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Notation:

|E| = Lebesgue measure of F, / _ /

0



The Fourier transform (on R):
fie)= [ e pla) da
fla) = [ =gy de.

Basic facts:

1Floo <1fll IFll2 = I1£]l2,
1l <Ifll, 0<p<2 pttqgt=1),
(&) = 2mi f(£).

A probability distribution function (PDF) on R is a
function p > 0 with [ p(x)dx = 1. If p is a PDF), its

variance 18

var(p) = inf /(:1: —a)*p(x) dz.

acR



Interpretations:

1. Classical: f(¢) is the amplitude of a signal at time ¢.
fit)y= [ eQmwt]?(w) dw expresses f as a superposition

of sine waves of different frequencies.

2. Quantum: Suppose || f||2 = 1. Then |f|* and |ﬂ2 are
both PDFs. f is the “wave function” of a quantum
particle moving on the line, |f|* is the PDF of its
position, and |ﬂ2 is the PDF of its momentum (taking

Planck’s constant = 1).



Heisenberg’s Inequality. If f € L*(R), then for

all a,a € R,

[@—aps@ras [(-apfera > 122 o)

In particular, if | f||* =1,

var(|f\2) Var(\ﬂQ) > 1/167r2.

FEquality holds in (1) for a given a and o < f(z) =

ce?miare=blz=a) for some b >0, c € C.



Proof: By considering g(x) = e *™ f(x + a), re-
duce to the case a = = 0. WLOG, assume that
[ 2?f(z)]*dz < oo and f§2|f (&)]? d€ < oo. Note that

[eiforde = [1F©rd =I5B @

so f' € L?. Since

L @) = )l + 2 Reaf (2T

“2Re [ 2f(@)fo)do = ~alf@P|+ [ 17(2)f do.

Let ¢ - —o00, d — o0 to get

9Re / f(2)f(z) do = | fI2

then use Cauchy-Schwarz and (2):

F13 < 2z fllal fll2 = 4xllz fllo1IES -

Equality holds <= f'(x) = bz f(z) for some b € R,

—bz?

which gives f(z) = ce



There are generalizations involving other L” norms. For

example, if 1 < p < 2,

LA < 20z fllplLf Nl < 202 f ol f il = dxllfllp 2 f

Cowling and Price have obtained general results relating

to norms of the form || |z|*f|],.

Local Uncertainty Inequality (Faris-Price).
Suppose 0 < o < % There exists C', > 0 such that for
all f € L*(R) and all measurable E C R,
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Proof: Let x,(x) = 1if |x| <7, x,(x) = 0 otherwise,
and x,. =1 — x,.

1 Fxellz < 10Xl + 1 sl
<|BIY(F oo + 1 X012

Now

H(er)AHoo S Her”l
r 1/2 r 1/2
s(/ \x\—mdaz) (/ \w\Q“If(x)\zdx)
< Cor 272 |z £ |2,

and
1l < rm2 | |2,

SO
Ixefllz < (Col E[YH 0270 1 pma) || 2] flo.

Choose r to minimize this quantity:.



Qualitative Uncertainty Principles:
Let X(f) = {z : f(z) # 0}.
1. ©(f) bounded = f entire = R\ £(f) countable or
f=0.
2. If f € L2and f #£0, [S(N)][S(f)] > 1.
[ 177 < I ITI < 121117
< [SOH=AIB-

3. (Benedicks) If f € LP for some p > 1 and
S| B(F)] < 00, then f = 0.

4. (Hardy) Suppose

2

@) < Ce™ | f(€)] < Ce

for some a,b,C' > 0. If ab = 1 then f(x) = ce™""; if
ab > 1 then f =0.



Definition: A function f € L*(R) is e-concentrated

onaset A CRif |[f(1—xa)l|l2 < €llfll2, or equivalently

[fxallz 2 V1 =€ [l
For A, B C R, let

Pif =xaf,  (QsfY = xsf.

Theorem (Donoho-Stark).
a. | PaQp Sl < [A[Y2[BIY2]| 2.

b. If there exists f # 0 such that f is e-concentrated

on A and ]? s 0-concentrated on B, then

AM2BIY2>1 ¢4



Proof: For (a),
PAQsf(x)] = xa(a) / 2(e — ) f(y) dy

< xa@)ll fll2Xallz = xa(@)| Bl f]2.

Take L? norms of both sides.
For (b), assume || f||o = 1. Then

|P4+(1 = Qp)fll2 < [[(1—=QB)f]l2 <9,

SO

1L—e—06<|flla—IIf = Pafll2 = |Pa(l — QB)fl|2
< || Pa@Qpfl2 < |A|M?| B2,
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Landau-Pollak-Slepian Theory:
Take A = (—3T,3T) and B = (=, () and consider

S = QpPsQp = (PaQB) (PsQB).

This is a compact self-adjoint operator on L?, so it has an
orthonormal eigenbasis {¢, } with eigenvalues A\; > Ay >
A3 > - > 0.

If Sf=Af then

IPAf|l5 = |PaQsf|l3 = (@BPAQBS, f) = Al fII5,

so fis v/1 — A\-concentrated on A and ]?is O-concentrated
on B.
Theorem: A\, =~ 1 forn < 20T, \, = 0 forn >
20T, and the transition interval has width O(log QT).
Eigenfunctions ¢, are “prolate spheroidal wave func-

tions.”
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If pis a PDF on R, its entropy E(p) is

E(p) = — / p(x)log p(z) dz.
Proposition: If var(p) < oo then
E(p) < 5log(2mevar(p)).

Proof: By composing with translations and dilations,
reduce to the case where p has mean 0 and variance
var(p) = [2*dp(z) = 1. Let

1
\ 2T

so [ ¢dy = [ pdx = 1. By Jensen’s inequality,

- (fon)o(fon) < forns

= /,0(:1:)[% log 2w + 12% + log p(z)] dx

= tlog2m + 3 — E(p).

2
e "2 dz,

o(x) = V2me” Pp(x),  dy(z) =
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Theorem: If ||f||o =1 then
E(fP) + E(f°) 2 1~ log2.
Lemma: If ¢(t) < Y(t) fort > a and ¢(a) = ¥(a),
then ¢/(a) < ¥/(a).
Applying this to the Hausdorff-Young inequality

||f||q < Hf”p (q > 2, p = Q/<q — 1), a = 2), we get
E(|f1*) + E(f]*) = 0.
But using Beckner’s sharp Hausdorfl-Young inequality

1£lle < P% 729 £,

we get the theorem.

Corollary: Heisenberg’s inequality.

Corollary: Suppose [|g|*dy = 1. Let Tg(z) =
2V/de=m" g(2\ /7 ), and § = T_l(@). Then

[ 19l 0glglay + [ P oglaly < [ 9P d

Without the second term on the left, this is Gross’s

logarithmic Sobolev inequality.
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