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{TIVOST SI]T,E d{ISTENIE OF LAG+].iGII].J IFfCE 1ECTOFS IN NOILi].IEqR

,DP.C.!IPdMIUG ( . )

by R, !. Baekdfe LLd!

lhe chracterizaiions cf oliinality thai are of irnportance in
ncniiiear prcBftmirg lalt nairrly intc lwc calegcries. on ibe one

tunc therc are the CifiefentiaL coniitioff in tems ol gradientsJ

Hessian matrices and ihe iike, or more Aenerally I'subgradientsn

ol sone sort -{hen ihe constraint and olje.tive tunctioru de noi

recessrilJ differentiable. On the other hard, th:re are sad.ile

porri ..ndiiro.s rith rcspect to the r,acrar€iar lrciion or ar

auAned:ec -agtar€ian function, 6nd ihese de ltjrpj.cally asscciaiea

',{1th some dual problen. 14 bcih cases the cotuiitrcG irvclve ta-

erar€e mrttiplie4 lrha+, ir an econ@j. ccnteai nay !e inier!.ei.d
6 ripricesrr, Ttre condiiions, at leas! in the:r strcnser loaJ
are iJ?icallJ suificient fcr .plinality, lut the/ axe no: r:cessa

ry ,nLess certen asswptions called "crnstraint qualificaiicG"

Un:.rtLn,alely, excepl lor pmblms of .onver iype, i^e ...iae
int qualifi.ations are dilficuii or ing.ssible bo vedfy, t: :..:
least iney require tests on a-:l e4,licit luredcal candidaie i.l
a sorutiorr, lrui the aigoritl:s ior ielerdl]r.e a scruii.! .:,r..-
frrd air' liih exactitude.

(o) F.sed cii spo.soei by the Air aotue atfice of S.ier:iilc n€s:-r.,d. For.e Stsre. C.0]@tj USII, Drder Erat imber 1I-a2A\ a. -..
LE./e!.itt .i tasd.g:oi, S:aii1e.



?58

optimallty cf x 3re thai x siculd satisi:' the eonsirairts.f
(P ) :ri:h-.- sh.rll e/ sr !ri- * isSirs

vs^lx\ + tl , y, tg.(x\: v,
(r)

y.-Cforiel(x,u),

where I(x, u) is the set oi actire ccnsrraixi indices (the inequq

lities that hcld as equaticus). lnoig the marry const€int qualiii
catio4s ihal, are h1o',1,r !o inply ihe ne.essity ol these corditions,

the sinplest and !rcsi poweriul is
the vectoE vs. (x) for i e I(x, u) ar.,

" li.]early independent

Il the fi,lnctions are tFice contirucusly differeniiable, ihere

ele fUrther opiirnality conditions in tetnls of the deEstun matlix

H',).v.r'%. . r yivg. x'- i, - _

The .lassical stzong second-.lAe! conditaons are r:irat x should

satisfy ihe flrst-orCe. ccnditicns ard (2) plus the pro.erties

v. ' 0 ior arl i el{r. u)

z H(x, iz ' o tcr every rcAzera z e d'
saiislyir€ z.ee.(x) = o fcr all i € I(x, u).

These cordi:ions 8.re sufficient fc! x _,o be :x !6olated localfy

cptima] sclurion to (Pu, 
u).

?ley i:rply f.:rther lhet sm]1 che]]ees in u and v effect x erd

y in a diflerentiable m€-rurer, specificauy, there exist open

neietboricods UardVciu ar':d v and f,lnclior6 € : U "vrRnanal
n : U x V + Rm oi class c] such irai 6{u, v) = x, n(u, v) = y,

and for all (u', vi)€U x y the vectors x' : (ur, vr) and yr:E(ut,vt

satisfy ihe sirorE secarvi-c!.de! c.llditions for (Pr,,u,), so ttrat

(i)

(4)



i. :s 1o"a..1y cpt i,qal .or rp , ,'. Thi. is " pl,ooer. J of orvjols

r:portance in econonic ar.alysis.

!4e fcllcwiqE resuiis nr6J be derived ir|on the \rell- ]glor{i !heo-

-n ol Eald {er. [:]) on the clilical values of a Citrerenti:b]e

-ppl€. T1e procis €.re coniained in a iorthcon'lir€ paFer ol
:pirsarn end EockafeU6:r []1.

lbLOBtM t. stpt ose c is opea in n", q;" -f ehas CI, ad
-..i:, ,,qatear ot63c . t r ut \t e B . th ^ l.t at " u

"lceD i. a |calis"ab'e stuet of {. P,,, ie . ,ah \at euea"

iea.sible 'olutiok , satisfies the cqettaikt qudiifida an (2),

oli| hence erery Lo..LLV cpii@L solutioa \ eatlBfi$ the eotlstudint

qualifiaatior (2), ai. hene erery locall! optinat sotution x

eatlsfre. .he lirs nte" . adiLtoa| :ar "r." y e nl.

lEEoRw 2. suppose c iB apen i.n { * %, \, ..-, s^* .f
" ^2 _.c aB. C-. .\e\ fo! aZL t ),\ er ppt 4 a aes geobte s .b6e af

Jn' ln, '" \ :s auc\.1aE ")ery Laeo'lb opti-ol sal* aa \
6d e,ery ! i { satislxing the fircL-o.d* coadi Lioas dith x,
the st/osg seeohd-o e! cd/rCitaons actllall,! hold,

A trlcry teaiur€ ot the prcors is ihe need io:' hanclil]8 iiequa_

lities ard copplarenta4r slacl."|less condition€. these do not ilt
the stardatrd:nc1d ror applicatioqs ol Sarc's theorer. Nole that

tbe diff--rentiebility requu€tPnts in Tneoren 2 are weak€r thai

those of Tbeorsn 1, as far aE the cor,,straints are concernqi.

ttruE one can Aei awal rriih less differ€nt1abi1ily if ther€ is sitrrE

oiher property gusx&rteei.g that the first-order conditions are

satisried by all locauy optinal soluiicns.

CotuLLARv 1. iuppa€e c as apea, Eais a1 ctaes &, ma

q' ..., 8. @e of cL66 c . r@a io! otl (r, v) etc Dt ia a



'eg 'getn e ".. "r",1 n .in,. --:esc4 a -ery'oco tV

aptinal aoluiid x satisfies ihe stta^s eecand-o"det con&:tions.

'ftie cdcl.tsioa :s atso valid i.r q, ..., qn a.e o! elasa c2

@d caater (ad C ie cdwi).

the juslilication oi the last asaertion oi CoroUary I 1j.es in
the iaet tha! when the constraint systan is convex, the set of

veclors u tor which {P ) r-as f-aslble solrtions is a convex

set in 8F whose none.!cl,! inlerior comists of tnose for l{l-ich

(P ) saiislies Lhe s arer cono rion. The Slater cordition ser

ves as a constraint quarification lor convex systens, Tbe bou,nCerT

of a corvex sei in Rm is neerigeable. I},us a8ain, the set of vec

tors (Lr, v) such thBt (P. -_\ has a loca]Ir opl lnal solur"ion not

satislyjrg ihe fj.rst-order conditions is neelieeabLe.

It nus+, be emphasized thai these results repr$ent only a be-

ginrirA step ix the co.stluction of an adequale theory, allholeh

they do iuustrate sorc of the !oo]3 available ard the djfficul-
ties involved. A sinple exEnple for vJhich Theorens f and 2 do not

yield a si.gnific&1t conc]usion occurs when x is naturally constre

lied to be normegative. if thft regrterients is refresented by a

systen of inequalities

0, a ,(x' _ -e..x fo j = 1, .,., n,

the assertions of "tlpicalr' behavior will be relative to a fardly

of p]'oblens in:volving additional paraneters un+-. ftius lde will be

loolqnA at problaE that include constrainb of the folrn

j . 1' ' n'J- 4+J

Brt ano.€ thesej the subfeldly riith the desired constraints

x.>o forj=r,...,nJ-
is negljaeable I
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An aliemative way to ireai a consi4trnt like x i 0 would be

to incorporate ii into the Ee! c. Brrt then c would not be openr

60 the vely natFe of the first and seconC-order condiliobs to.
oplina.liiy wo.rld be affecied. Actual.ly, ior a constrain! as sin,

ple as x > 0, thrs r&utd not lead to an inpass. The generai iri-
plication is clear however. orne neede a theoit' of second-order

conditions that "sr be aDpLi-d to (P ) in rhe case or a "easo

nable cless oi sets C capable of inco4oralir8 srDoth but nonLi-

neey constrairts tbat a.e pule]y nstructural , i,e. not suitably

viewed as p€rairpterized.

S.rch a theorv has been developeal by spinsarn []j for sets he

cal]-s cvrtohe&,a. It yields nuch Etronger verBiohs of Theoral]s

I erd 2.

Maiy questions renain open, though, For jnstance, vhen is it
true thar Lne ser or (u, v) for nhich (Pu, v) has a rultiplicj-.y
of BlcbaLly optlnal solutions is rEgligeable? An ansirer to ihis
rcr]d tie in sith the theory of augmented tr€rargians.

tuca]1 that the augmenr ed Lag€,fgtan func-io1 lor /lL, 
v) hzs

!l€ form

L(',y,.) = so(x)-v x+ .t o\s.(x)-ui,yi,!)

'- ln'!l^e!€r'0,ye4 ($L n.cessarlly F ) znd

if t- > -\r./2r

it t. < -,t./ 2r

It iEs been shoM by Rock€fe]lar [{, Tneoren 6] that ror a!J' ELo

bally optima.l solution x that satiefi.es the second-order corrj-

tions (ei€n lhe ard is 'rstronqfy uniquett, tlEle exisl
y and r such thet (x, y, r) ls a global saddle point of L, uhjl-
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the glob€1 prope$y rar€ins unsetiled in the coniexi of theorarc

I and 2, one cai a! leas! draw the foUoldng conclusion.

'onaLLARy 2. sa?oso c is .par, sai6 "f clajJs C , dd
g., ..,, e ale af ctd6l cY' . h.a fot .tL L. v) eivp,: a'1 ' _1n

nesLisaable s,jser ot Rn ' hr. (P ) is such that atery IacaLL!

aptinal salutt@ x co!?espandB tu; Local eaAdLe poLnL (x, y, !)
of the awnented l&graq,i@t.

rhis edclwian ic also 1)atid iI et ..., sn axe al alass cz

@d conrer (dd a ie canEc) ,

lbe co.velEe assertion, nanefy +-hat x is locaUy optinal if
(x, y, r) is a local saddle point of the augnented L€€rar€ian,

is t:ue [r] wjthout anv assr.pti?n m c, cO, ,,., h.
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