Math 307 Section F Name (Print):
Spring 2013

Final Exam Student ID:
May 22, 2013

Time Limit: 2 Hours

This exam contains 15 pages (including this cover page) and 10 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use your books or notes on this exam. However, you may use a single, handwritten,
one-sided notesheet and a basic calculator.

You are required to show your work on each problem on this exam. The following rules apply:

e Organize your work, in a reasonably neat and Probl Points | S
coherent way, in the space provided. Work scat- roblem OIS | weore
tered all over the page without a clear ordering

. . . . 1 10
will receive very little credit.

e Mysterious or unsupported answers will not 2 10
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic 3 10
work will receive no credit; an incorrect answer
supported by substantially correct calculations and 4 10
explanations might still receive partial credit.

5 10

e If you need more space, use the back of the pages;
clearly indicate when you have done this. 6 10

e Box Your Answer where appropriate, in order
to clearly indicate what you consider the answer 7 10
to the question to be.

8 10
Do not write in the table to the right.
9 10
10 10
Total: 100
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1. Solve the following initial value problems

(a) (5 points) Solve the following initial value problems:

dy

S =ey—aty, y(0) =1

(b) (5 points)
Y =3y+e, y(0)=1/2
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Solution.
(a) This equation is separable! In particular, by dividing both sides by y, we get

Ldy _

- = e* 2
ydx

— T .

Then integrating both sides of this equation:
1
/dy = /em — 22dx,
Yy

1
In(y) =€ — gac?’ +C.

which gives us

Finally, by setting z =0 and y = 1:

1
In(1) = ¢e° — ga:?’ +C,
which tells us C = —1. Therefore the solution of the initial value problem is given by

1
In(y) =e* — gzv?’ -1

Of course, you could finish this off by completely solving for y, but it isn’t necessary.

(b) This equation is a first order linear equation, pointing us towards using either an integrat-
ing factor or the method of variation of parameters. Let’s use the first one. An integrating
factor for this equation is easily found to be u(t) = e~3!. Multiplying the original equation
by this integrating factor, we obtain

e3ty! = 3¢Sty 4 72,
Moving the y and y' terms to the left hand side, we get
—2t

e*3ty/ _ 3673ty —e

At this point (as per usual) we see that we can group the terms on the left hand side to
find
(673ty)/ — 6727&

Then integrating both sides with respect to ¢, we get:
—3t L o
ey =—5¢ +C

and pluggin in z = 0 and y = 1/2, we find

so that C = 1 and therefore
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. Propose a Solution Section!

Directions: The “Propose a Solution” section consists of five linear nonhomogeneous equations.
For each of these equations, write down the type of function y (with undetermined coefficients)
you would try, in order to get a particular solution. You do NOT need to solve the equations For
example, if the equation were

y//+2y/+y — 6t,

a correct answer would be
y = Ae',

and incorrect answers would include
y = (At + B)et, Yy = At?e?, Yy = Ae?t, y = An'

Each part is worth 2pts:

(a) (2 points)
y// + 3y/ +2y = t5€4t

(b) (2 points)
y// + 3y/ + 2y — (t + 1)6—215

(c) (2 points)
Y — 2y +y = 2te!

(d) (2 points)
y// + 2y/ +y= 4t26t

(e) (2 points)
y" — %y = te2t _ 72t

Solution.
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3. (10 points) Solve the equation
(3zy + y?*)dz + (z® + 2y)dy =0
by finding an integrating factor.
Solution. We try an integrating factor of the form u = u(x). For this to be an integrating
factor, the equation

M(I,y) N(I7y)

Bzy + v u(x) + (2% + zy)u(x) y' = 0

must be exact, meaning that M, = N,. We calculate

My(z,y) = 3z + 2y)u(x)
and
Ny(z,y) = 2z + y)u(z) + (2* + zy)p/ (x)
meaning that
Bz + 2y)u(z) = (22 + y)u(x) + (2 + 2y (x).

After some algebraic simplification, this becomes

(z +yu(z) = (= +zy)u'(2).

Then the important thing to notice is that (2 + zy) = z(x +y), so that by dividing both sides
by x + y we find

p(z) = zp'(z).
A solution to this is p(z) = x, which gives us our integrating factor. It follows that the equation

M (z,y)

——
N
(322y + ay?) +(a® + 22y) "y = 0,

is exact. Therefore there must exist a function ¢ (z,y) satisfying ¢, = M and ¢, = N. This
means that for example

?l)y = (xg =+ ny)a
and therefore

1
o= [+ ety =ty + 5o + o)

where g(x) is some arbitrary function of z. Taking the partial derivative with respect to =, we
then obtain
by = 32y + 2y® + ¢ (2),

and since 1, = M = 3x%y + xy?, this tells us
322y + zy® + ¢/ (z) = 322y + 21>

Hence ¢/(z) = 0, meaning that we can take g(z) = 0 and ¢¥(z,y) = 23y + 32%y?. Lastly, the
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solution is given by setting ¢ (z,y) = C, ie:

1
3y + §x2y2 =C.
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4. (10 points) Suppose a 120 gallon well-mixed tank initially contains 90 lb. of salt mixed with
90 gal. of water. Salt water (with a concentration of 2 1b/gal) comes into the tank at a rate of
4 gal/min. The solution flows out of the tank at a rate of 3 gal/min. How much salt is in the
tank when it is full?

Solution. First of all, we notice that the volume of water V in the tank is nonconstant. In
fact:

rate in  rate out
v NN
dt
meaning that dV/dt = 1, and therefore V' =t + C. Since the initial volume of water in the
tank is 90 gallons, we get C' = 90 and therefore V =t + 90 gallons. Since tha tank is full when
V =120, setting t + 90 = 120, we see that the tank will be full after 30 minutes.

Next, we determine the differential equation for the quantity S of salt in the tank:

— =ratein — rate out,
dt
where b |
rate in = <28> : (4@) = 8lbs/min.
gal min
and

concentration (lbs/gal)

rate out =

. ( gal) = 35/V1bs/min.

3—
min

<\o:}

and therefore recalling that V' =t 4 90:

ds S
E‘8_3t+90'

This is a linear equation; an integrating factor for this equation is u(t) = (¢ +90)3. Using this,
we get the solution to be

_C¢
(t+90)3’

and the initial condition S(0) = 90 tells us C' = —(90)* so that

S = 2(t 4+ 90) +

(90)*

5:2(t+90)—m.

Since the tank is full when ¢ = 30, the quantity of salt in the tank is given by

5(30) =~ 202.03 Ibs.
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5. (a) (4 points) Find a particular solution of the equation

y" + 2y + 3y = cos(t)

(b) (2 points) Find a particular solution of the equation

y" + 2y + 3y = sin(t)

(c¢) (4 points) Find the general solution of the equation
y" + 2y’ + 3y = 3cos(t) — 2sin(t)
Solution.
(a) To find a particular solution to
y" + 2y + 3y = cos(t),
we consider the “squigglyfied” equation
y'+27 + 35 =€
Then since i is not a root of the characteristic polynomial x? + 22 + 3, we propose a
particular solution of the form
Up = Aet
We calculate g7, = iAe and g = —Ae™, so that
Uy + 20, + 37 = 2(1 + i) Ae™.

Thus for g, to be a particular solution of the squigglyfied equation, we need 2(1+1i)Ae" =
e’ and therefore

Hence 1 1 1 1 1 1
Up = <4 - 4i> et = 1 cos(t) + 2 sin(t) + 4 (—4 cos(t) + 1 sin(t)>

Hence a particular solution is given byn

~ 1 1.
yp = Re(yp) = 1 cos(t) + 1 sin(t).

(b) Using the same y, of (a), we immediately get a particular solution

. 1 1.
yp = Im(y,) = 1 cos(t) + 1 sin(t).
(c) Let y; be the particular solution found in (a) and y, be the particular solution found in

(b). Then using the usual argument about linear operators, a particular solution y, to the
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equation given in (c) is

5 1.
Yp = 3y1 — 22 = 1 cos(t) + 1 sin(t).

The general solution of the corresponding homogeneous equation is 3, = Cre™" cos(v/2t) +
Cae~tsin(v/2t) and therefore the general solution of the equation in (c) must be

y = Cre "t cos(V2t) + Coesin(V2t) + gcos(t) + isin(t).
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6. (10 points) A mass weighing 2 lb stretches a spring 16 ft. Suppose the mass is displaced an
additional 1 ft downward and then released with an upward velocity of 2 ft/s. The mass is
in a medium that exerts a viscous resistance of 2 1b when the mass has a velocity of 16 ft/s.
Determine the quasi-amplitude and quasifrequency of the resultant motion.

Solution. From the question, we deduce that the spring constant is k& = 1/8 lbs/ft, that
the damping constant is v = 1/8 Ibs-s/ft, and that the mass is m = 2/32 = 1/16 Ib-s?/ft.
Furthermore the length u of the mass-spring-system relative to its resting length satisfies the
initial condition u(0) = 1 ft. and «/(0) = —2 ft/sec. Therefore the initial value problem we

wish to solve is 1 . )
Eu" + gu’ + gu= 0, u(0)=1, «(0)=—2.

The roots of the corresponding characteristic polynomial are —1+14, so that the general solution
to the corresponding homogeneous equation is

u(t) = Cre " cos(t) + Cae 'sin(t).

Our initial conditions then say
1=0

and also since
u/'(t) = —Cre ' cos(t) — Cre ' sin(t) — Cye 'sin(t) + Cae ' cos(t)

—2=-C1+0Cy

so that since C1 = 1, we must have Cy = —1. Thus
u(t) = e Tcos(t) — e 'sin(t).
Now using our trig trick, we write
u(t) = Re " cos(t — 9)

for some value of § and for
R=\12+(-1)2=V2.

Therefore the quasi-amplitude is v/2 and the quasi-frequency is 1.
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7. (10 points) Find the Laplace transform of

f(t):{o if0<t<2rm

cos(t)+t if2mr <t
Solution. We first convert f(¢) to step function form

f(t) = (cos(t) + t)uax(t).

Now we wish to determine the laplace transform. To do so, we break it into the sum of two
different functions

f(t) = cos(t)uar(t) + tuzg(t),

and find the Laplace transforms of each of the summands individually. First notice that since
cos(t) is 27 periodic, cos(t) = cos(t — 27), and therefore

cos(t)uar(t) = cos(t — 2m)uar(t),

meaning that
£ {cos(tyuar(t)} = £ {cos(t — 2 )usx(t)} = e—%sﬁ.

Furthermore
tu%r(t) = (t — 27+ 27T)U27r(t) = (t — 27T)U27r(t) + 27(U27r(t),

and therefore

1 2
£ {tusn(t)} = L{(t = 2m)uzn(t)} + L {2mune()} = e 27 5 e 2™
Consequently
_ _—2ns_ S —27r5i —27rs2£
L) =S e Ly e T
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8. (10 points) Find the inverse Laplace transform of

3s—7

Fe) = o5 +3)

Solution. We first perform a partial fraction decomposition

3s— 17 A Bs+C

(s +2)(s?2+2s+3) s—|—2+32+23+3

and by clearing denominators, we find
35— 7= (s>+25+3)A+ (s +2)(Bs+ C).
Then plugging in s = —2, we get
—-13=3A+0(B(-2)+ C),

so that A = —13/3. Also by comparing the leading coefficients, we get 0 = A + B, so that
B = 13/3. Finally, by plugging in s = 0, we get —7 = 3A 4 2C, so that C' = 3. Therefore

—-13/3 (13/3)s+ 3
F(s) = / 2/) .
s+ 2 s +2s+3

Now the inverse of the first term is easy:

1 —13/3 :—136_2,5‘
s+ 2 3

The inverse of the second term is a bit more complicated. To find it we complete the square
and do a bit of algebraic manipulation

(13/3)s+3  (13/3)s+3 13 s+1 —4/3 V2

s2425+3  (s+1)2+42 3 (s+1)2+2 2 (s+1)242

Therefore

1 [(A3/3)s+3 . [13  s+1 .| —4/3 V2
. 1{32+25+3}—£ 1{3(s+1)2+2}+£ 1{ V2 (s+1)2+2}

- Ee—t cos(ﬂt) + _4/Se_t sin(\/§t).

3 V2
Combining all of these together, we get
-1 1 —4
ft)y=LYF(s)} = Tge_Zt + Ege_t cos(V/2t) + \/g3e_t sin(v/2t)
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9. (10 points) Use Laplace transforms to find the solution to the initial value problem
Y’ — 9y = e'sin(2t), y(0) =1, 3/(0) = —2.
Solution. We first calculate

L(y") = s*L{y) — sy(0) — 5/ (0) = $*L(y) — 5 — 2

and also 5
L(e'sin(2t)) = ———5—
(¢ sin(20) = g
so that taking the Laplace transform of both sides of the original differential equation gives us
PL(y) —5+2—9L(y) = —
(s—1)2+4
It follows that
Liy) = 5§—2 n 2
Vo9 T (5121 4)(s2—9)

Now by partial fractions, we calculate

2  (~1/40)s—1/8 1/24  1/60
(s—1)2+4)(s2=9)  (s—124+4 ' s—3 s+3
And also
s—2  5/6  1/6
s2—-9 s+3 s—3
so that

(-1/40)s—1/8 | 5/24  49/60

Ely) = (s—1)2+4 s—3 s+3°
Lastly, notice that
(-1/40)s—-1/8 1 s-1 3 2
(s—1)2+4  40(s—1)24+4 40(s—1)2+4
and therefore (—1/40)s — 1/8 ) 3
-1 (= S t t
SO 2%) — = 2
L < Gz d ) 10° cos(2t) 10¢ sin(2t)
and 5/24 5
-1 _ 2 3t
£ (3 - 3) 24°
and 49/60 49
£—1 _ -7 -3t
< 543 > 60°
so that 1 3 5 19
y = —%et cos(2t) — Eet sin(2t) + ﬂegt + @e_gt.
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10. (10 points) Use Laplace transforms to find the solution to the initial value problem

y" + 5y + 6y = f(t), y(0)=0, y'(0)=0,

where
0 fo<t<m
fA)=< 1 ifrn<t<2nm
0 if2r <t

Solution. We first convert f(t) to step function form:

F(t) = ux(t) — uzn(t).

Therefore
LU =l -l
s s
and also
L{y" + 5y + 6y} = (s* + 55 +6)L{y}.
so that
E{y} — TS 1 o 6727rs 1
s(s? +5s+ 6) s(s2+5s+6)
Now we perform a partial fraction decomposition
1 A B C

s(s%2 +5s + 6) Fi s+2 * s+3’
and then the usual means allow us to deduce A =1/6,B = —1/2,C = 1/3 and therefore

1 1/6 —1/2 1/3
16 -2

s(s%2 + 5s+ 6) s s+2 s+43

from which we conclude

1 11 1
E_l - v _ = _ - -2 - —3t'
{3(32+53+6)} 6 2¢ T3¢

It follows that

1 1 1 1
-1 -ms__ - b _(Z_= —2(t—m) - =3(t—m)
£ {8 5(52+5s+6)} (6 2° T3¢ )“”(t)‘

and also that

1 1 1 1
-1 —27s — (= _ = —2(-2m) 4 = _—3(t—2m)
£ {6 5(52+53+6)} (6 2°¢ T3¢ )“2"(t)'

I L YU S ST L TV S T
y= <6 3¢ + 3¢ Uqr (1) 5~ 3¢ + 3¢ gy (t).
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Figure 1: Elementary Laplace Transforms:

7t = £ {F(s)}
1

pat

t", n > 0 integer
tP, p > 0 real
sin(at)

cos(at)

sinh(at)

cosh(at)

e sin(bt)

e cos(bt)

t"e n > 0 integer

F(s) = L{f(1)}




