

i dom f' ), and ltr inv€rse ls the mrpping f'. Thos lhe equ.rions xr- if(x) and x:
'f' lx') are equiv.lenr.
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The inverse lunction theorem ( which of course is a corollary of the imPiicit function lheorem'

cf. | 2, p. l72l ), asserts that if a mappifg F r C - Rn is r-rimes conlinlously difteren-

tiable r > I ) and if ;and x-' are points ruch tr.at F . :x- and rhe, der vative

"rarrix 
(Jacoban) .F("r i, nonsinsu ar. rhen for certa,n ne/shborhoodr X or z:ndX'

of x' there is a Lrnique mrpping G:X'-Xsuchthat

x: Gix'l < >x' F xl,x.X.

l'l.reov",G,s rk"a,ser-'me,(on,indoLsr/orlhr"rridbe.aldG "' 
f ,rll-1.

Thls theorem can be .ppiied to rhe mappint F : I fw th r : m-1. As seen above F is

,.verr,bre wirh F I f'. l'ao "o'"r E vi i( rl-6 Tsrrix 2f x , wl:-h i. nors r-

gJlr.rorpv"ry r"Cb"irsJTD or. For,1).ho.po' x in C'.'heDoirr; - f Y 
'

is such that i" : F La. the locai !nverse G of F described b) the theorem musr be the

restricrion of -1. ro a neighborhood of i'. rhe,efore l' /5 m I nmesconnnuously

ditrerentiable in some neithborhood ot x'. and

2r tt-,

tn parricutar. ,21" 1i't i,

some neighborhood of x'.

satisnes (b) :nd (c).

: ci'')-l .,Fi;)1 l-li2tii,1 l.

nonslngular, ind f is rn rimes continuoutiy diflerentiable

Since rhis is true for arbi!rary x": C, we ma/ conclude that

in
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