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cI,NEfuf-IZ'N SURGiADIEUS
IN roNCClrVEr PROCIOOTTNC

, o!l-e -

ortinization frbiei6 typicali)i inmlr: a nurrrer oi pnran.rers nesices
onrlniz4rion rakes Dlac:. Itre tol c of thes€

parana.ele car be

ldkc on diff€.elr ra1!es, bur .L.o an.lysis and .onprturton,
r. ake a centrar ..:u.]IJ of la. sr:srer sencrali$ rrjrn

(\) "
I lll+!. i0 f.r i-l,...!:,

tsslia:.: sinpliciiy i\ar lhe funcrions f. are all or.Lass a2 or in,

is boudel f.r

(2) F(!) = inf(Pul (DPtiml rarne)
{G) = 3rsnin(!u) (optiiai sclriio.s).

I\'har cf,n be said aiout dre (.y p(u) anc jl(u) deferd on the paranerer

!!h3 our LD be

ir (Pu), &-ns other tniqs. The;il!!ard facr is
sroolhness oi fl' the turction p crn r,rti

faiL to be dirierenila-rl€ tn Lhe ordira.r
arl rh.! can .€ .oncilded iDediaialy ts dja! a is
!r!! sesr.oirrnNus lmn q'' !. Rui-], and x(u) is nonenpLy and .omD:.i

|rPe p(o <-, (r{e inlerpret tne :.nfixln in (rr) a, 4

no feasible s.l!Li.ns.)
\elariheress! p .annot be rorally tact ine ir. differenli;rbilit_v prop-

.rLies.f soa: be.ause :hese are elosely ried rn wtlh th!
nulripii€rs lor (? ). at leasr !n 6neclal .asas. tur

in parr by rrosR srani n!frblr 77 tto4 at :r. U.tv..3j I



'0 0- |,.,.
,_0 tor ir /L,r !

!F0(x) +11 1 r,.rr.(x) = 0,

"\" ,pJ o - iY .. iL.-d.

rre etenents of Ii(,,") ,.. tt e ilrst orll€r Lasransa nurt

"dl..",''',-,.
llaneasarlan From'iLz cor.lrairt qualirication t1], an,r as i6

b K1G,, bei.s
lhereaore, Nnen rr(.,') ..""r",.

rhe roLro,ins kind o€ re6u1r in rris contexi is crassl.:r (cf, [2i): ir
x is rhe uniqu€ eLenent or x{r), y is rhe !!11!9 erenenr Dr {l(u,x)l
and ceriair sec.nd-orier canditions of 3re 3rlisfiedj rheD p

1s dlfferenLiable

{6) !n{") = y.

In larticular. the direcrio.ar darivarive.

, P( r'-P r
': 1.. 

-

cxtsr and saLisiy p'(!ih) = r.h tor at1 h.Rn.

of (:u), uhera every : is a convex

lnni.atians oi
y an,l diff€renLiabiliry r. In rh!6 casc

p is a cotrvex funcrio.j tts erislanh

(B) E= tt.,ct.r."n a:pt"rt
(c1os€d, because s). rhe sers or

!]l!s!3dts and stnsuld subgradienls oi
irrrle, arc thcn siven by

{r)

'o '' 
r 'Pl \

.narysls [3],
rHEoNlIl r, I! !t9 !!!!q trr.er.*rre !e!9, 9!9 !9e j9! arbrlrary



rhis is imedlare frDn stan,lard results (.r, t3l). It shovs thar at

lcas! !n lha convex (eeneratizations {i11 cone). one bas

D!(!) nonenptr and conr..! if and onrr if aop(u) - {0}.

LJ iornulas of conr€x analy6{s 13.4231, Thus here again is a case ihere

t.sranse surllptiers sssociaL€d 'ith o?Lina1 solullons !o (P,,1 rel1 !s
<D0F \''g -bo. a!.. ! rE. or o.

be €ite.d€d in sone iorn !o no!.oNex p.ogramins?

This seens esscntial. :if we are to lnde!3rand atrd iake iull advantace of Lhe

neanlng .r rsSrange the sen€ra1 ca6.,
clark€ t4l has provided a cancerrt 3ubsradierl tnat nakes

such an e*lenslon has ,l€fired th€ concepb ol lire nom.l c.ne

Euclidedn s!.ce in 3 roblst lat lnich acr€€s

'itn 
previous C.ainlrlons oF coN€: sets and fot smolh nanl-

N-(!,p(r)) in (9) to be the

'e seL his subsradten! se! )p(u) and the correspondire sineular .nbgradienL

3e. lop(!). rh€s€ are 'etr defin€d .1os.d ..nvex
happe$ !o be . .onvex functi.nj senicontinuity of p is
dLlllzad. Thet' subs.adient se!.

desctirtton ol ihe 8enersliz€d sLberadient

sets.i crarke is the fotlorins (cF. t5, 3s and arl, t6l), calr r a &!9!
.enlgradian! ol p .! u 1r

{1r) p(u',):p(u) +}.1!'-!) +o(ld'-u ).

seme, ;p(u) con'ex tuLl ot
'''"d "' -. "o

poinL ut, and totl ur'u and t'(,k)'p(.), rh. "€at€nded sdnse' rarers
ro lha need for allo,ln| also carlai. !dir€ction loinls' of Rr 3s p.s3ib1e

L o .q!, J "_o o "L' 
!.e r' 'io

forning the convex n!11. (see t3, !3 and 6171 for
-,.r t" o."d o-p, n] or'l"

s r. ri1E 'idin:.ti!n roinrs'j rratizrd 3i lrnrrs,



rpqaDEy ? (Roc.kie.rJr t7l). E l9!!s1!3 roodrrlm aT cqlrv3Lcnr

?! sll u 'h4 r(u)<-:
(a) a"p(u) - {o};
(b) aP(u) 1: nopeprt lsl coqact;
(c) p 19 Llr:g!l!?j4S 9! s neisnb.fhood or u.

tn the case de6c!{bed ]n rhe rheo.en, rhelc is a .lnrle relarlonshtp
b€&_eh ap(u) &d celtai! norcla6sicrl dcrtv.tlres of D iltroduced bt

Dlur+rh) - D(urr( I) ltn suD !-
' y.ap(I,)

tl0

In pa:rtcul.rj apfu) c@sists ot a 6ique I if ad onl). ir
- nrui+rhr - D(ui) ,., .*, ' '.L'

t,0

rte 1a!!.. mas tlac p is !!4!r!I difrerentrabre ar u a<i :](r) r yj

it holds c€rlaiolt tf p is of class C1 on . neichborh@d of ".
EvcE rhen p ls not Lipschtlztan as tn Theoren 2i rherc is a.tose

relutlonship betreen ap(u) and c€ltair er.clal subdarlr.tiwes or pr

(11) t'i(u:h) =

,n! \,\ _ e ,,I ..
;:o' -.'", ir-] t-

p(t'),"(')
r+0

D'.f1cutr .. | ,Le fornul" nay 5' -Di i<11r r!oD.-r;.r !\tc\
we daf,onstlaLed rn 18l: F1(!rh) 1e alqarE conver

has Cp(u) = 6 lt 6nd @ly tt pt(.io) = *. !hi1e othertse

(i6) ei(.ih) - ^up Y.h ro! alr h.Rfr,
y.apiu)

, , " (y.n '.\. t'ru:f) o' atL \'.

rhe gubd€li'.tftes (ll) redrce to tne on€s tn (U) in rhe ltpschitztan crse

A!red lirh iil! ner c.n.crt, le! !o thc dts.ussiod of
Lasran8e nultipllar v.ctors fo! (? ) ,nd th€l! relaelonship io p. The
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ser result. on clatr.e [9] 'ho sha'ed rhar

K1(u,x) + d if (Pu) is slobar1l. caln in

'iTll' 
d*it'"Iq > -@ ror all rr.

ceneraliz€d slbgradienrs oa t in the lere rirst cstinaled

lHEorulf 3 {cauwin i10l). suFpos€ . rq !r!l! l!4 ?G)<- cl4 ql9

o.'r._:r 1!4:lrgr_ o rr'. - 0 o " J:q o 1 1{ \'
Iheq p tg Lipschitz lgntil]lJrN 944 n€iEhbo:hood 9! u. etq

(16) }p(u) c crco{ ! xlt",*ll.

Re.crtly 'e lave e:tended tlds r.sllt 3s fo11o{s

rlltolnM 4 {RocLarellat llrl) suppos€ . rq !cs! lb3! p(u) <- rhm

'l,!i LJ ! r\' Ll '..x.x(u) x€xG)

1"p(", . c,-or [] rl,...rr.

Thrs yields carvi.'s ihaoren bt iav The cried resurt

of [11] is sctuelr] nuch note porerful and Seneral Lhatr th€ loturlaliotr siven

It deals 'irh tult1n1lers r.r (tu) eve. vhen the

functids f. are not ol cl.ss C2, iust l.calrt lirschltzian. An abstract

.oastraint kD(!) caa ,lso be Pr.s.r!. (rh€ nultinlier theorens of .1atke

abole 41.. spph broaier si.lzLiors.)
6uc\ qenerallzaltons here, '€ shal1 describe nexb

soae results 1n the oppo3ite di.ect:ron. rhese take posirive adwantaAe of

the 1inir2!io:s 'e heve rlaced hare on (r!). For a€ri(u), dafine

IrG,x) = {{ERLtlef (x).' - o loi .]1 irr(u.x)}.

x2to.') = ".t ol ar1 r.Kl(r.x) satisrrirg

; .r".., "

,rr r.nlr..*r =.r.rrr"e
y.t2r-(,)1"> o frr all {.li(u,x)," lI



Th! set K_(urr, Srwes uhat Ms be cJ lcd s€.md{rder Lderfi- ni'l' ipl l.r
ve..o!E for (Pu), slrnough othc! candltlons have llso neen Fropo*ed in thi3

TEoRET r (Rockafellar [lrl). suppos. " l_9 +4$.a! r{u)<6. fh4

Gs) rp(u) c c{co{ LJ x'zr",'l * [J nlr",.t;,
:.x(u) x.x(u)

a'rrru) c.kol t I r;ru.x),.
x.\(u) -

The dift(lence hetleen rhls and Theoien., ol cou$e, is rh.i lha scts
/ ..',x) dnd r;,r.x) 1," Ituel. ro bc af,61lcr ri.n ru,y) ,t ro(.,.x\,
so Lhe estinarcs in (r3) are iharrer lha the ones ir (r7). ,!s " corolrary
or Theorei 5 vta Thedren 2, ve get tl1e follosins lnnlo!€nen! orer Cduvinri

rriEoRD 6 (Rockafellsr [12]). supposc ' 4 !!s! I!3.! ptu)<- ,nd

!- se!r, ..!! sa!l!&!.r ri, '..' nl 
- '-4L" 14 le' r44 , xru).

!!s! p 16 4r:!q!,,9!44!!lf9 m E rcirhborqood or u, .nd

(19) ap(u) c clco{ [-J x'zt',Ot.
x€x(!)

inother i:csL1t uhlch can hc derlv.d floh Thcoren 5. .I!h.!sh by a

tliclrcr mrhod, is . ncs ntrltiprier it in lehs of var

alocnet tind oa consr!.int qu.ltficatid, !hl.h localizes the carmess con-

orrlon o ']a!l,",lrc6dr'<.(r bDL: up derln rP\ ,obe lo "lh!"1 .!!
* ,, ,"".. o" - "*r", ""qu""."" .r ' '. ," ,. '*;-

Ltnr* r- rn(r)l/ u -u _ -e

rhis ls rrua ror ar.1 r.x(u) {he.
(see 111. ?rop. 12l ),

(Pu) 1E llobrlly c.1 ln clirkers sansc

rHtoRrM 7 (Rockafellar flrl). !_e! * Le i.l-!!.elljr op"!l!!! +!'!'s !9
elt."' rl'nt .P ) ', Loclllv cal- r x o '11.,".t-{o'.

Thls reEu!r differs ln ch....re! fion Freri.,,r ih{:oiQns on secoqd-ordc.

Deca3s'ly condLtionrr aDc ol cofse !t has a r.trlLy diffefent sott of P.oof,
sincc th€ rhqoly ol qcneral!zed snb*radienis o: nonconr€x, nondilferenri3hl.i
fdnc!1ons i. nF.liei to p. The colresFondins 's.nnda.d' resulL Hn'1d ii-
vo1@ . constrrint qlllific.tton in letus of the exl.rencc of cerrain kind3

103



oi aics leadinc fron x into the feasible sei for {Pu). ?utthe this
qlalirication !n lhe fon of a condllion !'hich erslres that the lnplicit
unclim rbeorrn of -u \ rr"e, LF uotid

hawe ftie fol1ouhe, k x be a localry ottiGl solutron & (ru)! 94!

"mor thlr ,1",y - .ol "1a tl1 a ( 'u \' on sc" Lg:l q'P ,

Els y.K_(u,t, e!4 y !q9 !!!9 9l!g! !9!9!4-9!4e!
Bui in fact rhe this "standaid" result inpry that

.;.,,, - .01 - rer. Fdre or.. ." 5-v" ne er! r\e
description of a special case of Theor€n 7 'here tne rrorertles defining
K2(u,x) &toffiticalry oiher propertiee.

to extend lhe theory of secondnrder
qulte $bs.dia11y.

artlcle aPPIY aLso !. Probleis
having equali.y

to keep the notalion sinpler.
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