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inverse transport problems
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invasive inverse source problem

source problem
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noninvasive inverse source problem (NISP)

source problem :
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examples of nonradiating sources
acoustics & electromagnetics (Blestein & Cohen,1977;Hoenders,1978;

Arridge,1988)
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attenuated Radon transform (AtRT)
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inverse of the 2D AtRT (Novikov,2002)

data redundancy :
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examples of nonradiating sources

(iii) (Bal,2004) :  from the redundancy of data for the 2D AtRT one can get two 
independent equations to reconstruct, from                            , 
an anisotropic  source of  the form

for                     given.

then                    is a nonradiating source.
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1( ) ( )z zS Sψ λ λ ψ−⋅ +Σ = → ∂ + ∂ +Σ =θ ∇Bal (2004) :                                               so that
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properties of nonradiating sources
0nr nrS ψ Γ→ =

observation: a positive source produces
a strictly positive flux
i)  a nonradiating source must change of sign 

→ S changes of sign

ii) (conjecture) a nonradiating source cannot be isotropic
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inverse of the 3D AtRT
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3D energy-dependent results
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one-group results
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(i) Bal & Tamasan (2007) have used a Neumann perturbation technique in 
conjunction with the 3D AtRT to reconstruct an isotropic source,

with compact support  for the one-group transport equation
with  weakly anisotropic scattering. 
The reconstruction needs        in all directions       orthogonal to a fix 
vector     . 
(ii) For a homogeneous half-space in 1D transport,                                          ,

Larsen (1974) has used Case’s singular eigenfunctions together with a 
Laplace transform to reconstruct an isotropic source from the flux
exiting a half space with anisotropy of scattering. The solution exists and is
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equivalence relation and regularization (NISP)

1ker( ) (0) { }nrSπ π−
+ += = = 0Snr ψ→ =
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the mapping                             is a continuous morphism (non necessarily onto): p p
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, , for  [ ] [ ]pS S L S S S Sψ ψ
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′ ′ ′∈ ℜ =define the equivalence relation :

a regularization of the NISP consists of giving a rule to identify a unique element
in each class

a possibility is to select an isotropic source; with isotropic scattering we know
that this source is unique :

→ with isotropic scattering, the NISP can have at most one isotropic solution

are there anisotropic sources that are not equivalent to an isotropic one?
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anisotropic sources that are not equivalent to an isotropic source

with no scattering in 2D (Bal,2004) the source

for         , weakly anisotropic can be uniquely reconstructed from 

→ for               there is no equivalent isotropic source.

This result can be extended to energy-dependent in 3D :

→ for isotropic scattering and                                   weakly anisotropic, the

source                                                     (A) can be uniquely reconstructed

from                                                     for fixed     . 
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related inverse problems
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related inverse problems
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(ii) the stochastic matrix method is based on solving a 1D finite-slab
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fluxes:
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set                                      ,  then we need to reconstruct          from 

let                                                             and consider
11 1 ( , )/
0

(]0,1[), (]0,1[, ), ( )L R
w XX L X L w f e f dτ µ µ µ−= = = ∫

( , )/( ) ( )L R Rg eτ µµ µψ+=
1(1 ) , [0,1[Lg B A µψ−

−= + ∈

Lψ−

11 : w

L

T B A X X

gψ

−

−

= + →

the idea is use ‘c’ to control the size of B-1A (Neumann series),

so that

let

then

where, with                                      ,              

1

1
( , ( , ( ,) ( )( ) ), ) 1s z h z h z dc zµ µ µ µ µ µ µ

−
Σ ′ ′ ′→ = Σ → → =∫

1
1

( ) 1
wX XB A−

→ <
L

( , ) ( , ), , ( 1,1)max max ( ,( ), )max maxz L R z L Rc h h zc z µ µ µ µ′∈ ∈ ∈ −= = ′ →

1
1

2( ) [1 ( ( , ))]
w

max maxX XB A c h E L R aτ−
→ ≤ −

L

with     depending on maxc

hence, the reconstruction                      if possible for  with
satisfying   

L
Y X

aψ ψ−≤1(] , [ ]0,1[)Y L L R= × a

R Lψ ψ−+ → [0, ]maxc c∈ maxc

2[1 ( ( , ))] 1max maxc h E L R aτ− <



21/26UW, June18-22

(iii) reflector homogenization problem :

, ,0, }, , 0{ } {g g g g g g g g
s n sβ ′ ′ ′→ → → ≥→ Σ Σ Σ Σ

core

baffle shroud SS film SS film

vessel  thermal
insulation

sp
ec

ul
ar

 re
fle

ct
io

n

va
cu

um
 b

d

borated
 water

borated
 water

0- core radius 2.86 8.72 13.87 38.12 58.87 69.28

 SS + water SS

va
cu

um
 b

d

in
co

m
in

g 
flu

x

0 2.2 17.2

{ }
1

( ) ( ){ }
M

i i
i

minimize β β
+Σ =

Σ = − Σ∑F

, ,0
g g g g g g
s n n sregularization : f′ ′ ′→ → →=Σ Σ

,0 ,0 ,00, ( ) , ( )( ) g g g g g g g g g g
s

g
as s

g g g
cb ca ′ ′ ′→ → →≥ = = −Σ ΣΣ Σ Σ ΣΣ∑ ∑ ∑



22/26UW, June18-22

inverse source methods based on duality

* *B H= − ⋅ +Σ−Ω ∇

*( , ) ( , ) , ( )f Bg B f g f g A= +< >
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define the scalar products

we have the general duality relation (Green’s formula) :

where                                         is the formal adjoint of transport operator B .

for               solution of the transport equation
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*( , ) ( , ) ,f S B f fψ ψ += +< >
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*( , ) ( , ) ,f S B f fψ ψ += + < >

pf W ′∈

(i) invasive inverse source methods :
select N functions                    to reconstruct a source in

with N unknowns.

If detectors are available in a domain                  then one can locally
reconstruct the source in       from the measurements in      by using 
nonradiating sources          with support       .  

(ii) NISP : here we need to use function such that              , i.e., homogeneous
solutions of the adjoint transport equation.

, ,
{ ( ) ( ) ( ), , , }m g m gN k M G k K
m g k

F f g E h f P g h Q= ∈ ∈ ∈∑ r Ω E

0D
0D D⊂

0D
*  B f 0D

* 0B f =
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inverse method for the NISP  in one-group, homogeneous 1D slab transport:
for an isotropic material  :

the generalized solutions of the homogenous transport equation are

where for                                    , the           are Case’s generalized eigenfunctions

Case’s eigenfunctions are complete for the space of Hölder continuous 
functions in
they satisfy the full-range orthoganality relations

these generalized eigenfunctions can be use to obtain equations to compute
a source             from

for 
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νψ µ φ µ−Σ=
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1

1
( )( ) ( ) ( )d Nν νφ φ µµ µ ν δ ν ν′−
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( , )S z µ
( , ) ,f S f ψ +=< >
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conclusions

0 : x xH S H Sψ ψ ψ ψ ψ ψ→ ∂ +Σ = + →∂ = +

the invasive inverse problem has a unique solution

if the source is isotropic and the scattering is isotropic, then there is a unique 
isotropic solution to NISP

(my guess is that this result should be valid with anisotropy of collision, but 
this remains to be proved)

there are anisotropic sources that are not equivalent to an isotropic one

nonradiating sources are non positive

are nonradiating sources necessarily anisotropic?

near the boundary : 

the most sensitive approach for  security screening applications is to combine a 
search for specific radiation lines with an inverse source algorithm
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for anisotropic scattering in 3D transport one should exploit the large data 
redundancy of the 3D AtRT for                    with[0,1]nµ ∈

2ˆ ˆ ˆ( , ) 1 ( cos sin )n n n z n x n y nµ φ µ µ φ φ= + − +n e e e

z2

z1

Ω

θ

n
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