Basic Integration Examples for Review

The following pages contain a few standard/routine examples of substitution, by parts, and partial
fractions.

Basic Substitution Examples

1. / x cos(x?) du.

Solution: Let u = 22, so du = 2xdz (and 5-du = dz).

1 1 1
The integral becomes / 3 cos(u) du = 5 sin(u) + C = 3 sin(z?) + C.

2. /cos(x)esm(w) dx.

Solution: Let u = sin(z), so du = cos(z)dx (and Fl(x)du = dr).

The integral becomes /6“ du=e* 4 C = @ 4 C.

3. /xQ\/x?’ + 2dzx.

Solution: Let u = 2® + 2, so du = 3z*dx (and gdu = dx).
1 1 2 2
The integral becomes /g\/ﬂdu = / gul/Q du = §u3/2 +C = §(:v3 +2)¥2 1 C.

X

Solution: Let u = In(z), so du = 1dz (and zdu = dz).

1 1
The integral becomes /u3 du = —u* 4+ C = Z(ln(m))A‘ +C.

4
x
5. /w2+1d1’.

Solution: Let u = 2® + 1, so du = 2zdx (and 5-du = dx).

11 1 1
The integral becomes /5— du = 3 Inju|+C = 5 In(z* +1)+C.
u



Integration by Parts

1. /xcos(Qa:) dx

Solution: Let u =z and dv = cos(2z)dz. Then du = dz and v = § sin(2z).

1 1 1 1
The by parts formula gives 5% sin(2x) — / 5 sin(2z) dx = % sin(2z) + 2 cos(2z) + C.

2. / 22 In(z) dz

Solution: Let v = In(z) and dv = 2?dz. Then du = 2dz and v = 3a°.

1 1 1 1
The by parts formula gives 5953 In(x) — / —r?dr = —2*In(z) — ~2° + C.

3 3 9
3. /xQexd:U

Solution: Let u = 22 and dv = e *dz. Then du = 2zdx and v = —e™*.

The by parts formula gives —z?e™® — / —2ze " dr = —xte " + /2xe"’” dz.

Now we do by parts again with v = 22 and dv = e dz. Then du = 2dx and v = —e™".

The by parts formula gives —ze™* — 2ze ™ — / —2e " dr = —2%e " —2we™" — 2" 4 C.

4. /ew sin(z) dz

Solution: Let u = €* and dv = sin(z)dz. Then du = e"dx and v = — cos(z).
The by parts formula gives —e” cos(z) — [ —e” cos(x) dz = —e” cos(x) + /ex cos(z) dx.
Now we do by parts again with u = e* and dv = cos(z)dz. Then du = e*dr and v = sin(z).

The by parts formula gives —e” cos(z) + e” sin(z) — / e’ sin(x) du.
Thus, we have shown /ex sin(x) de = —e” cos(x) + e” sin(z) — /e” sin(x) dz, from which we can
conclude that 2 / e”sin(z) de = —e” cos(z) + e” sin(x) + Co.

1 1
Therefore, /e”” sin(x) dex = —567” cos(x) + §€$ sin(z) + C.



Partial Fractions

T —2
L /(x+1)(x—4) du

Solution: Distinct linear terms decompose into the form T — o T ﬁ, which can be
expanded to get v —2 = A(x —4)+ B(x +1) = (A+ B)x + (—4A+ B). Thus, A+ B =1 and
—4A + B = —2 which we can solve to get A = % and B = %

(You can use the “cover-up” method to do this faster, ask me about this if you haven’t seen it).

r—2 3/5  2/5 3 2
Th t dr = ——dr = -1 1+ =1 —4|+C.
s, We Be /(:v+1)(:v—4) v /x+1+x—4 v 5n|x+ |—|—5n|x |+

3
2. /(x—|—1)2(x—2) dx

Solution: We have a distinct and a repeated linear term which decompose into the form
WS(GU—Q) = ﬁl + ﬁ + x—%, which can be expanded to get

3=Alz+1)(z—2)+B(x—-2)+C(z+1)*= (A+C)a*+ (—A+ B+2C)z + (—2A - 2B + ().
Thus, A+ C =0, —A+ B+2C =0 and —2A — 2B + C = 3 which we can solve to get A = —%,

B=-1,C= % (Again, there are many short-cuts you can use here, ask me if you don’t know
them).

3 -1/3 —1 1/3 1 1 1
/@HJV@—Q v /x+1+@+my+x—2x gluletdl+ o Hghnfr =2+

2 1
3./—£i—dx
(2?2 +1)
Solution: We have a distinct linear and an irreducible quadratic term which decompose into the
form 22tl. = 4 4 BrtC which can be expanded to get 2z + 1 = A(z* + 1) + (Bz + C)z =

z(z241) 241
(A+ B)z? + (C)x + (A). Thus, A+ B=0,C =2 and A =1 which we can solve to get A = 1,
B=-1,C=2.

1 —z+2 T 2 1 9 _1
/;—i— o dx:1n|x\—/x2+1dx+/$2+1dw:1n\x]—§ln|x + 1]+ 2tan™ " (z) + C.



