1. (a) (12 pts) Let f: A — B and g: B — C be functions, where A, B, C B. For the definitions

below, identify the definition (tell me the name of what is being defined) and give the negation
of the statement

i. Vzi,z0 € A, if 21 < 2o, then f(z1) > f(za). NAME OF DEF'N: FF dg:re.u,.?:l
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(b) (4 pts) Give a specific counterexample to the statement:
Every injective function from R to R is not bounded.
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(e} Consider the statement:
For all n,a,be M, ifab=0 (mod n), thena=0 (mod n) or b=0 (mod n).

{4 pts) Give a specific munte-rexampie to the statement.
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ii. (3 pts) Give a condition on n that makes the statement true.
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(d) (8 pts) Use congruence arithmetic to simplify and solve for an integer x such that 0 <z < 7
and 631z + 89! + 2 = 23% (mod 7). (You must show your work to get credit).
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2. (a) (12 pts) Let A, B, and C be sets.

Using a formal, and properly structure, subset proof with proper reference to definitions,
logic and de’Morgan’s law, prove AN (B—{(ANCH C Bn(A-C).
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(b} Let f: A — B and g: B — C be functions.
Define fi : A — C by h{x) = g{f(x)) for all 2 € A.

i. (6 pts) Give a specific counterexample (give me your functions and sets) to the state-
ment: If k is surjective, then [ is surjective.

A =51% R={2 3% C={u
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ii. (5 pts) Consider the following theorem. Theorem: If h is injective, then f is injective.
Now is yvour chance to be a proof grader. Of the three “proofs” below, only ONE is
correct. Which is the correct proof? And why?

(‘Proof’ 1) Assume f(z1) = h(zs). By definition of h, g(f(z1)) = g(f(zs)). Since h is injective,
Ty = o, 50 f(a1) = f(x2). Since we have f(z|) = f(xs) and z; = 24, f is injective.

(‘Proof’ 2) Assume 1 = x» for 21,22 € A. Since [ and g are well-defined, f{z;) = f(a2) and
g(f(x1)) = g(f(x2)). Thus, h(21) = h(za). Since h is injective, we have 2y = 24, s0 f is injective.

(Proof’ 3) Assume f(2;) = f(xs). Since g is well-defined, g{ f(21)) = g(f{xa)).
Tuaus, h{xi) = hi{xs). Since h is injective, 2y = x2. Hence, [ is injective.

ANSWER AND EXPLANATION:
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3. (a) (12 pts) By using a precisely worded induction proof, prove 3" > 2%+ for all integers n > 2.
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{b) (9 pts) Ya,b,c,d € N, prove if ged(a + b,¢) = 2d, ged(a,b) = 28, and 14|c, then Tid.
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(a} Let ¢, b and ¢ be integers.

i. (6 pts) Using the definition of even and odd, prove if ¢ is even, then ¢ is even.
(Hint: Prove the contra

ositive.)
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ii. (10 pts) Using a proof by contradiction,
prove il {2a — 1)® + (26— 1) = ¢, then a is odd or b is odd.
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(b) (9 pts) Prove if pis a prime number and p > 4, then p* — 1 =0 {mod 12).
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