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CEAPTEB T9

A NOTE ABOUT PBOJECTIONS IN TEE
IMPLEMENTATION OF STOCIIASTIC
QUASIGBADIENT METIIODS

R.T. Rockafe]lar and R.J'II Wets*

Civen a stochastic optiruization problcm ffnd c e,Y c.R" that mininrizcs
fk) : FU(t, f)) where / r fi"cE + fi is a real.valued tunction, the quasi
gtadienl algoril,hm general,cs a s€quence {rt, r', . . .} of points of X (convcrging
to th. optinral solrrtion li(h probability l) through thc recursion:

r."+r ;= p4(x" _ p,z")
I

where prj_r,- denotes the projec{,ion on X,lp",v : 1, ...) is a sequence of positive
scalars that tend to 0, and ?" is a stochastic quasi.gradiert o[ I'at r'; see

Chapter 5.
tinless -\ is a simple con"ex sel., o.g. a recl,angle or a ball, t,hc projrction

operalion may be too oncrous to allow for a straightforward implementation of
the iterative stepi one would have to find at (ach st,ep

z"r I : argminlrlist2(x' - p"z",t)lr, e x),

which rneans solving a mathenntical proglam with quadratic objective func-
tion. Therefore the implcmentations of thc stochastic quasi-gradient method
rcly usuall5 on various schemes to bypass this projection opcration, through
penalization or primal-dual methods, for example. There are howevcr a few
caB€s when it is possible to desigu a very elfective subroutile to perfornr thc
projection operation.

Wc dcscribe a simple rrrethod for projectirrg a point i e l?l on a conv.x ret
X, assumed to be noneuq)ly, that is the intersection of a rectangle C C -R" and
a s€t d.termined by a single linear or more generally by a separable nonlinear
comtraiDt of tI. l.)r'e:

f, o;(r,) 3 6, (re.r)

whero lhe aJ arc convex dilfereltiablc functions such thal for every j:1,...,r,
the dcrivaiive al of a a;{ ) is positive and bonnded al a.,- frorn zcro on C] r'hcre

C.:: Q e |t"lt, 3 ri 3 y, i: r,...,uJ
* Srtpporlcd in part h1, grants ol rc Natirual ,Scieroe f'or.ndafion.

(r0.2)
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wil,h lj = -co and t; : {oo if r, is not bounded below or above. We hatl to
deal with suth a cas€ in ronnection with the model described in Chaprer 22.
(tr'or relarcd \\'ork, (f. I2l 16].) sinc€ r,hc derivarive of a convex function is a
morotonc nondecreasing function, the preceding condition on the derivative is
satislied if (and orrly if)

tj{l;} > o if l; is filite { re.3)

or if lj : -co

'I'*'1{d =ai(t)>o'
s€t a|(iir) : 

"li':1,.,1(r) 
if 1,i = +oo. In rhe special ca"e whon a,(.) is tinear, in

whicl casc *c wrii p

a;ft1) : a.1r;,

this condition boils down to havirrg o, > 0.
The projection prj_" f of i on J is the optimal sohrtion of the

nonlirrear program

(rs.4)

(convex)

(1e.5)

(1e.7)

lind i€CCIl"

such that ! a;(rr) ! 6

jl

. 1.. )^ ..anil ? : -.ti.i"{r.rl ir nnrrirrrire,l.

Ilerc 'dist'is the llrrclidcan distance, i.e, the objective is the quadratic form

disrr(i,') : t ol - zlin + Di1. (r e.o)

Sirrre the feasible region

j- | j-\

:_
x : L' n {rlL. a,t r )l < ht

is a rlosed conlex srt. and the objective is an inf-compact (closcd and Lounded
lcvcl sets) strictly c<,nvcx function, thc projection pr.oblem (19.5) is rh,ays solv.
able and it Las a znigue solution which is nrjx 0.

OI course, it would be very easy to [nd the optimal solution of such a prob-
lem if there were no additional constraints besides c e C. Our purpose is to
show that with a single additional constraint it is possille to devisc an algorith.
rrric proccdrrre for solvir'g {19.5) that, requires only rrrar.girrallr rlor.c work. t'his
i" achi"v€(l by .nn(iructirg a (parrial) dual to (tS.s) *.hose solurion sives us the
(,rptimal) Lagrangc rrrultiplier f to associate to tL€ consiraili !rrrr{r) S 6.
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When this multiplier )' is known, then the theory ofconvex optimization allows
us to repla(e (19.5) by the following separable convex optimization problern:

ffnd seCc.R"
-ar.rrct, rtrrr | [;lr, -;,1'] I \'.rr{r.7)l is rninirnized.
)1

TIe solutiorr I o such a problerrr yield" s' : prj, f, with

I tt 'n lt] -a))+ A,n"lt)) > 0.

r,: -- { r,, it 1,, -0;) + r.,i{,,) < o.

[ ', *h"* .', t t'aj{i;t - i,. u'l'erwis..

ln particular if a;0 is linear (t9.4), then (19.9) Lecomes

( t, if (r, - !rr)*.\.a, ) 0.

"l:{,, iI{u, -!,}* \'a, <0,
I ir - \',.r otherwise.

(10.8)

(re.e)

{le.l1)

(1e. r 2)

(1e.r ())

Thus all that is needed is an cmcient procedure for finding )'. To do so let us
consider the following con"ex optimization problem:

find ) e .13;

such that 9{,\) is maximized,

,{)) : P.'}t ul', - i)' + ra,{.rr}l - M.

In fact this problem is dualto orr original problem (19.8). This clairn can be

substantiated by appealing to the general duality theory for convex optimization
prol'lems, cf. l7]; the Lagrangian generating (19.5) and (l9.ll) as a dual pair
oI problerns is the function:

( D:. 
'{+{,, 

- i'}' +.\dj(ri,l rb if r e r,v > 0.
L{/.\) :l+; irrdc,r>O.

( e6 if )<0.
We can also argle directlv as {ollowsr deffne

P(a) : sup[a) +s(.\)l) e n1].

Not€ that 1l{0) is i,hen the optimal value of (19.t1). From (19.12) it follows
thal l-.- I,p(a):,,rp r l) a,l.r1) 6tl -n;rt ldi,r,{"..i,}"" L, j "
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and in particular for 4 = 0, since x : c n {cl [l=r ai@i) 3 bJ is nonemptv'

we obtain

r,(o) : 'rj" ;ldi"t? 
("' i)l ir t.,j('r) < '

which is the optirnal value of the projection problem (rs s)- The.eq'ralitv- ol

if" "orl*"i 
ttit", itnplies in turn tl'ti if 

"0 
toluut (l9 s) and )0 snlves (ro r1)

then from deffnition {19.12)' we have

* (r",r':r-,):,
Thus rhe multiplier,\' that we s€ek, to substitute in (19 9)' is the optimal

solution of (1o.rr), the l-dirnensional optin;zation problem (on Jl) 
-Fbr 

aav

;;;;,;"';." dnd an "xpli.it "'p'n"ion, 
that vields the argrnin of {1s'11)'

similar to (19.9), namely

(l s.l3)

{ tj iI \>,t; = $r -(lla,(().
- ,,, : J ", if .\ { rr, : lu - ut)lo',ll;|.
-rr'' lr, ifr, SISnj

Notr that we have used the facts t'hat a! is nonnegative and nondecreasing' so

tt "t 
oi(li) 3 o](u;) und hence 4; 3 1.,1 for all x' with

r- (r) : {il.\ < 
'?; },

.r+(r) :{jl.\>1,1},

.r(r) :{rhi<tr<'i,1},

s()) : t lf;,v-o)'+,\c;(u,)l
i€J (r)

+ T, t"t|t lt, -iiJ'+ \a1lr.tY

j€J+ (r)

+ | llt';lrt -ii)'?+).,i(or()))l -16'
j€ i{))

The function g is concave: €xpression (19 12) gires us I as tL".sunr ot a lintar

function (-b)i and a rnin'function (of a collection of linear funci ions in I) Ihus

and

we have that

(1e.14)

(1e.15)

(re.18)
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the derivative, if it exists, is a monotone nonincreasing function of ). Finding

the maxirmrm of g on E+ corresponds to findhg )' such that g'(I') : O' 
""1"".

o(o) < o in which case ,\* :0. Here, unless al is pathological, we have that

,'(r): t a1\ujl+ | a1(;l-b
jEJ ()) j€J+ (.\)

+ D lki()) - fi1){(\) + a1@1$)) +.\di(3r()))'i(r)l
jeJ () )

and using the definition of tr(l) when j e J i)) this simpliffes to

r'()) : t alQ+ | aj(t.il+ L c,(t,(r)) -6 {te.r7)
j€,/ ()) j€J+ (.\) i€J(r)

In thc linear case, this bccornes

g'(r) : D ",,,j+ t ajrj+ Llajtj-a3\l-b. (10.18)

ieJ (r) j€J+ (r) J€J())

To find )' € argmaxlo(I)l) e n1], we propose the following procedute:

step o' order ln:,,t :, j : r,.,q), sav as (d1,...'02")' recording lor each

d; the corresponding la6el U, -) or (j,a). (Ties correspond to an €ntrv in the

0-vector repeated the appropriate number of times.)

Set d : o,d+:dr with p= min(xld; > o.)

Construct J (, :0)'J+(0),'I(0).
Compute

s'(o) : I.,{";) + D .li(li) +tn,(0,) -6.
jeJ- \a) jc J+ (o) ,'J(o)

If y'{0) < 0, stop. S€t l' : 0 and exit.
If g'(0) > 0, continue.

step 1. Compute s'{d+) using (19.17) or (19.18).

Ily'(r+)< 0, then ffnd )'e l0 ,dr'l such that g'{r') : o' exlt.
lf s'(dr)> 0, contirrrre.

Step 2. Set p:=p!1,0' :0t,A'r ::0,
Adiust J (d )'J+(P-),r(d )

Return to Step 1.

The algorithm clearly converges since it is a systematic search of a mono_

tone nonincreasing function that eventually must reach the interval lar,oplr]
in which g' takes on the value 0; the problem is known to have a solution, see

the preceding comments about duality.
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In the linear case, all operations prescribed by the algorithm are simpl€
and ,traightforward. The derivative o'(.\) is given by (19.18). In Stcp 1, whcn
g'(o I ) < 0, I' is given try the expression

^' 
: Flt

F:lu;"1 +la1\+lai!, b,

jal jEJ \ rtr
and

t -I"?'
jeJ

!1irer tle ar(.) are nonlinear, the evaluation ol g'()) rerluires first the
evalrration ol rr(l) for ali j e J()). Also in Step I there lnay be dilffculties in
Endirrg l' when gt (0 1 ) < 0. To begin with, let us consider the equations

q + \alilxi) :0t. (r e.re)

Usually, there are many sit,uations wherr it is easy to ffnd a closed form expres.

sion for c, as a lunction of ,\. For exarnple, il ailzl : .'22 + z +-l with d > 0

{recall that ar(.) is convcx), then

,,()) : (0, rP)/(r +2.l1).

In general, however, even when an explicit expressiorr for the derivative is avail.
able, we rnay havc to resort to a nurnerical procedure lor finding rr(.\). But
here we are greatll aidcd by the following observation. Ibr,\ e [r,rlr1 ]the
frrrction

,,- l" + \oll4 i)
is monotone nondecreasing between l; and t, with

{f - fJ) + ral (r') < o

anrl

l"j - i j) + 
^a'j(u 

jl >_ o,

as follows from the deffnition of 4f and 4.rr ' 
s€. {19.14) Thus a secant rnefhod

Il], {hat wc uscd in our inplementation, is a vrrv c[l]ricnt 1'r,,c"'lrrrc lo lind

', (r) 'lve no$ turn to linding I' with 9'(I') :0, knowing that

s'10 )>0 and 'y'(dr) s o,

wheres'issi'e bv (le.l7). The sots J (\),J (\l arrl J{\l rorn:rin 6vcd on

{,his irnervat. l,.i
tt:h,D",fuj)-L"1(il,

JJ lJ

Q 4siltra,lienI i\leIhods

:rnd

r{.t) : I a, (o; {-\)).
iEJ(r)

Noic iLal frorrr lhe rlelinition of 1l and ,+ it follows that

n <0 <, < ,.'. f,,rill i.J.

Morcovcr, ) + r(\) is ;r dc{r.asius fun.tion rvith

t(, ) > 19 and r{ttr) < il.

Wc nerd tc' find l' such Lhat 7()') : lt. Unl€ss we have sonre expression for
ar(r;(.\)) tlat ca,, bc ltrr(llrd easily, we again need to roly on a nu,,rrical
proccdure, and in this case loo i,he secant rncihod sugseslr itself lr]. l'hai is
what wc have used iD onr own irrplcrnentation of the procedure.

'fhis projcction rrclhod is ertremely e{ficient in the linear case but al-"o
produces vcrJ good resulls in the nonlinear case, in which casc its eliiciency is

that of tLe secanr rnel,hotl usecl in linding l' and cr()).
If i.here is nrore than one consl,rairLt, in additiorr to t,he upper and lower

borrnds, ii rnar still be possible to use the procedrrre outlincd here. For exanrple
it is possiblc to keep track of th€ active constraints, antl when only one (or no)
€xtra constraint is violated then we corrld usc this procedure to ohtail tlre
projcction, provided the projected point does not violate sorne other.onstraini,.
We slould tlrus Ic abl^ 1o cope rlit.h two or thre€ extra constraints, resoriirs
only oncc in a while to a gcneral optirnization procedrrra for $olvins (19.5).
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