MATH 309B
FINAL SOLUTIONS
June 9, 2008

1. (25 points) Find the solution to the initial value problem

1 -1 2

xX=1-10 1 ]x,x0)=10

0 0 0 1
SOLUTION The first step is to compute the eigenvalues of our matrix.

-A 1 -1
det [ =1 —XA 1 | =—Adet (‘OA _1A> — det (_01 _&) =
0 0 —A
AN A= AN+ 1),

Thus, the eigenvalues are 0, £:. The next step is compute the eigenvectors associated
to each eigenvalue. For A = 0, we solve

0 1 -1
-1 0 1 ]&=0
0 0 O
to get
& =
For \ =1, we solve
- 1 -1
-1 — 1 |&=0
0 0 —

by placing it an augmented matrix and reducing.

—21—1|ORRRR—110]O
1 — 1 o) frETEs L 0 | o) M
0 0 — | 0 0 0 — | 0
O 0 0 | O
-1 — 0 | 0
0O 0 — | 0
so we can take
1
51: -1
0



We know that an eigenvector, &_,, with eigenvalue — is just the conjugate of &,. So,
—1
E.=|-1
0

Thus, the general (complex-valued) solution to our system of ODEs is

1 { —1
x(t)=c |1 ]| +c|-1]e"+e3|—1]e™
1 0 0

To get a general real-valued solution, we take the real and imaginary parts of

1 — sin(t) cos(t)
—1]e*=|—cos(t) | +2 | —sin(t)
0 0 0
to get
1 — sin(t) cos(t)
x(t)=c | 1] +co | —cos(t) | +c3 | —sin(t)
1 0 0

To solve the initial value problem, we need to choose ¢y, cq, c3 so that

1 0 1 2
33(0) =C 1 + C9 —1 + c3 0 = 0
1 0 0 1

We can take ¢; = ¢ = ¢3 = 1 to get our solution

1 — sin(t) + cos(t)
x(t)=11- cos(tl) — sin(t)

. (40 points) Find the general solution to the nonhomogeneous system of ODEs

, (3 4 et
(0 )el)

SOLUTION We first find the general solution to the corresponding homogeneous
system. We compute eigenvalues and eigenvectors.

3—\ 4 e
det( 1 _1_)\)—/\ — 22+ 1.



So the only eigenvalue is A = 1. We see what the possible eigenvectors are by solving

2 4
(—1 —2) & =0
e~ (2)

Thus, we do not have a basis of eigenvectors, but we do have one solution

The only possible solutions are

The other solution, for our fundamental set, is of the form

(Mt + mo)e".

Substituting into the differential equations and equating coefficients we need to solve

3 4\

-1 =1 m=m

3 4\

-1 =1 770—771+770-

71 is a eigenvector so we must have

wee(3)

To solve for 1y, we put everything into an augmented matrix and row reduce.

24|26R1i2>R200|0
1 -2 | —c 1 -2 | —c

_(c—2y
770—( y )

For some c and y. We can take c =1 and y = 0 to get

we (1)

Thus, the general solution to homogeneous equation is

or=a(2)eva (3 (2)¢)

3



We now need a single solution to the inhomogeneous equation. Since there is not
a basis of eigenvectors for our coefficient matrix, we cannot use the method of di-
agonalization to get this solution. We use the two remaining methods to get the
solution.

First, we use the method of undetermined coefficients. We split our inhomogeneous

term into
L et + 0) ¢t
0 1
oo (3 ) o (1)
“\l-1 —1)* 7o)€
r (3 4 n 0\ .
xX'={ " )x+(])e

separately, find solutions to each, and superpose them.

and consider

and

For the first differential equation, we guess our solution is of the form ae™t. Subsi-
tuting this ansatz into the differential equation, we need to solve

o)

We put this into augmented form and get
4 4 | -1
-1 0] 0)°
o — 0
o \—-1/4)°

For the second differential equation, we guess our solution is of the form

Thus,

(%ﬁQtQ + Byt + ﬂo) el

Subsituting into the differential gives the following equations for the 3:

(_31 _41) B = o

<_31 _41) B1 =P+ B2

<_31 _41) Bo = Bo+ B1— ((1]) .



We have solved the first two equations already:.

o)
= (7")

To solve for By, we look again at the augmented matrix and reduce.

2 4 | c—2y Riy2ry (00 | ¢—2
1 -2 | y-1 1 =2 | y—1)°

For this to have a solution, we need ¢ = 2. We can take y = 1 and By = 0. Thus, a

solution to
(4 ) )
(_21) %’ + (?) te'.
_ (5 ) ()
= (B () () (4 (2o ()

Now, we find a solution using the method of variation of parameters. The fundamental

matrix is . . .
2e* 2te' +e
X(t) = ( t —tet ) .

18

The general solution to

Its inverse is

—te! —2te! — et —te ! —2tet —et
1y -2t _
X (t)=e ( ol 90t ) = ( ot 90—t ) .

Let us compute the integral first.
t s/ —s _ -5 _ ,—s —s t s/ ,—25 _
/( st 2se 736 )(es)ds:/( se o 2s 1)ds:
t e 2e e to e 42

1l.,-2s  1,-2s .2 t
55€ : 426 s S
—5€ 7 +12s

to



We set tg = 0 and get

1, —2¢ 1 —2¢ 2 1
ste e =t —t 4+ 5\
—se 2t + 1

(e, (2" 2t et [(Ste e -2 —t4+ 1)
; X7 (s) (es)ds— (_et et —%6_2t+2t+% =

1/0 _t 2 94 1 (2 . 1[4 ‘
Z(—1>6 +<_1)te+§ 1 te —I—Z 1 e.

The general solution is then

coma(2)ea((2)e ()
e (e (e (1)

3. (25 points) Determine if the following statements are true or false. DO NOT JUS-
TIFY YOUR ANSWERS.

(a)

One can use the method of diagonalization to get a solution to the following
inhomogeneous systems of ODEs:

(21 +t*1
X=\o1 0/ st )

SOLUTION: FALSE. There is not a basis of eigenvectors.
The integral

/O7r sin(x) sin(nzx)dx

is zero for alln =0,1,2,...
SOLUTION: FALSE. The integral is zero for n # 1, but nonzero for n = 1.

0
The Neumann problem on any region {2 with a—u = 0 on 0 has only the trivial
n
solution (i.e. u=0).
SOLUTION: FALSE. u = ¢ for any constant c¢ is a solution.

The method of separation of variables applied to the PDE
Uggy + UgUp + U = 0

gives two independent ODEs in ¢ and =x.
SOLUTION: FALSE.



(e) For any constant coefficient, linear, homogeneous system of ODEs, one can write
down an explicit fundamental set of solutions.

SOLUTION: TRUE.

4. (20 points) Find the fundamental solutions to the heat equation
Ugy = Ut

with boundary conditions
u(t,0) =0 = u(t,m)

where 0 <t < oo and 0 < z < mw. Use them to solve the heat equation with the
above boundary conditions and initial data

u(0,x) = sin(%r).

SOLUTION: We use separation of variables to find the fundamental set of solutions.
If we assume that u(t,z) = T'(t) X () is a solution, we get the two ODEs
X"+AX =0
T+ \T =0.
If we incorporate the boundary conditions, we need
u(t,0) =T(t)X(0) =0
u(t, ™) =T (t)X'(r) = 0.
So X(0) = X'(m) = 0. If A < 0, set A\ = —p?  Then, the general solution to

X"+ XX =0is
X(x) = 1" + cge™*

and X(0) = ¢; + 2, X'(7) = p(c1e*™ — cpe™#7). Our boundary conditions force
1 = —¢o and then e#™ 4+ e ™ = (. e” is positive for any real = so we have no nonzero
solutions in this case. If A is zero, then the general solution is

X(z) =1+ cox
and X(0) = ¢, X'(7m) = ¢o. Thus, in this case, there are no nonzero solutions. If
A >0, set A= p2, > 0. Then, the general solution is
X(z) = ¢q cos(ux) + co sin(pux)
and X (0) = ¢; and X'(7) = pegcos(um). We need ¢ = 0 and cos(um) = 0. So
p=m—1/2form=1,2,...So A= (m—1/2)% Solving T" + (m — 1/2)*T = 0 we
get our fundamental set of solutions

U (t,3) = e~ V2D gin((m — 1/2)x).
If we take m = 2, then we see that uy(t, ) solves the heat equation with us(t,0) =0

and (uz),(t,7) = 0 and uy(0,z) = sin(%v),



5. (20 points) Solve the wave equation

Ugy = Ut
uz(t,0) = u,(t,m) =0
U(0,$) =0 ) Ut(O,JT) = g(l’)

with 0 <1 < 00,0 < z < 7 and initial data

x 0<z<m/2
g(x) =
T—z w/2<z<T.

Write your solution as a linear combination of left and right moving waves.

SOLUTION: In this case, we know that the solution is

1 o0
u(t,z) = Qkot + Z k, sin(nt) cos(nx)
n=1

where 5 ~
k, = — d
o g(x) cos(nx)dx
for n > 0 and 5
ko = —/ g(x)dx.
™ Jo

We compute k first.

2 7r/2 iy 2 2
k;(]:—(/ xdm—I—/ (7r—x)dx>:—<$—
m 0 71./2 m 2

Now, we compute k,, for n > 0.

) w/2 T
ko = — / x cos(nz)dx + / (m — x) cos(nz)dx | .
nm 0 w/2

1 1
dz = s —
/xcos(nx) z=—u sin(nx) + o cos(nx)
SO p
T s nmw 1 nmw 1
dr = 2 gin(20y 4 2 cog(Zly - 2
/0 x cos(nx)dx o sin( 5 )+ = cos( 5 ) e
And,

s 1 1
- /ﬂ/zxcos(nx)dx = cos(nm) + % sin(ng) + — Cos(n;)’

T T nm
dr = ——sin(—
/ﬂ/;rcos(nm) x . sin( 5 )



SO

k, = E(Q COS(%T) —cos(nm) — 1)
Thus,
0 n =4m
0 n=4m-+1
kn=1<¢ 4
= n=4m+2

0 n =4m + 3.

u(t,z) = % (%(m +t) + Z knsin(n(x +1t)) — (%(m —t)+ Z k, sin(n(x — t))))

n=1 n=1

is the decomposition into a superposition of left and right moving waves.
. (20 points) Solve the following Dirichlet problem in the unit disc {(z,y) | 2*+y* < 1}.
Au(r,8) =0,

(1,0) 0 0<b<m
u o
’ 1 7 <6 <2m.

SOLUTION: We know that

0 n
— §+Zr Cn cos(nb) + ky, sin(nd))

n=1

where

2m
/ u(1,0) cos(nd)do
0

|

and

>1|'—

2m
/ u(1,0) sin(nd)do.
0

We first compute cg.

Now we compute c,.

Now we compute k,.

0 n=2m

27
1
= —(cos(nm) —1) =
W) mr( ( ) ) {;—: n=2m+ 1.

e

1 27 . 1
k, = —/ sin(nf)df = vl cos(nf)



