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Value in an Optimization Frobiem Depending
on Parameters

1,,\ ccrtlal toljr ir {Jlrtin1ization ilcot.l is thc strdJ of tle oltilnnl Fahrc
nDd optiDlal solntiol ict

p(r') - inl /(r',/)j -I{r.) :.l]g rjr/(?,, r), (1)
'.!(4 .e!(i)

ill alr optirizitioo lr'ollellr orer a€-8" i!'hich dr]lcnds oD.l lariureter
Tector ? eI". Olton tlis i,. :1, prelude to milirllzirg or nlr\imizing ?(x')
snbject to ll1lther constlaints o ri, as is tle case Ior jnstrnce in aleconlo-
sitioD ,qchcnles i rthenatical ?rogranning aDal va ous Iloblenl-! of
ap!:[oxim,rtio]1 o] cr]gillee ng de6igr. Tllc question ol thc pc,ssible corti-
ruitJ and diffcrentirbility propefliies of Ure furction ? iA then TcrJ im-
lortirt. Such lroperties also turD out to be critical ir t]1e aleriyation of
optill]Aljtl colrrljtion; IFlich char:rctcrizc the points .] €-I(c).

Lel us normalize by fo.Ll,ring on bela.aior around ? :0. -{ssunc llat
,{(0) +O, Ule fructioD J: ?t?" is locRlly Lilrsclitz continuous, thc
.Act CIhl: {(?, o) eA0)}- -A'r ).?" is clo.sed, aral that for,\ome s>0
the lei

{(..., r) t,l .: €, ,j e,{ (r,) J /(r, c) <o}
is lon]rdccl for er-ery c e?. Thctr ? iB lo\rer sernicoDtiIluous oII a Deigh-
bol])ood of r, -0 Nith ?(0) firite aniL,T(0) ronomptt ard comla,ct,
Our oirD is to clarilX ihe circumstanc€B r1nalcr n-hich ? is actuallJ Iripschitz
coltimons in a ]reighborhooal of d :0 allc1 las directiolel dexi!'etires
of rarious lorts.
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2, Ordira?y c,rie-sidecl dircctional derivatiiyes

p'(?,;r) : lin] lp\! + th) - p \b)llt (2)

exist only jII rAther s]rccial cases. OIIe such casc, amorg the first to be
ideDtuied, is that in Ir]Iliclt J e€|^trd, A(u) is a fired set Blor all ?,. Then

?'(0;1,) - nlitl 7"111)'fti k.
.cro)

The lesult can be athibutecl to Danskin [5], although t]1e lorm ilr rhicl
'we laye ltated it js some\Illt differcnt. n B is convex, tle coliLition
,,e,I(o) is equivrlcnt, oi course, to -2"/(o,t) 6lfB(n) $here.Nr(r,)
i8 the norilnl conc to , in the sclrsc of conten analvsis (116']).

An examlle \lhere ihis appli{'s is

.:,
.tto.r\ \ ,//c). ,l . lJ 1.. ....,J r1r,. \ -r.

j=, j-r

\\-ith gj eGr.Ilen ?(?) :min{9r(ri'...'SJr)}
Thc ctlse \rhero / iB a conrcx function ancl glha is a convex s€t h:rs

also receil'cd a,ttelrtio . Thcn ? is a conre: fnlction, so the de *rtiYes

?'{0 j ir,) rlo oxist. It has bcen rtholrn by Golihtein l10l (sce also Eogan [13])
thet lor llnJ choicc of r € -X(0) oDc las

p'@th) - it\I f'(.r'n;h'k),
/Lg.11r,rJ'

rvLere gph,{' is the la goDt cone lo g!h1 ri ("-, n). In ternrs ol the iub-
gmdjents ol conaer an:rtJsis (1161)i tle equir-rrlent fonlld,t i;

ap(r) - P endl (a'0) €eJ(0'")r'Lhr(0,r)]. (1)

Gcn.raliztrtioni of (3)to [onco lc\ c:rits h|rl e irecn gi'el] b-t Dem'jinoY
et aL :.1:), l1), tDcle,I ratlcr strilgcrt assunliiors. Olher results along

thcsc li es arc those ol lliri:Lrt-Unuty [11]J ihe nargirrl TlLlue theorcm
oi Golshtein l10l lor lorcolYcxlJ laliimctcxizcal rionler ]rroglar11 lng,

rn(1ccrt.rill crtelsions ot th€ htter lry ioc]rlfelhr [1?] 1r1, TheorerD 4l

3. l{ore g.1le]41 rcar ts of the liind iust nlcntiored ixrolve arldi'Liondl

ltructLrrs for: the Lxrnst"-:rintr sct -{(?J). In cscipirg frolD issrr+tions ()1

eithcr {,lassicrll dilfcrcnt jrbilitl or conrelitl_, ruth lcsltltN tlso relJ on

!c\r,l!\.lu},,e ir.uh-r, - 1 :... 1\. .
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1(r):{nel?" I(t,n) eC, @,nJ eD}j

nlrcxe C - l?'" 
^I'iL 

D - Ed / n'" are closerl ,qcl,s and .F: -&d X.E"+.R- js
locall)' liprchiiz corLimous. A tylical c:rse in nrthenatical progranDing

C - !,.11tt, ,.,,1t,,) ?rr<0 fori:1r...rsr
??-0 fori -3+1, ..r?}']. (6)

For r locally Lrlsdritz foxtinno$ flr]rction g: n"+8, Cl$ke ([2])
introduced the dn'c.:tionrl delirrf ;rcs

,0(r: /t - Iim su! lt(/' +tk) - s\r')llt,
,10

and tho\rerl thc,re \Tas .t nnique, none lt\i, compact convox sot ag(o)
(whosc elemenljs nlsX bc cilllcrl "subgmalieltsrr) such ihat

'o("; 
ft) : D]:rr l ?rJ'

Gaak)

A detailcal c:rlcdlrs hrs gro$lr ol1t of thjs corccpt; .s€e Chrke t2l, L3l, t,11,
IliritLrt-tlduty [11], r[r1 Xoctafelhr 115], [18], [19], [20], [r1] in larti-
cular. It iB kno$.rr that go(rik) : g'\cj;k) $.hel 9 €?! or t is co \.ex;
ir1 the ljrst carle Ar(r) rednces to t]]e gliclicllt /9(ff), \fhile ill thc secolrd
ciric it is tllf usu:rl srrbgrxalient sct ol conrcx anrlJsis.

CoucspoDding geouetlicrll.r to Clxrkcls notiou ol "subgraalieri:t is
lis clelinitiorr of xhc Dollntrl core trlr(c) to [[ rrlitllrrT closcd sci l] c An
at Any toil1j r € B; sec [2], [] 51.

These concelts lll|rc b(n nsd br Ctnrkc [1] to aleriye optimality conili-
tior,q for nrrthemfttic,Ll l)rogrnuxing lroblems \r'itlt objcctiye anal coII-
str.ilt funotions thrt lre 1ocr1ll'lilFchitz continuous, lrnd Clarke's
re,crlt hai b{rcn shcrpcnc(l L)i Jliriut-Lhrtv llrl 'rrd Rockafclar f21'].
As |i(ligrour(l foi thc nr|u.giDal l-elue thcor.cm thftt vjll lre st'l1eal bclo\!,
n'e fir,rt torrnulitc r ftr,(ion ol thi,( r.csult for the llrore oencral constrrint
structurr in (;). Let

,E(r) : {(-r, :) =P;^ xhd uExclp\o,r')J,
(", 0) e a(Jrl n)(,lr)+rL(0, .,)],

Ktll)= {i.s,.) . E'' ). Itt lJ e IclFt0, ,')), (:, 0) ea(?.?)(o)-Fx,l0,r)}.
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T op,E l (llultiptri$ Bltla). Sttpllose ,J ejf(0) ts sucll lllat Ko(ft)
conta;,u,s just \0,0). Illek thev is a pair (V,z)eK\a), in ft.t K(r) i,s

4 rldLe'ntptll @mpact sel,.

Tle constraint qtalilication eo(r) : {(0' 0)} r€Crnces jn the crs€ of

J e'c1, n e€t, D : Rd xR", C as in (6)j

io iLc well-Lnowr one of lLmgasa an and tr'IomoYitz [14].
Theor'cln 1 rl1ay b€ ilcrived lrom Theorem 1 of Bockefeilir [91] by

alllying thc httel to tle constraints

0 -G\a,u'u): F(t, rt) - IP, lo'n'w)eDxC.

By thc seme route ore oLtii]ls thc follos'ilg as a special case o{ Theorem

2 ot Rockifeliar [21].

jusl \0,0). Ilrc ? is I'ipscltit: conliiiittlls itt a neighltorhood of 0 aud

;?(0) c co U I? 1!.\Y.z)eEt.e)j,
z.r(o)

?o(0t lr) < n1as z'i.
' ,\o)

l'. ).8(l
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