On the uniqueness of the inverse source problem for linear particle
transport theory

Richard Sanchez
Research director
CEA de Saclay

The inverse source problem in radiative transfer and in linear transport
theory consists of determining an internal source from a set of internal and/or
external measurements. The problem of interest in practical applications and,
more recently, for home security surveillance, is when the measurements are
only external. More precisely, given the transport equation

Q- V+S-Hpp=8, z€X,
v=1_, zel_,

where x = (r, E,€2) is a point in phase space X = {z,r € D, E € £, € Sy},
£ is the energy domain, Sy the unit sphere, T_ = {z,r € D, F € £,Q €
S2, Q2 -ny < 0} is the incoming boundary of X, S and ¢ _ are, respectively, the
internal source and the incoming angular flux and H is the scattering operator

(H)(z) = /dE’/dQ’ZS(nE’ — E,.Q - Q(r, B, ),

obtain the source S(x) in terms of the boundary fluxes, assuming that the
properties of the medium, ¥ and X;, are known.

Counter examples show that this 'noninvasive’ inverse problem has a non
unique solution. However, all the counterexamples are based on finding equiva-
lent anisotropic sources and one may suspect that if one constraints the sources
to be isotropic then the solution might be unique.

By recasting the problem in the form of an attenuated Radon transform
(AtRT) and then using the proof of uniqueness for the inverse of the AtRT, we
prove that for isotropic sources the noninvasive source problem has a unique
solution in three-dimensional domains with energy dependence when the scat-
tering is isotropic. This could provide a regularization if any source has an
equivalent isotropic source, where by ’equivalent’ we understand producing the
same exiting flux. Unfortunately, this is not true as we prove by constructing a
family of anisotropic sources that are not equivalent to an isotropic source.

We also investigate the relation of the noninvasive source problem with the
‘canonical’ inverse problem, which consists of finding the flux entering a domain
without internal sources from the flux exiting the domain and discuss related
inverse boundary problems.

We end with a discussion of how to construct inverse source methods us-
ing the duality between the direct and the adjoint transport equations. An
application, based on Case’s singular eigenfunctions, is given for the simplified
one-velocity problem in a slab.
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