
I0
R.w ( oftle, r\l r. (ernMi dd ! (on. Gdibs)
otrLdqscrEPubrish$r v (NonFEorddl. re34 33?

Derarinenr .F rlath€narics
U.iv!:rsiLr .f U3shi cr.n,

strbjcct ro 1in.af constrainis! . c!n*x frnction th.i is presep
3ralle, i.e. axpr€ssinle as ire sm of fi.i.alr Enr .amN, e3.h
oi r.hich is a lin€ar iun.tion c.nplsed ritn a .onre: roDc.ion ol
a sinsle tr:ri2ala.

rhe .anori.3l f.n:

nininize I(x) = I I (a.)
t:i rr

'here C is a rir.a. slbspa.e ot R! (d.s.ribab1c

""".io

L:,. fuf*ion l. iF .onir'n!.ns rcrrtivc L. tl,.
rhar ij, iiftJDra.Ed vii 1l) as a lrorer ..Ne: fur.iion orrall
clos.d in rne serse or tr.i!7.241.)

Linear praeramins and {.orvea) q!.dr.!ic pr.errui.s rre spa.ial cas€s of nrno-
. oo". "..,i " p-Dl t !"1

pr.blahs jr norrorri prosr.miins fi! dire.ily ilto rhe iom e)
o"oc.".rori

node, see trl fo. nor€ or slch exanlles.

-{n inlorr3nr cha.acrerisri. .f mnorropi. prosramins probless, ihich disrinslishas
then fron.onvex lroer3milg problens i! seneral and sho's a clos€ tinship wiLh
line3i .nd netrorL p.osramins problers, is lhe iact tb.t rhe) c.n be sorred by

rhe das.eni dire.tiors .an be deiemi.ed ..n.itui.14n Llu ,
a,g. br pi'.tins, l'e ha'e elplaincd Lnis in t2]. trl.
dire.iiods ri€1di s descen! by i.ra d[. a lr.-4.srir-nrd.h.unr . c.n actuaLlt
bc gene.ated in p!4ose of the presenr f,rri.re is r. provide .
sre! siza rlle rhich efiects this su.ranteed altonaticauy,
iith.ur ihe need lor 3n lina se3r.h in lha direcrion in quesrion. Ttris rrot,erty
is lariicularrr desiralre as 3 Eeans of iDpl:nenrine .he duf,r approrch !. s.lvinc
(P), rhcie desceri techniques ar€ aFlied to a cerLain dual mnorr.pi. prosrsr
ina Froblen O). This !i11 be dis.lssEd ai dre end ol lhe.rlicle,

(r)
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rix ary . > 0 and ..rsider for dy Faasibla solution x io (.) ihe closed

nj("j),rlcj)l = 1v. € Rr.(x.+s) > r (:) +r.s-., vs€Rl (2)

(3)

:! € r s.tisryine r;ci) :,i : ).ici) f.. .rr j

, ddi o'to,ord ..o
;,, - " t, ". " ."." t.. ,, .1( I " *p,ir .,

, .id, "- ... r ...'!,. ,,".
o ;1, l'*.'. -- I

i" '," , p' " o oi-, o r! .n.. -t ,,ne-J I :. i.:'",.
' :. rn. e . eno oln. or c..

"d " "r"bo ,""." "i" ,i, " r!...ni "o..o'..r Die,." !p,"

Le! , denore the rirc?r slbspa.e of rn orinogonsrry cotupla@nr,ry to a,
(This .a! ba desciibed br a hotuseneous systen af linear equarions dr31 r. d,e

describe r, sea t3l.) Foruny a e c slch that rhe rrecralgl€,,

i=r r r r

is r.nenlry (ihis being Lrre for any faasibre a {hen . > 0. bur otr1y for rac-
rrarlr feasibLe x {hen . = 0), one wilr hare eilhei !h.r l(x) n, } 0 or
thar l(i) can be separ.ted 6trcnsly fron ,, In oLher {ords, eiiher

Indeed, there exist conbinatoriar argorithns lnicn in linitely nany siers can
resolv€ the 'tuestio. constuclirely, by producing either. r as in (5) or a z
ss in (5), se€ I2l. Iloreover, ihis .an be acconprished in s8r 3 mnner ihat ir
the case of (6), lhich is obr,ined p.ints in ane of the finiiely
aant s.-.arled eLetErtit! diiecrions or L

nor c. in.o lle nalnie of such aleorirlus nor ifto
Lhe properties of "elenertary'r wectors. tl:e qislr nerely.o lake
routine can be crlled forrh, Nheneve! required, to deremire cons.raclivelr rhether
(5) or (6) holds, Th€ folLovins resuri, 'hich we proved in I3l, indicares trox suct
a rautine .atr !a nsda on tre hasis or. desc€nr alaorirhn for (P).

rrEo u I I3l

'"- x b" mJ l"a6:D e eatL .a1 rc ," .i t Ieoao" It." a." -a
iF,-n"f ..w:de,, i.1,, .- t@la., -\". ... ?p,.. rc e op. ., Ia- o
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I{x) inl(P) + 6 &r f= L (7)

(3)

rf <6) hoUe, at th. oth., ,a/4, .he !.c!.t z sale. a diEatbn a! .-C.scer-i i,a

3x > o u..h * + tz a-qdi^ fedBibLa !a, (P) md

!(xi 12) < r(x)-.

€ = 0, conditim (7) eac thar x ic eo op.imr 6orucioa to
{!), Nhil€ (3) ncEns t.hat : (En be iip!a!4d in lne dir€crio! of z. I! can be
shoh lh8t lhc iq'ioved fersibl. solution x+tz uilt asain be resularly f€alib1€
in rhis .as€, tl1rn E > 0, ho!.ver, tn. conclusihs.rc srr.nter: ir * is noL
alr€ady d-lrirut, ai inpror'€Denr by nore than c, tl,roueh rine seo!.h in th{
dir€ction oi z, is Brai.ntced, d > 0 coula bc rlle nmbci
sFecitica iD 3dvan.e, a.d r lorld equdl ro .{/n.

. lorlol. th" fo' !!b.ira') . 0 ,nd n -irh ry'",!ib e
\olurion xu o rP, rad,etcrrinr ir fi.itcry i!'.y srpps d, \ uhi.[ i{ ei'net
-op ndr ror P), \P) Hir' Ii") a, rr lFF k h '!e 4lior,

, ' i: is roL rr.eaae clrrenr Feisiblq Eol- !o. xv
"(xr-rJ . ., u€ rp;lv a (oab'haro!iat !o,rinF ot rh4 sor! rcFrioneii aoovp in o'q
ro de.id! .on,.rL( vel, whe h.r .5).r o, ro '16.or \. jl_1. If J,otl,. s(
'.- na!e, be.3use r7) is !'uc ror x. xk-j. tf i6) holds,4 ccr " 4c.or /\,

!d o a ne .ear ih tlr 'i!. i- ol . x, if "c.s "!r, u. !"n rd " rL
such \nr rhe wcto' i6 dsjlin fe.sible arJ s.Lis' ie5

(xPr r , L\(- - si i(".rtjor r. . rot, rh t ch. 1u_b"r
oi itefuriond before renina.idn d'e. !r.:'t bound

| + (n/6)t!(i0) - ndid,i.f (P)ll

ohviolsty. uhen r.ninalion doc6 cohe, the alsoridrn can be rciiarted rirh ]d'€r
!'alGs oi ., 6, and d, ii so d€.ir€d.

€ sp€ak of rh€ precedi€ tuthodi lith t > 0, !s -fnt "rit.j alee.trt in oo.orropt.
oros ffi:iB, 1le olrp pond'n3 etlod ri'F r 0 genpr.tcs an imp,ovine seouen(c
oi '(-6ibr€ s,Jr,..r iro 6P" ial ,iL LioF r.. e n "ss rnc"
cv.n 'h.r Fr)r') - intC"), ruch l.s" th.r rcruin.,ion will coF in d finr'e nu$e'
of itcrariong, resardlcsi ho' s..y.

Auto@tic Stcp Size Rlr€

Let 6 nos lbok tur€ closely at the taak o! deleminins a slep size ! rhich sett
rne p.escription in (3). l1).t F knF in scneral is rhat : € t, r(x) < - {ttis

fo alr j! !. ordi,e !o Lhe on\F1cio in 'l)), and z is "w.Lor ii 4 rsuch .b'L

inf r(x+rz) < F(r) - .
r>0

since F(i+tz) is conle* as 6 funftiotr of l, tha alproxiute ninini2rtion of
r(x+t.) siih re3pect ro r > O conrd be c.rriea our rclaLiwclr eas y, at leasi
in princille, value of r lith r(a+r2) < F(i). Ther x+!z 'ouldl. another ve..or ir d, in f"ct a f€a3il1. solution ro (?) (becaus.



I(*iz) < n), and .u. rast {ourd be iinished.

Tnere are reasors, ho{e!!r, Ior visnins io avoid a 1i!e sear.h for t, of the
llind jLlst dcscribc.l, ror !n. thins! !'(r+tz) is th. sm oI a rossiblr larse
' b o' "

.,- - '"""" : 
.,:

i:l::l cv iheLcelves ba rrail.blc,

;"" o l' 
" o, ..

,irjt

r. Gi)

:. € .,-. .. - l

sj € -c.-lrjGjs) - f.(x.) -.1/s

usins dre folrolirg..nva.ri.!s i. axiefd thosc f!fru1asr

inf trj (xj4) i.(,.) -.t/s

strp tfjGj+s) r.(: ) -.1/s

J.(:.+s) - - ioralr s>0

i.(:.+s) - - ror arr s < 0

is arr.led ro ba +- if

rr (r.+:, r L^ r - .lrs ir^., ,. " - '-

1i... riq"r l = *9
( )

(i... r:cj ) = 9

s- is:llorad ro be - ir

tL.(r +sr - i Lx , - l/s

The lat.€r..nven!i..s $a engendercd by rhc circlrsLance ihai the diaterer.e
do,i",, . tl. ,tt a " , io o. .. I o. . , c
ve: fun.ti.n.l r .ver 0<r<-r it is Frfe.tty na.lrat !o.onsider r=0
as a p.ssiblc solution in the ohviols liniiins case, snd ihis cxplains (12)j sin-
irarry For (r3). (1he rEader @y .srin rish to r€ler io ligrre I !o see rhat $.
o5.r'rcr,ol..d I , .
io be limiriiR e.,oL'ot' r . r
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io.- r.-dts doFli.
. iD"osJ .]j i p'

"" ;^. ..jn &im or r€rrnrry al..Enra;r rnd a..essjb1€.Dnvex..",,tj,,"" .r; "i;;i"-;;._:'
,"'

/" - ..0"
nakes it possible ro rvoid a I id. p"**i!Lr:, _." ..,pii_..a_r.t"a

it1:!i . > o, iet x be tu ten.Lbi. ..L&tai i " .": ".:. ",. 
. 
",""l ' - :^:

r = .;J "j'-j
1..,",

"r-, rlr,,r . -
"r*. r;("),*

r(x+rz) < F(:) -. ti i<- (t6)

rn tite ie!.nelah .da &.!e | = 6, .(x+t, ," r t.t:a,."e o iJ:..i

(r5)

t;, c,*lr - r, r", r - .ll"j = rlr",r
lin tijej4) -;,t",t -.ti" = rjr",t
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rhe first of rtre cases (13) yietds

' ..., -L : '
and hen.e hy the nonoioni.iL'.f the difterence quorierr of th. convex fu.ctian f.:

t ^. .. - ,^.,r, I

'o o. .: ,"

: ," " . di. d... .. q.o..-
rd

'.'',,',

'"'"'

'. O -nd na on i
'a a' d. .

''' ', -.'' r'1 ..,.-,-,.,r- ':o

Ll'. r o

''. , d" o o , _i o ,,e.t. " \

- l " )l',. o

rn the dese.arare 
"."" "he.. ; = -, lhe rarios ir (l5l nust all b. +6, and *chrem in the sm on the richr side of (21) tus! be 0. then

tr(:+rz) r(r)j/i < o for o<r<-

and since r(x+!z) is a c.nvex funcLion of L ir nust acfuarty be a nonincr€asi.e
]:.. 0.@r. r.'

rheoreD thrr (B) h, tds,

h rhe reoainilg .ase, rnrere 0 . t-. -, i is equat !. one of rl,e Fosirive rariosin (rs) (Lne recip.o.ars or vhi.n ,ppear i" ih. s;,.r .r,. .igr.t 
"ia. .r rzrtj, ".



,lurohari. Step Sjtes lat the F.tified Descent Alpotithns

(22)) lz /s I + J lz./c.rl lt .
i,;.0 r r i:l.o i I

lr(x+tz) -r{x)l/t < -./i

^gain 
this .€1ls rs rhar f(x+!z) is n.nin.re.sins in r .or 0 . t 1i, -'ain par!icu1a.. br s€rtirg i - t. Lhar (16) is ..rrec!. rhe

is rh€rebr c.np1ot.n,

role rhar th€ 'here i niebt be - is intossible if rhe se! of
teasibla s.lurions to (t) is bounded, .r indaed elen if rhc ser af orriut sol-
uii.ns io (?) is n.nenpt] and bounded, This is Lrtra tecause I is a ctos€d,

fuD.tion or Rn. r.r 3nr su.h fmcrion. it z is a ve.ror such
thai, for s.rF x € Rh Nith f(:) i -, r(x+iz) is nonin-e.sing as a fucrion
or t c (0,@), ther the Lafter nusr rat .re.! x. Rr (cr. t1,!31).

arPricario! ro pu.l p.rccnt

' .in, - n 1"o.i" ed rn
,: ." """o i',"i o '"bd !d6i 5 Pd - "i ".,0., i o" o" - _

.: o om "o.". ,,. .,p :J i , .t "aL
rbc nonotroric prosr3mine pr.bler durL r. (r) is

-c(v) ei (vj ) subje.t r.

Trris has exa.tly tne sane charact€r as G) (one..!ld jus! as rerl nininize c
as naxinize -c). rha rore .f pi.blei (D) has nor teen nenrior
btrt in fact it underlies ihe des.en! rls.rjrhns f.i (.) as dever-
ored in I3l. In particflai, as sh.m in [3], rh€ follorins asseriion can be added

I .bove: tf (51 ial,ia, ti.,, ih.. r u (5) 1.. apptai.teL! .tt1-
nat f.t A) nn trE .a.e th.i

-c(v) > sup (D) - d (r3)

rhis exLended acrsion of rheoren I leads to a .onsrru..iwa prooF t3l or rhe rotror
''eo" ir "o "m o o.o.-.p poernif.

t4l

(P) (D\ \t- fta; tt" saluti.,, t En

Iron a rra.licat point or vieq, one of lhe mst int€resring fealtres of rhe duat-
ity is rhar ir provides.n altenarire mth.d ol solvine e). qh€r€ descent is
appried ro (D). To see ho! lhis c.n {ork, considei any fessinte sorution w r.
(D) ard (f.r our fixed E) Lre ass..iared intcrvaLs



R T R@*olettal

l.rv.),lrv.)l - tx.cRlq.(v+., > q-(v)+v.!- , vr(p

As.mi4 thaL nonc oi thes€ is e+ty {s is tru€ if
f.osibre for (D)), xe ca! derendre..nsrru*ivelv
i:ltoriin Da!!iened earlia!) rhe$ei

!:€ t saii6ilinrq rj(vi) : aj : rrl(r.j) ror,n1 (25)

!, e n sati.flins 
,,,.j,0,i*,r, 

. 
,,1 .0,,",r, . o

ln rhe iirsr casc ra concllde lrt)s dr cxtend€d v€rsion of Tleor.! r, virl' (.)
an'C (D) in rev€rsed rores, no! otrlr that ! is t-opliur for (D), buL ,,si; x
ip c{!Ji,.t J'.r (!). In !l]e tne .!her hdd, ' sires r i::&a-
iiar aJ .a...eNt j." (D):

;r , 0 !it]l v+$ :Bain feasible r.r (D)

blt -c(r+e) > -c(!) + .

(27 )

Sc it is dl,at, in ee.eral, ch€ rc.orropic desc.nr algori.hE s1!e.dy discuss€d can
b€ applied.o the dual pr.blci (D) (r.lually in rehF or ascenr. or equivalcn!]y
in Le s of DiniiizinS c lErrler rhar dxirizii8 -c), and, up.n telhinnlior, qrn
nroduc€ a 6-ogtiMr rolu.io. co tt|e pricr probl€h (P).

Ihe calch is that for d = O (. - 0), t.nii.lrion .Ennot be gu.rMteeLr. /rirhour
teldr.tion, it is @t c1e.r itrat, ir enyrhi*, has bc(n rearned about (P), uven
chotsn 6n oFtinizi,S scqu€oce n:y h!!z be.n generatc<t fo. (D). This is Nh.re the
forlified ver.ion of lhe algoti.bn {ith d > 0 (,. ' 0) rak.s .. nn obvious inpo!-
cance, slnce for iL, EeruilaEion is not otrl] sualanieed. hnr lhe runber oa i!ar!-
tions ob€ys b 2 t.iom: bouna.

lvetr 'i!h rhc forrifidd arsorirrlE opplied i. (D), r$kvar, rh.re nay ln sotr
sirldions 6e diriiculcy or inconvenience in hnvins to aear rirh .hc conjusate fun-
Lio' . B. ""d i. r.d6l. 0.. ue : 1oE uirh Eo e. LhrougF rr.p
exe, qe'o' o13.Lcrir" has" .un..io s .' in!.. "t5 I-on Lh- sive! . s " c
Ci's 4d srorinc theD in euf i.ie.: d,Lsii on ! .o@Lre'. o!' air nol'is ,o shd
L63r rhid r. nct c.tty.ecessd-J, by irtu. ol rl, surooJ ic cp.i/p rulp :,
The.raE 2. il ,.d.tr tre l.!ti!j:ad..3c.ttt alg.tii ) az aipLi.t: ta Q), ..n ,r
tteirLeC .-ttrei, -i reaE.: i:te .ntaEl tbl:len <P).

The autoiulic step €i2e rule, as invok.d far thc dual lrobleb, reqliles nor oDty
rhe Jaruer rt(v,J and !:(v.r. bLr ,leo .crdr, rs!o!,r'ed .",ues

ri 
"rg -" tg.. -!) - s. (! r - .-

';. "'s "i" Is \ -!r E.\\. - el ,

(these fo!D!1:s heiq exrended by conve!rions porlrler lo (11), 02) and (13)),

<24)

. > 0 or ii v is leAurarly
G)- rrre sdrr oi.onbitutoriql

l2a)
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Iraf,ire d.L.m,ined jn 126), !c .d s.t inprov.frerr
in tlre lE3sihlE s.lurio. r situplr Ly passinE ro v+ar, !har.

'' .. 0

' 
" 

:" F ' ]

. *. .. ": - 1": ..,
rrre ansrar is iirusrrrtd in riieur. z. rhi, -r-" ,l("i) *.a ,11.,r1 -. "i"pr1Lhe (-ndpoinrs .r a cerr3in lele1 sei il ;j;

:. ' . o,
'l

1,. ,.r."" .1 ad,r r. r.E .,lr*.rrari,ad r,! rhE rerllio!.

(rr)

"r'"." ,11".r = - o. r. r, ) = -, rh.se
..Eeqren.:s or "; .-",r,g..Ji"Jr" .r .--",

llris rase3rch las sponsorad in t3ft by Lhc Iir r.icc ofliec of
scientific r€searcn, Air rorc€ ststens comand, r.s, Air rorce,
rndar gr3nr tu. F19620 32 ( (i012 3C tnc r,ni'ersitJ of r.rasningron,
SeatLle.

r. R,r. Ro.ralel1ar, c.nldx rnalysis, !rinc€ton uriraiqiir rr.ss, t9/0.

xet iL lloss a MonoLropic Orrriniz.tion,
r\rirer rri€rscien;i_EEl-

3. R,T, R..kai:r13r, "i,l.noiroric proer3 iinc : Des.enr 31!o.irlr s.rd duatirri'.

ncadeni. rr.ss, lSB l, 127-366,

4. l.T. Roctalellar, "c..v.x programile 3nd srst€ns of etenanrary nonoronic
rei3ri..s' , r. Iraih. A.sr, ,\p1,, .11 (r957), 167 lB7.
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