Math 307 I - Spring 2011
Practice Final
June 03, 2011
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Complete all questions.

You may use a scientific calculator during this examination. Other electronic devices (e.g.
cell phones) are not allowed, and should be turned off for the duration of the exam.

You may use one hand-written 8.5 by 11 inch page of notes.

Show all work for full credit.

You have 120 minutes to complete the exam.



1. Find the general solution to the differential equations:

(a) (5 points)
y'=(2-¢€")/(3+2y)

This equation is separable: (3 + 2y)dy = (2 — e”)dx. We integrate and get
3y+ =22 —e* +C.
This is enough, but if you want to solve for y you can use the quadratic formula:

-3 1
y:;i§\/9+4(2x—ew+0).

(b) (5 points)
ty' + 2y = (sin t)/t.

This is a linear (non-separable) equation, so we know we’re going to use integrating
factors. We must first normalize the equation by dividing by ¢:

,+2 _sint
YT T e

By the method of integrating factors, we multiply by () = e/ ¥ = 12, and get
%y + 2ty = sint.

Rewriting, we have 4 (t?y) = sin(t); this can be solved by integrating both sides. We
get t?y = —cos(t) + C, or

— C
Y = t_Q COS(t) =+ t_Q



2. Find the general solution to the differential equations:

(a) (5 points)

y/:y -
223

This simplifies as 4’ = 1 (£)° — L. This is not linear or separable; but the right hand
side is homogeneous, so we try the substitution u = ¥, or y = uz. Then % =y + 2%,

so the differential equation becomes

We subtract u from both sides — now it is separable! We get

2du B dx
w—2u—1 z’
To integrate the LHS, we factor
. 1 5 1—+/5
w—2u—1=@w+1)w —u—1)=(u+1)(u— +2\/_)(u— 2\/—)
and use partial fractions to write
2 _ 2 26+ 3v/5/2) L Y6B- V5)
(u+ 1) (u— E5) (- 155)  u+tl u— 15 u— 125

Since these numbers are so ugly, it is easier to just write the LHS as

2 A B

u+l u—ry u—ry

Then integrating both sides, we get:
2In(u+ 1)+ Aln(u — 1) + Bln(u — ry) = In(z) + C,
and exponentiating both sides we get:
(u+1)*(u—r)u—ry)? = Cox or (y/z+1)2(y/z —r)(y/x —rs)? = Cya.

This is the solution with A, B, ry, r, as indicated.



(b) (5 points)
cos(y)dt + (y* — tsin(y))dy = 0.
This equation is not separable or linear, and is not homogeneous. So we test for
exactness:

0 . 9. 5 :
8—y(cos y) = —sin(y) = a(y — tsiny).

So the equation is exact! To solve it, we must find the potential function ¢(t,y). We
know that

59 = cos(y),

so that ¢(t,y) = tcos(y) + ¢g(y), where g(y) is a function depending only on y (and
not on t). We also know that

a%¢ = (%(t cos(y) + g(y)) = y* — tsin(y),

so that —tsin(y) + ¢'(y) = y*> — tsin(y). This shows that ¢'(y) = 2, so that g(y) =
1y® + C. Any constant will do, so we choose C' = 0.

Finally, our differential equation can be re-written as % ¢(t,y) = 0, so after integrat-
ing the solution is

1
o(t,y) = tcos(y) + §y3 = O,



3. (10 points) Bill is twenty-five years from retirement; in order to retire, Bill needs $500,000
in his saving’s account when he retires in order to maintain his current standard of living.
If Bill has $100,000 in his saving’s account right now, and the account earns 5% annu-
ally (compounded continuously), how much does Bill need to save each year to reach his
goal? (Assume that Bill continuously deposits this annual sum into his saving’s account.)

We measure time in years. If y(¢) denotes the amount of money in Bill’s saving’s account
t year’s from now, then we model y(t) by:

dy

— =ry+k,

it~ "
where 7 is the interest rate and k is the amount deposited each year (deposited continu-

ously). So we have:
y' = 0.05y + k.

This is a separable equation: = dt, and integrating yields 201n(0.05y + k) =t + C.

Solving for y:

dy
0.05y+k
y = Chet’? — 20k.

We may solve for (,, since we know that y(0) = 100,000. Then 100,000 + 20k = Cs.
Finally, we solve for k using that y(25) = 500, 000. Then

500,000 = (100,000 + 20k)e?/2° — 20k.
= 500,000 — 100, 000e*/2° = 20k(e*/?° — 1)
500,000 — 100, 000e%%/20

k = $3031.02.
20( =) $3031.0




4. Solve the following IVP’s:

(a) (5 points)

i / y(()) = 1
Yy =3y +4y =0
y(0)=0
The characteristic equation is r* — 3r+4 = 0, so using the quadratic formula we have
p— VO Vz_4(4) = % + gz Then we can choose either root, say r = % + gi, and find

the real and imaginary parts of

et = 3?2 [cos (gt) + ¢ sin (gt)] )

(Here we have used Euler’s formula, as usual.) Then the general solution is
&
y(t) = 12 cos(tVT/2) + ™% sin(tV/7/2).

(b) (5 points)

y(0)=1

y'(0)=0

We have the same homogeneous solution as the previous case, so we need to find a

particular solution. I will use the method of undetermined coefficients: let y,(t) =
Asint + Bcost. Then

y" — 3y + 4y = sin(t) {

sin(t) = gt — 39, + 4
= [~Asint — Bcost] — 3[Acost — Bsint] + 4[Asint + B cost]
=[-A+ 3B +4A]sint + [-B — 3A + 4B] cost.

We have the system of equations 34 + 3B = 1and —34 + 3B = 0. Thus A = B = {.
So

1
y(t) = yn(t) + yp(t) = c13/% cos(tVT/2) + coe®/? sin(tV/7/2) + é(sint + cost).
Now we use the initial conditions to find ¢; and ¢»:

1
y(O):1201+6

3 VT 1
y/(0)202501+762+6.

Solving this system gives ¢, = §, and ¢, = — ;7. Thus

> 1 1
y(t) = 6(33’5/2 cos(tV7/2) + ——7€3t/2 sin(tV7/2) + é(sint + cost)

677



5. Find the general solution to the following differential equations:

(a) (5 points)
y' — 4y +4y=0
The characteristic equation is 7* — 4r + 4 = (r — 2)%; since r = 2 is a double root, the

general solution is
y = c1e® + cote?.

(b) (5 points)
y// o Sy' 4 2y — €2t.

The characteristic equation is 72 —3r+2 = (r—2)(r—1). So the homogeneous solution

is yn(t) = c1€*" + coe'. The particular solution is of the form y,(t) = Ate'. (We must

multiply by ¢! because 2 is a root of the homogeneous equation of order 1.) Then we
solve for A:

e =y — 3y, + 2y,
= [24e" + Ate'] — 3[Ae! + Ate'] 4 2Ate*
= Ae'[2+t— 3 — 3t +2t] = —Ae’.

We conclude that A = —1, so that y,(t) = —te’. Finally,

y<t) = yh@) + yp(t) = 01€2t + Czet — te'.



6. (10 points) Suppose that the motion of a spring-mass system satisfies
u” +u' + 1.5u = sin(t)

and that the mass starts (¢ = 0) at the equilibrium position from rest. Find the steady-state
solution (the approximate solution for large values of ?).

The characteristic equation is P +r+15=0s0r = —% + %\/52 It follows from Euler’s
equation that the homogeneous solution is

yn(t) = e 7% (c; cos(tV/5/2) + ¢y sin(tV/5/2)).
Ast — oo, this goes to zero, so this is part of the transient solution, and not the steady-state

solution.

Now we find the particular solution. It must be of the form wu,(t) = Acos(t) + Bsin(?).
Alternatively, we can replace the driving function sin(t) with €, since Im(e™) = sin(t).
We take this second approach here. Then we let y,(t) = Ae”, and

e =yr 4y, + 1.5y,
= [~ Ae"] + [Aie™] + 1.5[Ae™]
= Ae[-1+1i+ 1.5] = (1/2 + i) Ae™.
It follows that A = ﬁ
i[2/5sin(t) — 4/5 cos(t)].

Since we are interested in the imaginary part of the solution, we get that

— 24 Finally, y,(t) = (2/5—4/5i)e™ = [2/5 cos(t)+4/5 sin 9t)] +

up(t) = Im(y,(t)) = 2/5sin(t) — 4/5 cos(t).

This is the steady-state solution.



7. (10 points) Compute the following Laplace transform using the definition (i.e. without

using the table):
L{te"}

By definition:

L{te} = / et te®dt = / e~ 5=ty
0 0

t —(s—a)t B 1 0
LT oo+ / e (=t gy
—(s—a) s—a J,

—(s—a)t

—e _
—0+ = =0+

(s —a)?

For the second line, we did integration by parts.

1
(s —a)*



8. (10 points) Find the inverse Laplace transform of

e~ TS e—27rs

s(s —1)(s —2)

F(s) =
using the table.

The inverse Laplace transform is linear, so we can split up the problem as

L7F(s)y =L {e™H(s)} — L7 {e > H(s)},

where H(s) = m Each of the functions on the right is in the form where we can

use the translation formula: number 13 on the Laplace transform sheet. However, in order
to use this formula we need to know h(t) = L' {H(s)}. Since H(s) is a rational function
(a quotient of polynomials), we need to use partial fractions to put it in a form we can
identify on the table. Use the cover-up method to get

1 12 -1 1/2

) = o=~ s 51 s-2

then we have that

h(t) = L7 {H(s)}

:1/25—1{2}—c—l{sil}ﬂ/%—l{siQ}

=1/2-1—1-e" +1/2-¢*,

Now that we know A(t), we can use the translation formula to get

L7 e ™ H(s)} = up(t)h(t — ) = ug(t) (1/2 — &7 4 1/2620)
,C—l {G_QWSH(S)} = Ugﬂ(t)h(t — 271‘) = U27r<t) (1/2 — pl—2m + 1/262(t—27r)) .

Finally,

LTHF(s)} = ux(t) (1/2 — et 4 1/262(t—7r)) — Ugr(t) (1/2 ety 1/262(t—27r)> ‘



9. (10 points) Use the Laplace transform to solve the following IVP:

/2, 0<t<6 y(0) = 0
. ©
t—3, 61t y'(0) = 1.

We want to take the Laplace transform of both sides, but first we need to write the driving
function in a more usable form. Observe that the driving function ¢(t) = t/2+us(t)(—t/2+
t — 3). This can be re-written as

1
g(t)=t/2 + §u6(t)(t — 6).
We denote Y (s) = L {y(t)}. We take the Laplace transform of both sides and get

1+e 68

SV (5) =1+ Y () = — 5,

so that
1 1 1+4¢6s

Y(s) = = .
(s) 5241 +282(82+1)
To finish the problem we just need to take the inverse transform of both sides. The first
term on the RHS has inverse transform sin(¢). The other term can be broken up as

L 14+e® 1 1

—6s
S F
252(s2+1) 2 e E(s),
where F( )= I i - To evaluate the inverse transform of either term, we need to know

ft)=LYF(s )) So we use partial fractions to get

F(s) = 1 _A+B+C’s+D
8_52(32+1)—s s2 0 s24+1

If you “clear the denominators” — you will get
1=As(s> +1)+ B(s* + 1) + (Cs + D)s?

Now, choose special values of s: namely s = 0 and s = ¢ = y/—1. This gives you that
B =1and then C' = 0, D = —1. Finally, choose any other value (say s = 1) and get A = 0.

Thus
1 1 1

FO) = amin =% #51
so that f(t) =t — sin(¢). Then
L e % F(s)) = ug(t)f(t — 6) = ug(t)(t — 6 — sin(t — 6)),

so that . .
t
y(t) = §t t3 sin(t) + u62( )

(t— 6 — sin(t — 6)).



10. (1+ points) Your friend Tim is bad at calculus. He saw you working on the following

integral:
t
/ e’ cos(s)ds,
0
and suggested that it is equal to

/ot erds /Ot cos(s)ds = (' — 1) sin(t).

(a) (1 point) Verity directly that this “solution” is incorrect by computing it’s derivative.
(Explain what the derivative would be if Tim were correct.)

We differentiate and get e’ sin(t) + e cos(t) — cos(t). If Tim were correct, then by the
fundamental theorem of calculus, this should be the same function as the integrand,
e’ cos(t), which is not the case. So Tim is incorrect.

(b) (2 bonus points) Tim suggests that he was just “unlucky” with cos(s), and that his
rule “usually works.” You are not convinced, so you consider Tim’s identity:

[ ers= - [ s

By differentiating the equation (both sides) twice — and using the Fundamental the-
orem of calculus - find a separable differential equation that f(¢) must satisfy for
Tim’s rule to work. Solve it for f(¢). Does Tim's rule “usually work”?

We differentiate both sides twice:

ﬂ:é/f®%+w—nﬂﬂ
F(H) + e F (1) = e £(0) l/f (s)ds + e f(t) + (" — 1)f'(2).

The two equations reduce to
t
= / f(s)ds

Foy=c s+ [ s
Combining these, we get f'(t) = e'f(t) + f(t) = (¢! + 1)f(¢t). This is a separable
differential equation, which we solve to get In(f) = ¢' + ¢+ C, or
ft) = Aece.

So Tim’s rule does not “usually” work. (In fact, it only works if f(¢) = 0. But if
you replace 0 in the lower limit by —oo, then it will work for precisely the functions
found above.)



Table of Laplace transforms:

f(t) = L7H{EF(s)}

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

at
t", n = positive integer
tr, p>-—1
sin at
cos at
sinh at
cosh at
e sin bt
e cos bt

t"e™, n = positive integer

n!
s, $>0

I'(p+1
gﬂ), s>0

s>0

_a
52 +a2 I

s>0

s
52 +a2 I

s> |al

s2_qg2

s> |al

s2_qg2

b

(s—a)2+b2> 5>a

sS—a

(s—a)?+b2> 5>a

n!
(s—a)nt1

e—CS

s>0

s 7

e “F(s)



