University of Washington June 18-22

On the uniqueness of the inverse source problem

for linear transport theory

Richard Sanchez

Commisariat a I'Energie Atomique, Saclay, France

(richard.sanchez@cea.fr)

UW, Junel8-22 1/26



outline

Inverse transport problems

Inverse source problem

Examples of nonradiating sources
3D enerqgy-dependent results
Equivalence relation & Regularization
Related inverse problems

Inverse source methods based on duality

N W AN O O NN

Conclusions

UW, Junel8-22 2/26



direct tfransport problem

D
direct problem
oD
By =8, re X
= YP_ : I'_ (0
Y=+ B, w e w/ e
(), 5(x)

phase space X = {x = (r,FE,Q2) € Dx & x 5%}
boundaries I', ={x € 0D x 6 x §*,£Q-n, > 0}

transport operator B=Q-V+X-H
S(z), (Hf)(z) = [3.0,E — B,Q —Q)f(r, B, Q)dE'd

isotropic media :  X(r,E), X,(r,E' — E,Q'-Q)

o By =0 ze€X
subcriticality V=B weT =19 =0
= 0y, _
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inverse transport problems

D
oD
By =8, reX b — 8
V=19 +0), xzel_ b, — S
(C +
7 o

invasive : (), r € X
measurements
noninvasive : Y (z),x € I',

[ cross sections : X(z),S,(r, B - B — Q),z e X
data to be I albedo - Bz' — z),z' el oz el
reconstructed source - S(z), 7 € X

in this talk we analyze uniqueness for the invasive and noninvasive

inverse source problems (W, ¥, 2, assumed known)
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invasive inverse source problem

source problem
Bp=5 zeX

b=t . zel — 1) Y(z), Ve € X — S(x)

I = IP(X,dv), W = Wi(X) = {£,Q-Vf € '}, I = [2(T,d),

dr = drdEdQ, d,x = |Q-n(r)|dSdEIQ

then the mapping  m : [P x [? — WP  isanisomorphism (Dautray,1993)
CRED R

— the invasive inverse source has a unique solution

(very ill-conditioned) inverse method : S = B
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noninvasive inverse source problem (NISP)

source problem :

By=8 zeX

h=0 zeTl. _>¢+ ¢+:¢(5E)

the mapping ., : [P — LE isa continuous morphism (non necessarily onto)

+

S —

ker(m, ) = m.'(0) = {S,,.} = set of nonradiating sources : S, —1 ‘F =0
thus, the general solution of the NISPis: S + {S,,}

uniqueness < {S,,.} = @
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examples of nonradiating sources

acoustics & electromagnetics (Blestein & Cohen,1977;Hoenders,1978;
Arridge, 1988)

(i) exponential transformation : f(r) :|Vf| <oq flp =0

By=S§ zeX By =8 zeX
Y=, zel_ - Y =, xzel._

S = e 1S — Y- V) — | = Pl

thus, S — S’ is a nonradiating source.

(ll) let Dnr g Da wm’ S Wp(an)a wnr |I‘m, — O

then S, = B, is a nonradiating source : S, — Yp.|p =0
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attenuated Radon transform (AtRT)

one-group direct problem with no scattering :
=S5 zeX
YW=0 zel_

L=Q-V+3, ’QD(I',Q),S( )
AtRT :

B = [~ Vs, 1 eR (@), Qe

—00

I

=r —t, 71.(r,Q) = LmE(r + tQ)dt
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inverse of the 2D ATRT (Novikov,2002)

O-V+X=8, reDfcs'
Y(r,d) =0 rcoD,0-n, <0

9(t,8) = RS — 8§ = 4—17TdivP_*E(9 e "He'g)
R (6)
teRLOeS!

b= %(1 i)

_ f TSl +t’9)dt’

-
oot—

data redundancy : (B.S)(—t,—0) = g mar(10) (P 5)(t,0)
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examples of nonradiating sources

(ii1) (Bal,2004) : from the redundancy of data for the 2D AtRT one can get two
independent equations to reconstruct, from 1 (z) Vo € I'_,

an anisotropic source of the form

S.(x,0) = Sy(x) + S,(x)cos(ip + w), x € B2, o € [0,2n]

for w € (0,2 given.

then S, — S , is a nonradiating source.

— (i11) can be generalized to an anisotropic source of the form

Sf (r,0) = Sy(r) + 5, (x)f(¢)

o0

for given, weakly anisotropic  f(p) = Z(ak cos + b, sinp)
k=1

UW, Junel8-22 10/26



Bal (2004) : r—>z:x—|—z’y,)\:ew sothat 8-V +X)p=8— (0, +X'0, + D) =

with 0 =(1/2)(0, +10,) and write a Riemann-Hilbert problem for 1(z,\) as a
sectionally analytic function ¢(z,\) for A € C\ (T'U{0}) , where the jump at the

section T = {\|\| = 1} can be written in terms of the boundary data.

(a) forasource S(r,o) Z S, (x)e*. S, =S, onehas:

k=N

Z (*%msn—m _ fmsn—i—m)(z) = @n(z)v n = 071
k=—N

k=N
where (I, f)(z) = C#dz and k; (05, 5 +XIq +6,.00.%,) =0,k >0
K
(D) for a source  S,(r,p) = S,(r) + S,(r)f(p), flp) =D (fe"™ +he ™) we get:
k=1
N+1
(A+ B)S, zgoo, IS, + ka K, — kaﬂ S, = ¢,

with A= f%, — %, B= ka% £,

weakly anisotropic — {f,} s.t. ||A 'B| <1
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properties of nonradiating sources
Sm’ _>wm‘|r =0

¢
_/_
observation: a positive source produces /

a strictly positive flux ‘ |
1) a nonradiating source must change of sign

t _ v_
W(x) = e T @(z,) + e_T(xt””)q(:ct,)dt/, r,r, €D =

0
r, =r—1tQ, z =(,EQ)
t /
raa) = [ Se,)dt, q=Hy+S
t
takex €', o, €', — 0= fo e‘T(‘”t”x)q(xt,)dt’ — q changes of sign

— S changes of sign

ii) (conjecture) a nonradiating source cannot be isotropic S(x) = S(r, E)
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inverse of the 3D ATRT

Inp=5 zeX
V=0 zel_

(r,€), 5(r), Xr)

L=Q-V+X

for M fixed use the inverse of the 2D AtRT on each plane orthogonal to 1
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3D energy-dependent results

direct problem with isotropic scattering and sources

Ly =q, x2z€X

=0 F] q=Hy+ S
=U xTecl_

foreach E € & use the inverse of the 3D AtRT to reconstruct q, then use q

to compute the flux from
t
P(x) = L e_T(“"w“’)q(a:t,)dt’, reDr el

Now we have )(z) forall E € & and can calculate H1 and
from it we get the source: S = q — H

— with isotropic scattering and sources the NISP has a unique isotropic
solution S(r,F)
— any other source solution of the problem is of the form S' = S + S,

with
st S, (r,E,Q)dQ = 0
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one-group results

(i) Bal & Tamasan (2007) have used a Neumann perturbation technique in
conjunction with the 3D AtRT to reconstruct an isotropic source,

S(r) € L*(R?) with compact support for the one-group transport equation
with weakly anisotropic scattering.
The reconstruction needs 1, in all directions S orthogonal to a fix
vectorn .

(i) For a homogeneous half-space in 1D transport, (z,u), p = cos€2- e, ,

(0, + X)W = Hp + S5, 2z € (0,00),p € [0,1]
¢(Oaﬂ) = 0, IS [_1?0[

Larsen (1974) has used Case’s singular eigenfunctions together with a
Laplace transform to reconstruct an isotropic source from the flux 1 ()

exiting a half space with anisotropy of scattering. The solution exists and is

unique under the conditions fooe_mS(x)da:, fooo e ah(z, pw)dr < oo

0

& Y, (1), 1 € [—1,0] is analytically continuable to the disk |z —1/2| < 1/2
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UW,

equivalence relation and regularization (NLSP)

the mapping . : [P — LF is a continuous morphism (non necessarily onto)
S — Y,

ker(m, ) = 7711(0) = {S,-} = set of nonradiating sources : Sy, — ‘F =0

define the equivalence relation : S, S e S RS for (0 [S] =1 [S/]

a regularization of the NISP consists of giving a rule to identify a unique element

in each class

a possibility is to select an isotropic source; with isotropic scattering we know

that this source is unique :

— with isotropic scattering, the NISP can have at most one isotropic solution

are there anisotropic sources that are not equivalent to an isotropic one?
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anisotropic sources that are not equivalent to an isotropic source

with no scattering in 2D (Bal,2004) the source

5,(6.6) = S0 + S, 0M(), [ S)dp = 0
for f(y), weakly anisotropic can be uniquely reconstructed from 1, (z) Yz € ',

— for S = 0 there is no equivalent isotropic source.

This result can be extended to energy-dependent in 3D :

— for isotropic scattering and f(€2 f f(Q)dQ2 = 0, weakly anisotropic, the
source S, (z) = 5)(r,E) + S5, (r, E)f(§2) (A) can be uniquely reconstructed
from ¢ (z),Vex €', Q-n=0 forfixed n.

Let be a plane orthogonal to nand consider the 2D problem with no

scattering and source ¢ = Hy + S ‘ ;qis of the type (A) and can be
reconstructed from ¢+‘ , compute now w — ¥ S fl;]
then from wi LT for VE € 6, Vm L n we can uniquely reconstruct S,(r,E)
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related inverse problems

(1) canonical inverse problem (Zweifel,1999) : with zero source reconstruct

Yy from _

using Caseology, Zweifel proved this reconstruction for the one-group, 1D

transport equation with isotropic scattering in a half-space.

observe that the solution of

P(0,p) = 4, poe [0,1]

iS ¢ - ¢unc + Qpcol ZUlth szunC(x?l’l/) — H(M)G—Ex/,uw_(’u) and wcol solution
of

(0, + L) = Hp, z € (0,00),u € [1,1]]

(w0, + X0, = H,,, + 8, z€(0,00),n €[-11]
wcol(ohu) — 07 H S [071[
with the isotropic source S, (z) = fole_zz/“¢_(u)du, 0 <z < oo (A
Now, because ¢, [¢Y_] = ¢, [5,.] , S 5. can be reconstructed from Y., and

the final reconstruction of _ is equivalent to the inversion of (A).
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related inverse problems

(ii) the stochastic matrix method is based on solving a 1D finite-slab
transport problem in terms of the one-sided boundary (entering and exiting)

fluxes:
(w0, + X = Hyp, 2 € (L,R),u € [-1,1]
(L) = D2 (), p € [0,1]
(L, p) = P2 (p), po€ [=1,0]

the well-posedness of this problem is equivalent to the uniqueness of the

following inverse problem

S

(o, + ) = Hyp, z € (L,R),u € [-1,1]
Y(L,p) = YE(p), € 10,1] - — find Y% from ¥
w(RafL) =0 S [_170[

writep = (A + B)YL, u € [0,1] with

1 L —7(L,2’ 1
(ALY (z,p) = ﬁfL e 7h ”“dZ’f_lEs(Z’,u’ — p)p (2, p)dp

(B2 (z,p) = e TR L)
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set g(u) = e R/ 1pR(1)  then we need to reconstruct Pl from

g =1+ B AL, pelo,]]

1 :
let X = 2(0.1), X, = L'(0Lw), Ifly = [ e\ f2)|dp and consider
T=1+B1'4:X — X,
Pl g
the idea is use ‘c’ to control the size of B'A (Neumann series),

St — ) = @)@l = ), [ sl = =1

so that HB_lAHL,l(XHXw) <1

_ _ /
let ¢, .. = max o p c(2), hpew = maxqu’R)’ﬂ,’ﬂe(_Ll)h(z,,u =0

then HB_lA H‘C’l(X—>Xw) < Cmathaa:[l - EQ(T(LaR))]a’

where, with Y = L'(JL, R[X]0,1]) , |[¢lly < a|¢t|, with a depending on ¢,

hence, the reconstruction  — = if possible for ¢ € [0,¢pnar] With Cpaa

satisfying emashmas[L — Ey(r(L,R))a < 1
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(iii) reflector homogenization problem :

baffle shroud SS film SS film
E core borated borated 8
I:>“§ water water E
5 g
Jcore radius 6 £.86 8.}72 15.87 3&.12 55-87 6é23
9g—9 g g_’g g g_>g x
(B0} = {02000}, BN > 0 E 2
2 E
- Z 3
minimize ., F(X) = > {6, — 5,(2)} 2 g
I —~ =
. . !/ / /
. g—4g _ g—4g g—4g | | |
regularization : X979 = f; ES,O 0 22 172
/ !/
g g—)g gyN'g — g—9 g — g _ g—49
(@) 2 $ B0 )8 = 8L 8 - 2 - DR,

g g
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inverse source methods based on duality

/ 1 1
fOT fEWp,gEWp,pE[l,OO],;—i—?:l

define the scalar products

(f,9) = fogdrdEdﬂ, < f,9>= fr fg 2 m, dSAEIN

we have the general duality relation (Green’s formula) :

(f,Bg) =(B'f,9+ < f.9> (4

where B = —Q-V + X —H is the formal adjoint of transport operator B .

for g =1 solution of the transport equation

Byp=5 zeX
Yv=0 xzel_

(A) vields the ‘inverse method’
(f,8) = (B f)+< fb >,
for suitable functions f € we

Uw, Junel8-22
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(f,S) = (B f,)+ < fip >,

(1) invasive inverse source methods :

select N functions  f € W7 to reconstruct a source in

FN — {Z fm(r)gg(E)hk(ﬂ)7fm - PM?gg S ggahk € QK}

m, g,k
with N unknowns.

If detectors are available in a domain D)y C D then one can locally

reconstruct the source in L)) from the measurements in Dby using

nonradiating sources B f with support D, .

(ii) NISP : here we need to use function such that B f =0 , i.e., homogeneous

solutions of the adjoint transport equation.
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inverse method for the NISP in one-group, homogeneous 1D slab transport:
for an isotropic material : B f =0 — f(z p1) = y\z,—u) with By =0

the generalized solutions of the homogenous transport equation are

W) = e Vg, (1)

where for v € 0 =[-L1|Ua, , the ¢, (1) are Case’s generalized eigenfunctions

Case’s eigenfunctions are complete for the space of Hdolder continuous
functions in [—1,1] 1
they satisfy the full-range orthoganality relations f 1(¢u¢,/)(ﬂ)ﬂdﬂ = Nv)6(v —1/)

these generalized eigenfunctions can be use to obtain equations to compute

a source S(z,u) from
for flz,p) = €76, (—)

UWw, Junel8-22 24/26



conclusions

Q  the invasive inverse problem has a unique solution

Q  if the source is isotropic and the scattering is isotropic, then there is a unique
isotropic solution to NISP

(my guess 1s that this result should be valid with anisotropy of collision, but
this remains to be proved)

L

there are anisotropic sources that are not equivalent to an isotropic one

Q  nonradiating sources are non positive

are nonradiating sources necessarily anisotropic?

near the boundary : Y —0: 004+ =H)p+S5 -0 =H)p+S

Q  the most sensitive approach for security screening applications is to combine a
search for specific radiation lines with an inverse source algorithm
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Q  for anisotropic scattering in 3D transport one should exploit the large data
redundancy of the 3D AtRT for p,, € [0,1] with

n(p,,$,) = pn€, + /1 — i (8, cosp, + &, sing,)

A
n

/
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