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ATMOST SURE EXISTENCE OF LAGRANGIAN PRICE VECTORS IN NONLINEAR
PROGRAMMING (9)

by #. T. Rockofellor

The characterizations of optimality that ars of importance in

nenlinear programming fall mainly into two categeories. On the one

hand there are the differential conditions in terms of gradients,

Hessian matrices and the like, or more generally "subgradisnts"

of some sort when the constraint and obje e functions are not

necessarily differentisble. On the other hand, there ars saddle
point conditions with respect to the Lagrangisn function or an
augmented Lagrangisn functicn, and these are typlcally associated

with some dual problem. In both cases the conditions invo

grange multipliers that in an econcmic context may be interpreted

as "prices". The conditions, a

are typically sufficient for optimality, !

ry unless certain assumptions callsd

Unfortunately, except for probleams of convex type,

int gualifications are difficult or impossible to verd
least they require tests on an explicit rumeriecal candidate

a2 solution, but the slgorithms for determining a solution cannot
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optimality of x are that x should satisfy the constraints of

o 2 m =N
(Pu v} end there should exist y€R_ satisfying

3

vgoix) + E?:,.y; vg. (x) = v ,

- £ 4

y; =0 for 1e¢ I(x, u),

where I(x, u) is the set of active constraint indices (the inequa
lities that hold as equations). fmong the many constraint qualifi
caticns that are known to imply the necessity of' these conditions,
the simplest and most powsrful is
the vectors vg,(x) for i € I(x, u) are
N i
() linearly independent
If the functions are twice contirucusly differentiable, there

are further optimality conditions in terms of the Hessisn matrix
2 T
H(x = Vg (x)+ I y.7g(x).
(,l’) EO\A . yl gl\)
. i=1
The classical strong second-order conditions are that x should

satisfy the first-order conditions ard (2) plus the properties

(3 y; >0 foralli eI(x,u),

(w z'H(x, y)z > 0 for every nonzero z € g?

satisfying z'Vg.(x) = 0 for all i € I(x, u).

These conditions are sufficient for x to be an isolated loeally
optimal solution to (P St
u, v
They imply further that small changes in u and v affect x and
v in a differentisble manner, Specifically, there sxist open
n
neighborneods U and V of u and v and functions £ : Ux V> R and
m g 1
n:UxV+R of elass C such that £{u, v) = x, n{u, v) = y,
and for a1l (u'; v')eU x V the vectors x' = (u', v') and y'=g{u',v'

satisfy the strong second-crder conditions for (Pu' v')’ s0 that
L]
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x' is locally optimal for (Pu‘ v'}' This is a property of cbvious
3

importance in economic snalysis.
Tne following results may be derived from the well known theo-
rem of Sard (ef. [2]) on the critical values of a differentiable
m=pping. The proofs are contained in a fortheoming paper of
Spingarn and Rockafellar [3].
e . . sadl . 2l .
THEOREM 1. Suppose C is open in R, g 18 of class C, and

& ~0
T+l | n
s i gﬁ are of elasse C ~, Fix ony v € R. Then for all u

t]}' i

()

;cept in a negligeable subset of ﬁm, (Pu v) 18 such that every
L]
Feasible solution x satiefies the conetraint qualification (2),
and hence every locally opéimal coluiion X saiisfies the constiraint
qualification (2), and hencs every loecally optimal solution X

i . 5 g m
satisfies the first-order conditions for zome y € K.

THEOREM 8. Suppose C ig open in R and Bpp 815 +es & arve of
class Ce. Then for all (u,v) except in a negligeable subset of
| n . - . .

Hedle TRy (Pu v} 18 such that every locally cptimal solution X

3
and every y € 3: satisfying the first-order condiiions with X

the stromg second-order conditions actually hold.

A tricky feature of the proofs is the need for handling inequa
lities and complementary slackness conditions. These do not fit
the standard meld for applications of Sard's theorem, MNote that
the differentiability requirements in Theorem 2 are weaker than
those of Theorem 1, as far as the constraints are concerned.

Thus one can get away with lsss differentiability if there is same
other property guaranteeing that the first-order conditions are

satisfied by all locslly optimal solutions.

COROLLARY 1. Suppose C is cpen, = 18 of eclass Cg, and

gl, Sy gm are of class C~ . n for all (u, v) except in g
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negligeable subget of R x R, (P \) 18 such that every locally
1y 3
optimal solution X satisfies the stromg second-order conditions.

This coneclusion is also valid if E 5, «..» & are of class C
1 m

and convez (and C 18 convex).
The justification of the last zssertion of Corollary 1 lies in
the fact that when the constraint system is convex, the set of

vectors u for which (Pu v) has feasible solutions is a convex

set in Rm whose nonempt; interior consists of those for which

(P ) satisfies the Slater condition. The Slater condition ser
ves,as a constraint qualification for convex systems. The boundary
of a convex set in R is negligeable. Thus again, the set of vec
tors (u, v) such that (Pu, V) has a locally optimal solution not
satisfying the first-order conditions is negligeable.

It must be emphasized that these results represent only a be-
ginning step in the construction of an adeguate theory, although
they do illustrate some of the tcols availasble and the difficul-
ties involved. A simple example for which Theorems 1 and 2 do not
yield a significant conclusion occurs when x is naturally constra
ined to be nommegative. If this requirements is represented by a
system of inegualities

0> gm+{(x) e X P s Ta s e Lom

the assertions of "typical" behavior will be relative to a family

of provlems involving additional parameters un+j' Thus we will be
i

looking at problems that include constraints of the form

X3 = o for i S sy .

But among these, the subfamily with the desired constraints

ot S0 R i ot IR (e Ui
j=
is negligeable!
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An alternative way to treat a constraint like x > O would be
to incorporate it into the set C. But then C would not be open,
80 the very nature of the first and second-order conditions for
optimality would be affected. Actually, for a constraint as sim
ple as x > 0, this would not lead to an impass. The general im-
plication is clear however. One needs a theory of second-crder
conditions that can be applied to {Pu, vj in the case of a reaso
nable class of sets C capable of incorporating smooth but nonli-
near constraints that are purely "struetural", i.e. not suitably
viewed as parameterized.

Such a theory has been develcped by Spingarn [1] for sets hes
calls eyrtohedra. It yields much stronger versions of Theorems
1 and 2.

Many questions remain open, though. For instance, when is it
true that the set of (u, v) for which (Pu’ v) has a multipliecity
of globally optimal solutions is negligeable? An answer to this
would tie in with the theory of augmented Lagrangians.

Recall that the augmented Lagrangian function for (Pu vj has

3

the form 4
L(x,y,r) = gotx)-v~x+ i§1 a(gi(x)-ui,yi,r}
) - m A gl
where r > 0, y € R (not necessarily +) and
2

ST A s | RN e LR
i3 ¢ B S
e(t_T ’y‘:,r) = 2
= - i s FO

yi/hr ir ot < yi!_r
It has been shown by Rockafellar [h, Theorem 6] that for any glo
bally optimzl solution x that satisfies the second-order corndi-
tions (even the "weak form") and is "strongly unique', there exist

y and r such that (x, y, r) is a global saddle point of L., While
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the global property remains unsettled in the confext of Theorems

1l and 2, one can at least draw the following conclusicn.

COROLLARY 2. Buppose C Zs open, go ig of class C2 5 and
Bys +evs B are of elass g Then for all (u, V) ewecept tn a
negligeable subset of R x Rn, (P V) 15 such that every locally
optimal solution X corvesponds to ; loeal saddle point (X, ¥, r)
of the augmented Lagrangian.

v e ) ; S . 2
This conclusion ie aleo valid ©f 8.5 +uvs gm are of elass C

12

and eonvex (and C 18 convex).

The converse assertion, nasmely that x is locally optimal if

(x, ¥, ©) 15 a local saddle point of the augmented Lagrangian,

is true [4] without any assumption on C, B e By
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