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SCHUBERT POLYNOMIALS FOR THE CLASSICAL GROUPS

SARA BILLEY AND MARK HAIMAN

1. INTRODUCTION

The task of a theory of Schubert polynomials is to produce explicit represen-
tatives for Schubert classes in the cohomology ring of a flag variety, and to do
so in a manner that is as natural as possible from a combinatorial point of view.

To explain more fully, let us review a special case, the Schubert calculus
for Grassmannians, where one asks for the number of linear spaces of given
dimension satisfying certain geometric conditions. A typical problem is to find
the number of lines meeting four given lines in general position in 3-space
(answer below). For each of the four given lines, the set of lines meeting it is a
Schubert variety in the Grassmannian and we want the number of intersection
points of these four subvarieties.

In the modern solution of this problem, the Schubert varieties induce canon-
ical elements of the cohomology ring of the Grassmannian, called Schubert
classes. The product of these Schubert classes is the class of a point times the
number of intersection points, counted with appropriate multiplicities. This
reformulation of the problem, though one of the great achievements of alge-
braic geometry, is only part of a solution. It remains to give a concrete model
for the cohomology ring that makes explicit computation with Schubert classes
possible.

As it happens, the cohomology rings of Grassmannians can be identified with
quotients of a polynomial ring so that Schubert classes correspond to Schur
functions. Intersection numbers such as we are considering then turn out to be
Littlewood-Richardson coefficients. For example, the answer to our four-lines
problem is the coefficient of the Schur function 52,2 in the product 3(41) , or
2. For an extended treatment and history of the subject, see [10], [11], [18].

The identification of Schur functions as Schubert polynomials for Grass-
mannians is a consequence of a more general and now highly developed the-
ory of Schubert polynomials for the flag varieties of the special linear groups
SL(n, C). The starting point for this more general theory is a construction of
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Schubert classes by Bernstein—Gelfand-Gelfand [1] and Demazure [4]. Consid-
ering the flag variety of any simple complex Lie group, they show that beginning
with a cohomology class of highest codimension (the Schubert class of a point),
one obtains all Schubert classes by applying a succession of divided difference
operators corresponding to simple roots.

At the level of computation in the cohomology ring, the preceding construc-
tion is quite explicit. It can be made even more explicit by selecting a spe-
cific polynomial to represent the top cohomology class. At first glance one sees
no preferred way of making this choice. For the groups SL(n, C), however,
Lascoux and Schiitzenberger [12] made the crucial observation that one par-
ticular choice yields Schubert polynomials that represent the Schubert classes
simultaneously for all n. This has led to a far-reaching theory with beautiful
combinatorial ramifications, developed in [3], [7], [13].

Our goal in the present work is to replicate the theory of SL(n, C) Schubert
polynomials for the other infinite families of classical Lie groups and their flag
varieties—the orthogonal groups SO(2n, C) and SO(2n + 1, C) and the sym-
plectic groups Sp(2n, C). In principle, the program for doing this is simple.
Within each family, the flag variety of order n embeds into the one of order
n+ 1 as a Schubert variety, inducing maps on cohomology that send Schubert
classes to Schubert classes. This set-up yields Schubert polynomials in the in-
verse limit, which can be calculated as the unique solution of an infinite system
of divided difference equations.

In practice, there are delicate aspects to carrying out the program. The ring in
which the Schubert polynomials lie must be correctly identified, and a particular
change of variables made in order to express them in their natural form. The
divided difference equations corresponding to generators of the symmetric group
are easily dealt with, because our theory for SL(n, C) reduces to the existing
Lascoux-Schiitzenberger theory. The action of the ‘extra’ generators for the
other Weyl groups is subtle, however, and their proper handling is the key to
our calculations.

Ultimately, we solve the defining equations with polynomials defined by two
equivalent formulas. One is an analog of the Billey-Jockusch-Stanley formula,
while the other, which has no counterpart in the SL(n) theory, expresses our
polynomials in terms of SL(n) Schubert polynomials and Schur Q- or P-
functions. Our second formula involves the ‘shifted Edelman—-Greene corre-
spondences’ introduced in [9]. The mysterious ‘third’ correspondence found
in that paper (and inappropriately called “type C” there) turns out to be the
natural correspondence for the family D, of even orthogonal groups.

Implicit in our results are new proofs of theorems of Pragacz [15] identifying
the Schubert polynomials for isotropic Grassmannians—varieties consisting of
subspaces isotropic with respect to a symplectic form on C™ ora symmetric
form on C*" or C*"*'. Pragacz shows that these Schubert polynomials are
Schur Q- or P-functions, in the same sense that the Schubert polynomials for
ordinary Grassmannians are ordinary Schur functions.
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Fomin and Kirillov [6] independently conjectured a formula almost iden-
tical to our Theorem 3, (2.5) for symplectic Schubert polynomials, based on
considerations very different from ours. This suggests the possibility that these
polynomials may be significant in as yet unexpected contexts.

Logically speaking, geometry enters our work primarily as motivation, the
proofs of the main theorems being entirely elementary in nature. The one
exception for which we must appeal to a geometric proof is Theorem S5—the
non-negativity of product expansion coefficients. In principle, the paper can
be read and understood without any knowledge of Lie groups, flag varieties,
or cohomology, if one is willing to accept on faith the raison d’etre for the
construction.

2. DEFINITIONS, SYNOPSIS, AND GEOMETRIC UNDERPINNINGS

We begin this section with our definition of Schubert polynomials and a
synopsis of the main theorems, followed by a review of the geometry needed
to justify our definitions as correct and essentially inevitable, and to establish
Theorem 5.

In Section 3 we introduce the combinatorial and symmetric function ma-
chinery we will need. Finally in Section 4, having formulated the problem as
a system of divided difference equations, we prove directly that the solutions
exist, are unique, are given by our formulas, and form an integral basis for the
ring in which they lie.

Let Q[z,, z,, ...] be the ring of polynomials in countably many variables

z;. Although the number of variables is infinite, a polynomial always has a

finite number of terms. Let p, = zf + lec + --- denote the k-th power sum—a

formal power series, not a polynomial. Then Q[z,, z,, ... ; p;, P;,...] is the
ring of formal power series which are polynomials in the z; and the p, (k
odd). These are all algebraically independent, so Q[z,, z,, ... ; p;, D3, ...]

can also be regarded simply as the polynomial ring in variables z;, and p, .

The infinite hyperoctahedral group B__ is the union J ., B, , where B, is
the group of signed permutations on {1, ..., n}. Here we regard B, as a
subgroup of B, for m < n in the obvious way. B_ is generated by the
transpositions o; = (i i+1) and the sign change g,(1) = 1. We make B_
act on the formal power series ring Q[z,, z,,...] by letting o, interchange
z; and z; ,, for i > 1, and letting o, replace z; with —z, . Restricting this
action to the rings Q[z,, z,,...] and Q[z,, z,, ... ; P;, D3, ...], We see that
the o, act as described on the z’s, that o, fixes the p,’s for /i > 1, and that
OoPy =Py~ 22} -

The symmetric groups S, and their union S_ act as subgroups of B_
generated by the transpositions g, for i > 1.

The group D, is the subgroup of elements w € B, which make an even
number of sign changes. Their union we denote D_ . The standard generators
for these groups are o, for { > 1 and an additional generator o; = 0,,0,0,
which replaces z, with —z, and z, with —z,.
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On the rings Q[z,, z,,...] and Q[z,, z,,... ; p,, P, ...] we define di-
vided difference operators

f—aif .
o.f = Z -z, (i>1),
% = f——zzOf’
2.1) f_alf
0 f ==
f-oif

The denominator in each case is a linear form defining the hyperplane fixed by
the reflection o, , so these fractions are actually polynomials.

Definition. The Schubert polynomials of type A are elements &, 6 €
Qlz,, z,,...] for w € §_, satisfying the equations

06, = {Gwa,. if (wo,) < [(w),

(2.2) :
0 ifl(wa) > l(w),

for all i > 1, together with the condition that the constant term of &, is 1 if
w =1 and 0 otherwise.

Definition. The Schubert polynomials of type C are elements € €
Qlz,, z,, ... ; Py, D3, ...] for w € B satisfying the equations

{%ai if [(wa,) < l(w),

(2.3) 9.¢ = ]
0 if [(wa,;) > l(w),

1w

for all i > 0, together with the condition that the constant term of € is 1
if w =1 and 0 otherwise. The Schubert polynomials of type B are ‘B, =
2_s(w)¢w , where s(w) is the number of signs changed by w. These satisfy
equations (2.3) with 6: in place of 9.

Definition. The Schubert polynomials of type D are elements D, €
Qlz,, zy, ... s P;, Py, ...] for w € D_ satisfying the equations

o0, = {@Wi if l(wa,) < l(w),

(2.4) ]
0 if (wo,) > [(w),

forall i >1 and i = 1, together with the condition that the constant term of

D, is 1 if w =1 and O otherwise.

In the above definitions /(w) refers to the minimum length of an expression
for w as a product of the simple reflections o, generating the given group.
This is well defined in S__, B__, and D_, since length of w in the Coxeter
group S,, B, ,or D, is independent of n.
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Theorem 1. Solutions of the defining equations for each type of Schubert polyno-
mial exist and are unique.

Theorem 2. The Schubert polynomials of type A are the same as those defined
by Lascoux-Schiitzenberger [12].

To state our main results in their most attractive form, we replace the ring

Qlz,, zy, ... 5Py> P35 ---]

with the isomorphic ring
Q[Zla 225 s 9p1(X)sp3(X)’ '”]:

where p, (X) = xf + x;‘ + --- are power sums in new variables, and we identify
p (X) with —p,(Z)/2.

Recall (or see Section 3) that the Schur Q-functions Q ’ (X), for u apartition
with distinct parts, form a basis for the subring Q[p,(X), p;(X),...] of the
ring of symmetric functions in the variables X . One also defines P”(X ) =

2@ (X). Then the subrings Z[Q,(X)] and Z[P,(X)] have integral bases
{Q,(X)} and {P,(X)} respectively. '

Theorem 3. The Schubert polynomials € are given by

(2.5) ¢, = >,  F(X)86,(2),
uv=w
1(u)+1(v)=I(w)
ves,,
where F,(X) is a certain non-negative integral linear combination of Schur
Q-functions computed from u € B_ via the B, Edelman-Greene corre-
spondence (see Section 3). The polynomials &, are a Z-basis for the ring

Lz, z,, ... ; Q,(X)1. The polynomials B, = 2_3(“’)¢w are a Z-basis for
Lz, zy, ... ; Pu(X)]. Given a partition p = (U, > p, > --- > u;) with distinct
parts, let

(2.6) W= iy 12

Then we have

(2.7) ¢, =0Q,X), B,=P(X)

In (2.6) the bars denote minus signs, and the ellipsis at the end stands for the
remaining positive integers, omitting the u,’s, in increasing order. These nota-
tional conventions for signed permutations will be used below without further
comment.

Theorem 4. The Schubert polynomials ©,, are given by
(2.8) 9,= Y, EMX)8,(2),

w u v

uv=w
I(w)y+l(v)=l(w)
vES
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where E (X) is a certain non-negative integral linear combination of Schur
P-functions computed from u € D_ via the D, Edelman-Greene corre-
spondence (see Section 3). The polynomials ©, are a Z-basis for the ring
2z, z,, ... ; P(X)]. Given a partition p= (> p, > -+ > jt)) with distinct
parts, let v, = 1+ u,, taking p, = 0 if necessary to make the number of parts
even. Then for

(2.9) w:]j_ly—zc--'ﬂ;lz... ,
we have
(2.10) D, = P#(X).

Further formulas expressing 8B,, ¢,, and D, as sums over admissible
monomials for reduced decompositions of w are given in Section 4, where
they play a crucial role in the proofs of the theorems.

Theorem 5. In the product expansions

(2.11) 6,6,=> c,.6,
w

and like expansions for types B, C, and D, the coefficients c;‘; are non-
negative.

Proof. For n large enough, we have a homomorphism sending the Schubert
polynomials appearing here to Schubert classes. The coefficient c;‘; is therefore
the same as that appearing in (2.12) below. 0O

We now review the facts we require about flag varieties and their cohomology
rings. The goal is to discover a uniform definition of Schubert polynomials for
the classical families, and finally to specialize it to obtain our definitions (2.1)-
(2.4) of Schubert polynomials of types 4, B, C,and D. Along the way we fix
notation for the classical groups, describe their flag varieties concretely, and state
enough properties of Schubert classes to justify Theorem 5. The general theory
applies to any connected and simply connected semisimple complex Lie group
G, but we make things fully explicit only for the classical families. Primary
references are [1], [2].

Let B be a Borel subgroup of G. Abstractly, the flag variety is the space
of cosets X = G/B = {gB | g € G}, which is a smooth complex projective
variety. For the classical groups, the flag varieties have the following more
concrete descriptions.

For type 4,_,, G=SL(n, C) acts naturally on C" . The Borel subgroup B
of upper triangular matrices can be described as the stabilizer of the sequence
of subspaces E = (0 C (¢,) C (e,,€,) C---Cle,,e,,... ,e,_,) CC"), where
e; are the unit coordinate vectors. Hence we may identify X = G/B with the
variety of flags of subspaces F = (0 C F, C F, C --- C F,_, c C") satisfying
dimF, =d.
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For types B, (G =S0(2n+1,C)), C, (G =Sp(2n,C)),and D, (G =
SO(2n, C)), G is by definition the group of automorphisms preserving a non-
degenerate bilinear form (—, =) on ¥ = C* or C**'. For SO, this will
be a symmetric form; for Sp, a skew form (x, y) = —(y, x). To be definite,
let us agree that the matrix [(e;, €;)]; i of the form on unit coordinate vectors

shall be J,, or J, ., for SO, and [_OJ Jd’] for Sp, where J; is the / x/

‘reverse identity matrix’ with entries 1 on the anti-diagonal and 0 elsewhere.
With these choices, the upper triangular matrices in G form a Borel subgroup
in each case, which we take as B.

A subspace W C V is isotropicif (x,y) =0 forall x, y € W. An isotropic
flag is a partial flag F = (0 C F, C F, C --- C F,) with dimF; =d and F,
isotropic. (Note that maximal isotropic subspaces have dimension #.) Letting
FiJ’ denote the orthogonal complement of F;, we have Fn‘L C Fnl_ y C - C
Fll CV and F, C Fnl (in fact F, = FnL except for type B,). By adding the
orthogonal complements Fil , we thus extend each isotropic flag to a complete
flag, which of course has the same stabilizer in G . In particular, B is the sta-
bilizer of the isotropic flag E = (0 C (e;) C (e,,&,) C---C(e;,€,,... ,¢€,)).
Hence we identify X = G/B with the variety of isotropic flags. (Except for
type D, , where the space of isotropic flags has two components, correspond-
ing to the two cosets of SO(2n, C) in O(2n, C), and we identify X with the
component containing E .)

The B-orbits in X correspond to double cosets BgB in G. By the Bruhat
decomposition G = J,,,y BwB, the flags wE for w in the Weyl group W
form a system of representatives for these orbits. The orbit X, = BWE C X
is isomorphic to the affine cell c'e , where /(w) denotes length of w . These
cells are called Schubert cells and their closures Yw Schubert varieties. Since
X, is B-stable, it is a union of B-orbits X, .

For each w € W, the fundamental homology class of the subvariety 7 cX
determines an element [X le H. 2w )(X Z) and the decomposition of X into

Schubert cells implies that the elements [X »] forma Z-basisof H (X, Z). The

Schubert classes C,, € H¥™)(Xx, Q) are the dual basis defined by (C,,[X,1)=
J, ., » where (—, —) is the natural pairing of cohomology and homology.

Let w, denote the longest element of W . Then by [1], Corollary 3.19,
we have Cw wCw = Cwo, and C,C, =0 for [(v) + [(w) = [(w,) and v #
wyw . Thus C, is the cohomology class associated via Poincaré duality with

the algebraic cycle on » > In other words [onw] is the cap product of C, with
(X, 1

By intersection theory it follows that the coefficients c,, defined for /(u) +
[(v) = l(w) by setting

2.12) C,.C,=> ¢,C,, orequivalently C,C,C,, =c,,C

U T wyw uv wy ?
weWwW
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in H*(X, Q) are non-negative i_ntegers. Namely, c:; 1s the intersection number

of cycles equivalent to onu , X wgv ? and X, in general position.

As in [1], Proposition 1.3, we identify the rational cohomology ring H"(X)
with the quotient Q[P]/I of the symmetric algebra of the root space P by the
ideal I generated by all non-constant homogeneous W -invariant polynomials.
For each simple root a and corresponding reflection g, , we then define the

divided difference operator d, on Q[P] as in [1] by

(2.13) o f =

If 0, = g then clearly 0,(gf) = g0, f, which shows that the operators J_
carry the ideal I into itself, and therefore induce well-defined operators 6, on
H"(X). Theorem 3.14 of [1] states that the Schubert classes C, satisfy

C if / < l(w),
(2.14) aacw — 'UJG'O T (wa'a) ( )
0 if (wa,) > (w).
These equations, together with their dimensions and the fact that C, = 1,

determine the classes C, .

Embeddings of flag varieties, root systems, and Weyl groups arise when the
Dynkin diagram of one group is a subdiagram of another. Let D be a Dynkin
diagram of finite type and g the semisimple complex Lie algebra constructed
from it, with Cartan subalgebra §, Borel subalgebra b, root system A, and
basis of simple roots X. Let H C B C G be the corresponding connected and
simply connected semisimple complex Lie group with maximal torus H and
Borel subgroup B. Given a subset S C X of the simple roots let D' C D be
the subdiagram whose vertices correspond to the elements of S. We then have
maps ¢: G — G and d¢: ¢ — g, with $(B') C B and ¢(H') C H.

Dual to d¢ we have amap n: P — P’ between the root spaces. The map #
carries the subspace Q(S) C P spanned by S onto P’ and sends (ANQ(S), S)
isomorphically onto the root system (A’, X'). If we identify the Weyl group W'
with the subgroup of W generated by {g_ | a € S}, then 7 is W'-equivariant.

The isomorphisms Q[P]/I = H'(G/B) of [1] commute with the maps
¢": H'(G/B) — H*(G'/B') induced by ¢: G'/B' — G/B, and #: Q[P])/I —
Q[P')/I' induced by n: P — P'. Letting 8_, 8. denote respectively the di-
vided difference operators on Q[P)/I, Q[P']/I' correspondingtoaroot a € S,
we have 70, = _#. Hence by the remark following (2.14), ¢"(C,) = C, ,
where C, and C:H denote the respective Schubert classes in H*(G/B) and
H*(G'/B') indexed by w e W'.

For each classical family, let G, denote the n-th group—SL(n), Sp(2n),
SO(2n + 1), or SO(2n). We define maps ¢, : G, — G,,, from Dynkin
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diagram embeddings as shown below.

(2.15)
Type A : %% -1, U % @y Xy
(2.16)
Types B,C : % % % Y1, % % % %1 G
(2.17)

(8 (8] (87 (0] a a a
. 2 %3 % Ny 93 a0,
Type D : ai>—— L e OV-

In terms of the explicit matrix representations described earlier the maps ¢,
take the forms

Mo 1[0 1|0
(2.18) ¢,(M) = [ﬁ] for type A4; 0{ M|O]| for types B, C, D.
0[O0 |1

For type A, G = SL(n), we express the elements of H—the diagonal
matrices—in the form

z, .
(2.19) exp[ ] , wherez +---+z,=0.
Zn

Then the root space is P, = Q(z,, ..., z,)/Q(z, +--- + z,), the Weyl group
W is §,, and the cohomology ring is Q[P,1/I, = Qlz,, ... , z,1/(p,, D, --.)
where p, = z’f + -+ z'; . From (2.18) above we see that the map
:Qlzy, ..., z,,1/(Pys Dy -..) — Qlzy, ..., 2,1/(D;,P,y,...) is given by
sending z, , to zero. The simple roots are o; =z, — z;, .

For types B, C,and D, G=S0O(2n+ 1), Sp(2n), or SO(2n), we express
elements of H in the form

.._zn -

exp 0 for SO(2n + 1), or

(2.20) : s,

exp T for Sp(2n), SO(2n).

L z, d
In each case we then have P, = Q(z,,...,z,), W = B, for types B,

C or D, for type D, Q[P)/I, = Qlz,...,2,])/(p,,D,,...) for types
B and C, modulo an additional invariant z,---z, € I, for type D, and

7: QP, ., 1/1,,, — Q[P,]/I, given by sending z, , to zero. The simple roots
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are o, @,,... ,a, , fortypes B, C, and ¢;,q,,...,, , for type D,
where oy = —z, for type C, o, = -2z, for type B, o; = -z, — z,, and
for i=1,2,... as before.

=2, Ziy
Now we come to the general definition of Schubert polynomials.

Definition. For any of the classical families 4, B, C, or D, let the n-th group
be G, , with Weyl group W, and flag variety X, . Let W_ = lim W, be the
direct limit of the Weyl groups. For w € W_ the Schubert polynomial S, is
the element lim C,, in the inverse limit lim H *(X,) of the system

(2.21) e HY(X) — H (X)) — .

In the explicit coordinates (2.19)-(2.20) the general divided difference equa-
tions (2.13)-(2.14) clearly specialize to our definitions (2.1)-(2.4). To fully
justify the original definitions we have only to verify that the Schubert polyno-
mials, defined now as elements of the inverse limit lim Q[P ]//, , belong to the
ring R = Q[z,, z,,...] (type 4) or R = Q[z,, z,, ... ; P, P3,..-] (types
B, C, D). Strictly speaking, we mean that the S, belong to the image of R
under the map R — limQ[P,]/I, induced by the obvious maps R — Q[P,1/], .

Given w € W_, let N be large enough so that w € W, . Then the equa-
tions 9,5, = 0 for { > N imply that S, is symmetric in all the variables
Zyi1> Zng2s -+ - Since S, is also homogeneous of degree /(w), its image in
Q[P,]/1, lies in the image of the subring R = Qlzy, ... ,zZy>P(5 - pl(w)].
But the image of R’ in Q[P /1, is constant for n > N, so the inverse limit
of this subsystem is the image of R’ in lim Q[P,]/1, . This shows S € R.

Finally, a few words on how our results generalize those of Pragacz [15] on
isotropic Grassmannians. Projecting each isotropic flag (0 c F, C F, C --- C
F,) on its last component F,, we map the flag variety of type B, C, or D
onto the corresponding isotropic Grassmannian, or variety of maximal isotropic
subspaces with respect to the given symmetric or symplectic form. In group-
theoretic terms, this projection is the natural map from G/B onto G/P, where
the parabolic subgroup P is the stabilizer of the space E, in the base flag E.
The Schubert varieties in the Grassmannian are, by definition, the closures of
B-orbits.

The map X = G/B — G/P induces a map embedding the cohomology ring
of the isotropic Grassmannian into H*(X) as the subring of W,-invariants,
where W), is the “parabolic” subgroup of the Weyl group for which P = W,B.
The embedding sends Schubert classes to Schubert classes, so we may identify
the Schubert polynomials for G/P with those Schubert polynomials for X
which are W, invariant (see [1] for details).

For isotropic Grassmannians, W, is S, , so the relevant Schubert polyno-
mials B8, , € , or D, are the ones indexed by signed permutations w with
w(i) < w(i+ 1) for all i. Of course, such a w has all its negative values
w(i) at the beginning, in decreasing order of absolute value, followed by all the
positive values in increasing order. In short, it has the form of equation (2.6)
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or (2.9), and the corresponding Schubert polynomial is therefore a Schur Q-
or P-function, according to Theorem 3 or 4. Thus we recover the theorems of
Pragacz.

3. THE SHIFTED EDELMAN-GREENE CORRESPONDENCE

In this section we review the shifted Edelman—-Greene correspondences from
[9] and use them to define symmetric functions associated with elements of
the Weyl groups B, and D,. These symmetric functions are the natural B,
and D, analogs of symmetric functions defined for elements of 4, by Stanley
[17]. For this reason we call them Stanley functions. Just as the A4, Stanley
functions are now understood to be ‘stable’ type 4 Schubert polynomials [13],
the B, and D, Stanley functions turn out to be specializations of type B and
D Schubert polynomials.

Our central results here are identities between the defining tableau forms
of the Stanley functions and more explicit monomial forms given by Propo-
sitions 3.4 and 3.10. Expressed in tableau form, the Stanley functions are
transparently non-negative integral combinations of Schur Q- and P-functions,
respectively. Expressed in monomial form, they are amenable to detailed com-
putations with divided difference operators. Both aspects are essential for the
proofs of our main theorems in Section 4.

At the end of this section we evaluate the Stanley functions for various special
elements of the Weyl groups. Most of these evaluations and some others not
given here were also found by J. Stembridge, T.-K. Lam, or both, in work not
yet published. They take the monomial forms as the definition, attributing
this to Fomin. We give a self-contained treatment here, since our methods are
new and the proofs simple. Note, however, that Propositions 3.13 and 3.14
were first proved by Stembridge, and Proposition 3.16 by Lam. They consider
Proposition 3.17 to be well known!

We begin by reviewing the combinatorial definition of Schur Q- and P-
functions. Recall that when x4 = (4, > pu, > --- > u;) is a partition with
distinct parts, the corresponding shifted shape is a sort of Ferrers diagram of
U, but with each row indented one space at the left from the preceding row, as
shown here for u=(7,4,3,1).

(3.1) | [ ]

A tableau of shape u is a function assigning to each cell in the shape an entry
from some totally ordered alphabet, so that the entries are non-decreasing along
each row and column. If the alphabet is the set of numbers {1, ... , n}, where
n = |u|, and the assignment of numbers to cells is bijective, the tableau is a
standard tableau. If the alphabet consists of numbers 1,2, ... and circled
numbers 1°, 2°, ..., with the ordering 1° < 1 <2° <2 < ---, the tableau is a
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circled tableau provided that no circled number is repeated in any row and no
uncircled number is repeated in any column.

If T is a circled tableau, its weight is the monomial x" in variables
X, X,, ... formed by taking the product over all entries in T of the variable
x; for an entry i or i°.

Definition. The Schur Q-function Q,(X) is the sum ZTxT, taken over all
circled tableaux of shifted shape u. The Schur P-function Pﬂ(X ) is defined to

be 2_1(")Q#(X) , where /(u) is the number of parts of u.

Note that the rules defining circled tableaux always permit free choice of
the circling for entries along the main diagonal. Consequently, P, can also be

described as the sum } .. xT, taken over circled tableaux with no circled entries
on the diagonal.

The following well-known basic facts can be derived (albeit with some effort)
from various theorems and exercises in [14].

Proposition 3.1. The Schur P- and Q-functions are the specializations
P(X;-1) and Q (X; —1) of the Hall-Littlewood polynomials P (X ;1) and
Qu(X s t), for u with distinct parts. Consequently, they are symmetric func-
tions in the variables X and they depend only upon the power sums p,(X) for
k odd. Moreover, the sets {P, (X)} and {Q,(X)} are Q-bases for the algebra
Qlp,(X), p5(X), . generated by odd power sums, and Z-bases for the subrings
Z[P,] and Z[Qﬂ] respectzvely.

For more detail on the combinatorial interpretation of P- and Q-functions,
consult [16], [20].

Next we need a description of Q-functions in terms of standard tableaux. If
T is a (shifted) standard tableau of size n, we say that j € {1,... ,n— 1}
is a descent of T if j+ 1 appears in a lower row than j in 7. The set of
descents is denoted D(7'). We say that j € {2,... ,n— 1} isa peak of T if
j—1 is an ascent and j is a descent. The set of peaks we denote P(T).

Givenaset P C {2,...,n— 1} (to be thought of as a peak set), we say that
a sequence i; < i, <--- < i, is P-admissible if we do not have i, = z Iiyy
forany j € P. Lettmg A(P) denote the set of P-admissible sequences we
define the shifted quasi-symmetric function

(3.2) O (X)= 3 My, x, o,

where [i| denotes the number of distinct values i i in the admissible sequence,
i.e., the number of distinct variables in the monomial.

Proposition 3.2. The Schur Q-function Qﬂ is equal to the sum 3y, 8‘}‘,‘('T)( ),
where T ranges over standard tableau of shifted shape u .
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Proof. Our argument is a routine one, involving subscripting the entries of each
circled tableau to get a standard tableau, so we only sketch it. A similar proof
of the analogous formula for Schur S-functions originated in unpublished work
of I. Gessel.

Given a circled tableau T, all entries i° and i for any given i form a
rim hook, not necessarily connected, with the i°’s occupying the vertical por-
tions and the i’s occupying the horizontals. To obtain an underlying standard
tableau, we distinguish all occurrences of i° by subscripts if , i; , ..., proceed-
ing downward by rows. In a similar fashion we distinguish occurrences of i
proceeding to the right by columns. By this subscripting we totally order all
entries of T ; replacing them by the numbers 1 through n = |T| in the same
order gives a standard tableau S(7').

Given S(7T) and the weight monomial xT, we immediately recover 7,
except for the circling. The entries of S(T) corresponding to i° and i form
a sequence which descends and then ascends, i.e., a sequence with no peak.
Henceforth we refer to such a sequence as a vee. We must have i° along the
descending part of the vee and i along the ascending part. Only the circling at
the ‘valley’ of the vee is undetermined. Thus there are 21 circled tableaux with
this particular weight and underlying standard tableau, where [i| is the number
of distinct indices in the weight monomial. Moreover, the combinations of

standard tableau S and weight monomial X; X e X that occur are exactly

those where the sequence i, < --- < i, is admissible for the peak set P(S).
This proves the proposition. O

Having completed our review of Q- and P-functions, we turn to the
Edelman-Greene correspondences and associated Stanley functions. We treat
B, first since everything we need is proven in [9]; for D, we will have to add
something.

Definition. A reduced word for an element w € B, is a sequence a = q,a, - q,
of indices 0 < a, < n—1 such that w is the product of simple reflections
o ---0, and [ = [(w) is minimal. We denote by R(w) the set of reduced

v:cl)rds f‘gr w . The peak set P(a) is theset {i€ {2,... ,[-1}|a,_  <a; >
Ay}

Definition. Let g, denote the shifted ‘staircase’ shape (2n—1,2n-3,... ,1)
of size n*. Let its corners be labeled 0,1,...,n—1 from the bottom row

to the top. If T is a standard tableau of shape B, , its promotion sequence
p(T) is the sequence q,---a,» in which q; is the label of the corner occupied

by the largest entry of pnz_’(T) . Here the promotion operator p is defined as
follows: to compute p(T), delete the largest entry of 7', perform a (shifted)
Jjeu-de-taquin slide into its cell, and fill the vacated upper-left corner with a new
least entry.

Since this definition is a bit complicated, we illustrate with a simple example.
Taking n = 2, let T be the first tableau pictured below. Its promotions p(7T),
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p2(T) , p3(T) are shown to its right, except we have suppressed the new entries
that should fill the upper left.

(3.3) [2]4] — [T112] - 1 12] = | i
3] » 3] » [ » [

L] L] L L

Each q; is 0 or 1, according to which corner is occupied by the largest entry
of p4_i(T) . Note that the largest entry of p4'i(T) is i itself, so a; records
the corner ultimately reached by entry i in the promotion process. Here the
sequence a = p(7T) is 0101.

Proposition 3.3 ( B, Edelman-Greene correspondence). The map T — p(T) is
a bijection from standard tableaux of shape B, to reduced words for the longest
element wy=12---7 of B,. The initial segment a, ---a, of the reduced word
P(T) determines the initial segment T, containing entries 1 through k of T .
Denoting T\, by I'(a,---a,), the number

(3.4) fyy ={a € R(w) | I(a) = S}
depends only on w and on the shape u of S. Finally, we have P(a) = P(I'(a))
for the peak sets.

Proof. All but the part about peak sets is proved in Proposition 6.1 and Theorem
6.3 of [9]. For the peak set part it suffices to show P(T) = P(p(T)) for T of
shape B, . For a peak at position n* -1 , that is, involving the largest three
entries of T, it is obvious that 7" has a peak if and only if p(7) does. For
other positions, the result follows because shifted jeu-de-taquin preserves the
peak set of a tableau. 0O

Using Proposition 3.3 we can now introduce well-defined symmetric func-
tions associated with elements of B, .

Definition. Let w be an element of B,. The B, Stanley function F,(X) is
defined by

(3.5) F,(X) =Y 10, (X).
u
The following crucial identity is an immediate consequence of Proposi-
tions 3.2 and 3.3.
Proposition 3.4.

H(w)
F,(X)= Y 6fX)
acR(w)

3. i
(30 =Y Y Mmxoon
1 2 1
aER(w) (i <---<i))
€A(P(a))
From (3.6) we obtain another important identity.

Corollary 3.5. For all w, F, (X)=F -i(X).
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Proof. Since F,, is a symmetric function, it is unaltered by reversing the indices
of the variables. Therefore (3.6) is equal to

3.7) Z E 2"x Xi Xy X

a€R(w) (i;,>--21i))
EA(P(a))

where the admissibility condition on a decreasing sequence is just as before:
no ij_1 =i = in when j is a peak. But then (i, > --- > i;) is admissible
for P(a) if and only if the reversed sequence (i, < --- < ;) is admissible for

P(a"), where a’ is the reverse of a, i.e., a general element of R(w™'). So (3.7)

reduces to (3.6) for w™'. O

The situation for D, is analogous to that for B, , but requires some new
information about the relevant Edelman-Greene correspondence.

Definition. A reduced word for w € D, is a sequence q,a, ---a; of the symbols

i,1,2,...,n—1 such that g, ++0, =w and [ = [(w) is minimal. As

before R(w) denotes the set of reduced words for w. A Slattened word is a
word obtained from a D, reduced word by changing all the I’sto 1’s. The peak
set P(a) is defined to be the peak set (in the obvious sense) of the corresponding
flattened word. A winnowed word is a word obtained from a B, reduced word
by deleting all the 0’s.

Definition. Let 6, denote the shifted ‘staircase’ shape (2n -2, 2n-4, ..., 2)
of size n(n —1). Let its corners be labeled 1, ... , n — 1 from the bottom row
to the top. If T is a standard tableau of shape &, , its promotion sequence p(T)
is the sequence a, - - Din1y in which a; is the label of the corner occupied by

the largest entry of p"" V7/(T).

In [9] it is shown that T — p(T) defines a bijection from standard tableaux
of shape é, to winnowed words for the longest element of B, and conjectured
that initial segments of p(7) determine the corresponding initial segments of
T . Here we extend these results by proving the conjecture just mentioned and
relating the correspondence to D, . '

The first step is to identify both flattened words and winnowed words with
words of a third kind. In what follows, flattened words and winnowed words
are always for the longest element of D, or B, unless mention is made to the

contrary. Recall that the longest element of D, is wé’ =12-.-7 if n iseven,
or 12---7 if n is odd.

Definition. A visiting word a,---a is a sequence of symbols 1 < a, < n

n(n—1)
such that
(1) the product 0y "0, is the identity in the symmetric group S, , and
n(n—1)
(2) forall ke {1,2,... n} there is a j such that g, ---aa'(l) =k
J
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These conditions mean that as the adjacent transpositions g > Oy s -+ Ar€
applied in succession, beginning with the identity permutation 1 2---n, each
of the numbers 1 through » visits the leftmost position at some point, and
ultimately returns to its original position. Note that n(n — 1) is the minimum
length for such a sequence, since each number has to switch places twice with

every other.

Proposition 3.6. The sets of visiting words, flattened words, and winnowed words
of order n are all the same.

Proof. Flattening or winnowing a reduced word gives its image under the natural
homomorphism from D, or B, to §, in which sign changes are ignored. In D,
and B, , when the application of ¢; or ¢, to a (signed) permutation changes
the sign of a number, that number must occupy the leftmost position before or
after the sign change. From this it is clear that every flattened word and every
winnowed word is also a visiting word.

It is also clear that every visiting word is a winnowed word, since to un-
winnow it is only necessary for each k to insert a 0 at some point during
which k occupies the leftmost position.

The only difficulty is now to see that given a visiting word a, there is always
a way of changing some 1’s to 1’s to make a reduced word for wOD . To a
we associate a graph G(a) with vertex set {1, ..., n} by introducing for each
a; equal to 1 an edge connecting v,(1) and v,(2), where Vj =000,
In other words, applying the transpositions ¢, in succession, each time there
is a change in the leftmost position we introduce an edge between the former
occupant and its replacement. In general G(a) can have multiple edges, but
not loops.

Given a subset of the 1’s in a, there is a corresponding subset of the edges
in G(a), forming a subgraph H . If we change the 1’s in the given subset to
i’s, we get a word describing an element v € D, whose unsigned underlying
permutation remains the identity. The sign of v(k) is negative if and only if an
odd number of edges in H are incident at vertex k, since these edges represent
the transpositions o; involving k. To un-flatten a, we need v = wé) ; our word
will automatically be reduced since its length is n(n — 1) . Equivalently, we must
find a function from the edges of G to Z, such that its sum over all incident
edges is 1 at every vertex, except possibly vertex 1. It is well known and easy
to prove that a suitable function exists if G(a) is connected.

For each i € {2,..., n}, let h(i) be the number which i replaces on its
first visit to the leftmost position. Note that i and h(i) are linked by an
edge of G(a). Moreover h(i) makes its first visit to the leftmost position
before i does, showing that the sequence i, h(i), h(h(i)), ... never repeats
and therefore ultimately reaches 1. This proves G(a) is connected. O

From the above proof we can extract something more. The un-flattenings of a
given flattened word correspond to solutions of a system of n — 1 independent
linear equations over Z, in m variables, where m is the number of edges in
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G(a). There are 2"~"*! such solutions. More generally, the same reasoning
applies to reduced words for an arbitrary w € D, , but with G(a) only having
vertices for numbers that actually reach the leftmost position. This gives the
following result.

Proposition 3.7. If b is the flattened word of a reduced word for w € D, , then

the number of reduced words a € R(w) which flatten to b is 2" where m

is the number of 1’sin b and k is the number of visitors to the leftmost position,

i.e., the number of distinct values taken by o, ---a0, (1) as j varies from 0 to
1 J

l(w).

Note that m — k + 1 is the number of repeat visits occurring as the transpo-
sitions o, are successively applied, i.e., the number of times an application of
g, moves a number into the leftmost position which has been there before. In
what follows, we denote the number of repeat visits by r(b) and the number
k — 1= m—r(b) of first visits by f(b). Abusing notation, we also write r(a)
and f(a) for these when a is a reduced word flattening to b.

To obtain a further corollary to the proof of Proposition 3.6, observe that the
subgraph H can be chosen as a subgraph of any given spanning tree of G(a).
Indeed, H will then be unique, since it will be given by k — 1 independent
linear equations in k — 1 variables. In particular, the last paragraph of the
proof shows that edges of the form (i, h(i)) corresponding to first visits form
a spanning tree, proving the following.

Proposition 3.8. If' b is a flattened word for w, then there is a unique reduced
word a for w with flattened word b, such that all the 1’s in a correspond to
1’s representing first visits in b.

Now we come to the D, analog of Proposition 3.3.

Proposition 3.9 ( D, Edelman-Greene correspondence). The map T — p(T) is
a bijection from standard tableaux of shape &, to flattened words for the longest
element of D, . The initial segment b, ---b, of p(T) determines the initial
segment T|, containing entries 1 through k of T. Given a reduced word a
with flattened word b, denote T|, by I'(a,---a,). Then the number

(3.8) e::} = Z y—o(@) ,

acR(w)

[(a)=S
where o(a) denotes the total number of 1’s and 1’s in a, depends only on w
and on the shape u of S. Finally, we have P(a) = P(I'(a)) for the peak sets.

Proof. The bijection is Theorem 5.16 of [9], since we now know that flattened
words and winnowed words are the same. The peak set statement follows exactly
as in the proof of Proposition 3.3 above.

For the assertion about initial segments, we show that whenever bc and bc’
are flattened words for the longest element, with common initial segment b,
then ¢ and ¢ are connected by a chain of S, Coxeter relations. This given,
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the proof of Proposition 6.1 in [9] applies, with one change. Namely, for the
argument involving the Coxeter relation 121 — 212 to go through, when the two
flattened words are b121 and b212, their corresponding tableaux must differ
only in the largest three entries. But this is shown by the proof of Proposition
5.151in [9].

Now consider two flattened words bc and be . Treating them as winnowed
words, note that a winnowed word can be canonically un-winnowed by inserting
a 0 at the beginning, and after everv 1 that represents a first visit. Since the
presence of each 0 is controlled by the initial segment of the word up to that
point, the words bc and b¢’ un-winnow to ad and ad' for some a, d, and
d’ whose winnowed words are b, ¢, and ¢ . Then d and d’ are connected by
a chain of B, Coxeter relations, which after winnowing reduce to S, Coxeter
relations connecting ¢ to ¢ .

What remains is to show that the numbers e{; don’t depend upon the partic-
ular tableau S, only on its shape. Let S and S’ be elementary dual equivalent
tableaux of shape u. Let a be a reduced word for w with I'(a) =.5 and let
b be the corresponding flattened word. Note that S is really a function of b
and is the initial segment of any tableau corresponding to an extension of b.

By Lemma 5.2 of [9], if we extend S to a tableau T of shape 4, , and
let T’ be the corresponding extension of S', then p(T) and p(T’) differ by
a certain substitution in the positions corresponding to the segment involved
in the elementary dual equivalence S ~ S'. The complete list of possible
substitutions is given in Table 5 of [9].

All but two of these substitutions are special cases of S, Coxeter relations
other than 121 « 212. It is easy to see that whenever b is a flattened word
for w and b’ differs from b by any S, Coxeter relation besides 121 < 212,
then b’ is also a flattened word for w and f(b') = f(b).

The two remaining substitutions are 1121 — 1212 and 1211 « 2121. For
these pairs it is again easy to see that if a flattened word b for w contains
one of the pair, substituting the other yields another flattened word b for w .
Furthermore, we have f(b) = f(b'), for the second of the consecutive 1’s in
1121 or 1211 never represents a first visit, while the other two bring about
visits by the same two numbers as do the two 1’s in the substituted 1212 or
2121.

Summarizing, we have bijections between flattened words b for w with
I'(b) = S and words b with I'(b’) = S’, and these bijections preserve the
number of first visits. Since 2™ reduced words for w correspond to each
flattened word b we find that the sum

(3.9) 3 AL 3 o~ (@)

bEF (w) a€R(w)
(b)=S I(a)=S

is not changed by replacing S with §'. Here F(w) denotes the set of flat-
tened words for w . Since all tableaux of shape u are connected by chains of
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elementary dual equivalences, (3.9) depends only on w and u, and hence so
does (3.8), by setting ¢t =1/2. 0O

Now we have the D, analog of (3.5).

Definition. Let w be an element of D, . The D, Stanley function E, (X) is
defined by

(3.10) E (X)=) el Q,(X)
—

Just as for B, , we immediately obtain an identity from Propositions 3.2 and
3.9, and the corresponding corollary, with the same proof as Corollary 3.5.

Proposition 3.10.

—o(a) l(w)
= 2. 27776,,X)

aER(w)

(3.11) lil—o(a)
= z Z 2 xilxiz "'-xil-

a€R(w) (i, <++<i)
€A(P(a)

Corollary 3.11. For all w, E (X)=E_ -(X).

Although the coefhicients el’; need not be integers, it is nevertheless true that
E, (X) is an integral linear combination of P-functions, as we show next.

For this purpose we must extract a concept which is implicit in the proof of
Proposition 3.9. We define flattened words b and b’ to be dual equivalent if
they are connected by a chain of substitutions from Table 5 of [9]. The proof
of Proposition 3.9 shows that b and b’ are then flattened words for the same
elements w, and that the map I" is a bijection from each dual equivalence
class to the set of all standard tableaux of some shape u. Moreover, f(b) is
constant on dual equivalence classes.

Proposition 3.12. The Stanley functions E, (X) are integral linear combinations
of Schur P-functions.

Proof. This amounts to saying that 2/ e’ is an integer. Since e/, is given by

(3.9) with ¢t = 1/2, and (3.9) is a polynomial with integer coefficients, it suffices
to show that /(u) > f(b) for every flattened word b such that I'(b) has shape
U.

Since both x# and f(b) are constant on dual equivalence classes, we can
assume that I'(b) is the tableau 7;, formed by numbering the cells of x from
left to right, one row at a time. The peaks of T}, occur at the end of each row
except the last, so |P(T,)| = |P(b)| = [(u) — 1. For any flattened word, we have
f(b) < |P(b)| + 1, since each first visit is represented by a 1 in b, no two of
these 1’s can be consecutive, and between every two non-consecutive 1’s there
is at least one peak. This shows f(b) </(u), as required. O

To close, we evaluate E,, and F, for some special values of w .
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Proposition 3.13. Let u = (u, > --- > u,;), where u, is taken to be zero if
necessary to make the number of parts even. Let v, = p, + 1 and let w =
U7, T12--- . Then E,(X)=P,(X).

Proof. Our method is to give an explicit description of the reduced words for
w and compute E directly. In order to do this, we introduce a new bijection
¢, different from I', from reduced words for w to standard tableaux of shape
u.

For any element v of D, the inversions of v are (1) pairs i < j for which
v(i) >v(j); (2) pairs i < j for which the larger in absolute value of v(i) and
v(Jj) is negative. (A pair can count twice, once in each category.) The length
[(v) is the number of inversions. In particular, we have /(w) = |u| since there
are no inversions of type (1) and each i, 1 <i </, isinvolved in u, inversions
of type (2). Let m = |u| = l(w).

We now claim that a = a,a,---a,, is a reduced word for w if and only if
at every stage j, applying aaj to the signed permutation Ty " aaj_1 does one
of two things:

(1) moves one of the numbers v, which is still positive at this stage to the
left across a number which is not a positive v,, or

(2) if the smallest two currently positive v,’s occupy positions 1 and 2,
applies o; to exchange them and make them negative.

To justify the claim, we note first that such a sequence of operations clearly
realizes w after m steps, hence a is a reduced word for w . To see that every
reduced word for w has this form, it is only necessary to check that the form is’
preserved when a is modified by any D, Coxeter relation. For this, note that
Coxeter relations of the form aba <« bab with a, b adjacent never apply, nor
does 11 — 11. For all others, of the form ac — ca with a, ¢ non-adjacent,
the verification is trivial.

Now, given a reduced word a for w, let v; = Oy, """ O, - Let k; be the
number of v;’s which appear with positive sign and not in posmon 1 in the
signed permutatlon v, and let A, i be the partition whose parts are one less
than the positions of these v,’s, a partition with kj distinct parts. Observe that
in passing from v ;o by move (1) or (2) above, exactly one part of 4 ;
is reduced by 1 to give 4 Ny and the available choices for a move correspond
one-to-one with the corners of the Ferrers diagram of A - Also observe that
Ay = u. Therefore the sequence of shapes § = 4, C 4, | C - C 4 =
describes the initial segments of a unique standard tableau ¢(a) of shape u,
every standard tableau occurs, and the tableau contains sufficient information
to reconstruct the sequence of moves and thus a. This shows ¢ is a bijection
from reduced words for w to standard tableaux of shape u.

Note that m — j is a descent of ¢(a) if and only if the move made at stage j
occurs to the left of the move made at stage j + 1. This shows that the descent
set D(¢(a)) is the same as that of the reversed reduced word a’ = =a,a, ,--a.
Hence their peak sets are also equal. Note also that each reduced word contains
atotal of / 1’sand 1’s, all representing first visits, so there is one reduced word
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per flattened word, or in other words, the flattenings of the reduced words are
all distinct.
Formula (3.11) for E - thus reduces to

(3.12) 27 Y el ),

shT=u

which is Pu(X ) by Proposition 3.2. Since E, = E, -1 by Corollary 3.11, the
proof is complete. O

Proposition 3.14. Let p=(u, >---> ;) andlet w =7, u,---w12---. Then
F,(X) = Q,(X).

w

Proof. Since the argument here is virtually identical to that used for the preced-
ing proposition, we only give a sketch.

Again we have /(w) = |u| by straightforward considerations. (Inversions for
B, are the same as those for D, , plus one for every negative v(i).)

In this case the allowable “moves” associated with a reduced word are:

(1) move a currently positive u, left across anything except a positive u,,
or

(2) if a positive u; occupies position 1, apply g, to change its sign.

The tableau ¢(a) is formed from a sequence of shapes 4 i exactly as before,
except now the parts of A4 ; are the positions of all the positive u’s (including
in position 1, and without subtracting one). This ¢ is a bijection exactly as
before, and again we have P(¢(a)) = P(a’). Hence using formula (3.6) for
F, -1, Proposition 3.2, and Corollary 3.5, we find F, = Q” as asserted. O

For our remaining special case computations we require some facts about the
unshifted Edelman-Greene correspondence.

Definition. Let «, denote the straight (i.e., not shifted) staircase shape (n —
1,n-2,...,1),of size (}). Letits corners be labeled 1,2,... ,n—1 from
bottom to top. If T is a standard tableau of shape «, , its promotion sequence
p(T) is the sequence a, --- am in which a; is the label of the corner occupied

by the largest entry of p(g)_i (7).

Proposition 3.15 (Edelman—-Greene correspondence). The map T — p(T) is a
bijection from standard tableaux of shape a, to reduced words for the longest
element of S, . The initial segment a, ---a, of p(T) determines the initial seg-

ment T|, containing entries 1 through k of T . Denoting T|, by I'(a,---qa,),
the number

(3.13) g, = |{a€ R(v) | T(a) = S}|

depends only on v and on the shape A of S. We have D(a) = D(I'(a)) for the
descent sets.
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Definition. Let v be an element of S, . The Stanley function G,(X) is defined
by

(3.14) G,(X) =" gls,(X),

A

where s, denotes the usual Schur S-function.

Proposition 3.15 is proved in [9], where it is also shown that the above def-
inition of §, Stanley functions agrees with the original definition in [17]. (In
[17], and also in Chapter 7 of [13], where G, is shown to be a ‘stable’ Schubert
polynomial of type 4, G, and gj are denoted F, and (4, v).)

Now we can express the functions Fw{fu and Ewé) ,» for v €S ,in terms of
the quantities just defined.

Proposition 3.16. Let wg , wé) , and v, be the longest elements of B, , D, , and

S, , respectively. Let J, denote the partition (k,k—1,...,1). Then we have
Jor every v €S,
A
(3’15) Fw(fv = ngon6n+l’
A
A
(3.16) E,p, = > 8uoPs i
A

Equivalently, F, s, and E, p _ are the images of Gvov under linear transforma-

w v 'U) v
tions sending Schur functtons s, to Qs ., and Py respectively.

A
Proof. Fix a reduced word ¢ for v~'. Then the reduced words for Vv are
exactly the initial parts a of those reduced words ac for v, which end in c.
Similar statements apply with 'wg and wOD in place of v .

From this observation and Proposition 3.15 it follows that giov is equal to the
number of tableaux S of skew shape «, /A for which p(S) = c¢. Similarly, fu’fgv
is the number of tableaux 7' of shape B,/u for which p(T) = c. But there
are no 0’s in ¢, and therefore f #, is non-zero only if the shape x contains
the corner with label 0, that is, 1f u =6, + A for some A. In this case, the
rules for computing /(S) and p(7) are identical, showing that fi 57;1 = g:}ov
This proves (3.15).

For (3.16), we need 2" s

wov
form J,_, + 4. Since (w, v)—l(k) is negative for all k € {2,... ,n}, we
have f(a) =n—1 forall a € R(wé) v). In the proof of Proposition 3.12 we
showed that f(b) < /(u) whenever I'(b) has shape u. This shows e” WPy is

non-zero only for u of the form 6, , + A. Moreover, using the left- hand s1de

of (3.9) with 1 = 1/2 to evaluate ewDU , we find that 2"~ 'e# P 1s the number of
0

W

A A m _ . .
= g,, and €yby = 0 if u is not of the
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flattened words b for wOD v with I'(b) =S, for any given tableau S of shape
I.

If b is a flattened word for wOD v, then bc is clearly a flattened word for
wOD . Every element of S, has a reduced word containing at most one 1, so
we may choose ¢ with this property. For such ¢, we claim the converse holds:
if be is a flattened word for wé) , then b is a flattened word for wé) v. This
amounts to saying that bc can be un-flattened without changing any 1’s in ¢
to 1’s. If there are no 1’s in ¢, this is trivial. If there is a single 1, then
it is the last 1 in the visiting word bc, corresponding to the transposition
moving 1 into the leftmost position for the last time. As such, it represents a
repeat visit, so Proposition 3.8 shows we can un-flatten be without changing it
toa 1.

In view of the claim just proven, Proposition 3.9 shows that 2"_165] D, 1S

0
equal to the number of tableaux T of shape d,/u for which p(T) = c. Exactly
as in the argument above for B, , this is the same as gjov for u=6, ,+4. O

We give one final special case evaluation for its inherent interest, even though
we will not need it later.

Proposition 3.17. Let ¢ be the homomorphism from the ring of symmetric func-
tions onto the subring generated by odd power sums defined by

2
b(p,) = { p, Jor k odd,

(3.17)
0  for k even.

Then for v € S, , we have

(3.18) F,=¢(G,),
and if in addition v(1) =1,
(3.19) E, =¢(G,).

Proof. If a is a reduced word for v € §,, let us denote the corresponding
tableaux I'(a) under the 4,, B,, and D, Edelman-Greene correspondences
by I' (a), I'g(a), and I'j(a). Itis easy to show that I'j(a) and I',(a) are both
identical to the tableau obtained by bringing I',(a) to normal shifted shape via
shifted jeu-de-taquin. Hence for S of shape u, f: = [{a € R(v) | T'y(a) =
SH=3,k; gj , where k; is the number of standard tableaux of straight shape
A carried by shifted jeu-de-taquin to any given tableau of shifted shape u.

In [20] it is shown that ¢(s;) = 3° k; Q, . Equation (3.18) follows immedi-
-ately. Equation (3.19) follows because when v(1) = 1, there are no 1’s in any
reduced word for v, and therefore e/ = f*. 0O

4. PROOFS OF THE MAIN THEOREMS

In this section we prove Theorems 1 through 4. Our central results are con-
tained in Theorems 3 and 4. Below we have split each theorem into three
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separate statements, labeled A, B, C. Theorems 3A and 4A are the promised
formulas for Schubert polynomials. Parts B and C are the additional results
that the Schubert polynomials form a Z-basis for the relevant ring and that
they reduce to Schur P- and Q-functions in the special cases corresponding
to Schubert classes for isotropic Grassmannians. We conclude the section with
some auxiliary results useful for computing Schubert polynomials of type C
and D, as well as tables for the groups B, and D,.

Theorem 1. Solutions of the defining equations for each type of Schubert polyno-
mial exist and are unique.

Proof. The existence follows from Theorems 2, 3A, and 4A. To show unique-
ness, let {S,} be a family of polynomials satisfying the defining recurrence
relations (2.2), (2.3), or (2.4), together with the constant term conditions. Sup-
pose {S,} is another solution. For each i,

() (5. -5y — | Som~Suo, 1T 1(we) <I(w),
' A (¢ if l(wo) > [(w).

By induction on the length of w, we may assume S, _ —S, = 0. Then
9.(S, —S.) =0 for each i, so S, — S, is invariant for the relevant group
S., B,or D_. The only S_ invariants in Q[z,, z,,...] are constants,
as are the B or D_ invariants in Q[z,, z,,... ;p,, D5, ...], because the
even power sums are missing. Hence S, — S;U is constant, so S, = S:U by the

constant term conditions. O

Theorem 2. The Schubert polynomials of type A are the same as those defined
by Lascoux-Schiitzenberger [12]. Namely, for each w € S, ,

n—1_n-2

(42) 611) = aalaa2 Tt aa,(’xl 'x2 T xn—l) ’
where a,a,---a, € R(wow_l) and wy=(n,n—1,...,1) is the permutation

of longest length in S, .

Proof. In [12] it is shown that &, is well defined by (4.2), independent of n,
and satisfies the defining recurrence (2.2). For complete details, see Chapter 4
of [13]. O |

Theorems 3A and 4A involve ‘admissible monomial’ forms of formulas (2.5)
and (2.8), derived from formulas (3.6) and (3.11) and the admissible monomial
formula for type A Schubert polynomials, (4.5) below. In order to distinguish
between two notions of admissibility we will make the following conventions. If
a=aq,a,---q, is a reduced word for an element w € B_ or D_ , we let & (a)
denote the set of admissible monomials x* = x"x;* - X" = X; X, X,
such that (i, < i, <--- < i) € A(P(a’)), where a’ is the reversed sequence
a,---a,a,. Equivalently, < (a) consists of monomials x* = x, X for

. x jl
which

(D) Jy2Jyz2Jps

’
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(2) Je—y = Jx = Jiy, implies k ¢ P(a).
By Corollary 3.5 we have for w € B, ,

i(a) «a

(4.3) CF,(x)= ) 2"x7,
acR(w)
x*€s,(a)

where i(a) is the number of distinct variables with non-zero exponent in x“.
By Corollary 3.11, we have

(4.4 E (0= 3 2@

acR(w)
x* e, (a)

for each w € D,.

If a=a,a,---a; is a reduced word for w € S, , we let &/ (a) denote the set
of monomials z* = z IR satisfying the following admissibility constraints:
1

(1) 11S125S]1s
(2) Jj;=J;,, implies a;, >a
(3) j;<a, forall i.

i+1°

Proposition 4.1 ([3]). Forall we S_,

(4.5) 6y(2)5 25, -..)= >

a€ER(w)
2°€H (a)

Theorem 3A. The Schubert polynomials €, are given by the two equivalent for-

mulas:
- (4.6) ¢, = Y  F(X6,(2)
Uuv=w
1(u)+l(v)=l(w)
VvES

7 D VD VD VA
uy=w acR(u) bER(v)
1<u)t}1€(?;l(w> x*€,(a) 2* e/, (b)

Theorem 4A. The Schubert polynomials ®,, are given by the two equivalent

Sformulas -

(4.8) D,= Y, EJ(X)6,2)
uv=w
H(u)+l(v)=l(w)
VES

(4.9) S D YD DA P

uy=w acR(u) beER(v)
1(u)~;lé?-’<w) x*ed,(a) P e (b)

[ o]

We prove several lemmas before proving Theorems 3A and 4A.
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Lemma 4.2. For any [ and g, and any i, we have
(4.10) 9;(fg) =(0,f)(0,8) + f 9,8
Proof. Expand both sides and observe they are equal. O

Lemma 4.3. Let W denote any of the groups S_, B__,or D_ . Let G (Z) be
arbitrary symmetric functions indexed by elements u € W and define

(4.11) H,= >  GJ(2)8,2).
uv=w
H(u)+(v)=l(w)
vES,,

Then forall i >0 and we W,

(4.12) 0.H = Hy, if (wa;) < (w),
| CYl0 ifl(wey) > l(w).

Proof. For i >0, the operator 9, commutes with multiplication by the sym-
metric function G, (Z). Hence,

(4.13) OH,= Y. G,2)96,2)
uv=w
Hu)+H(v)=l(w)
veES

(4.14) = Y G282
uv=w
I(w)+l(v)=l(w)
VES
l(va;)<l(v)
by the defining recurrence for the Schubert polynomials &, .
If /(wa;) > [(w), then the conditions uv = w, l(u) +/(v) =l(w), v €S,
and /(vo,) < l(v) are never satisfied, so (4.14) is equal to zero.
On the other hand, if /(wo;) < I(w), then the map (u,v) — (u, vg,) is
a bijection from all (u, v) such that wv = w, l(u)+[(v) = l(w), veES_,
and /(vo;) < [(v) to all (u',v') such that u'v' = wo;, W) +1(') = l(wa;),
v' € S_ . Therefore (4.14)is H, . O

From here out, symmetric functions in X depend only on odd power sums
and really represent symmetric functions in Z via the relation p,(X) =

—pk(Z)/2 .

Lemma 4.4. For any symmetric function G(X) belonging to the ring generated
by odd power sums, we have

(4.15) 0,G(X) = G(z, + X),
(4.16) 8,G(x) = X __gizl X))
1

where G(z, + X) = G(z,, x;, X,, ...).
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Proof. Because o, is a ring homomorphism, it suffices to verify (4.15) for
G(X) = p,(X), an odd power sum.

Tl (X) = —%%Pk(z)

1
= —Epk(—zl, Z2, ...)
(4.17) ¢ 1
=z, —Epk(zl, Zyyenn)
k
=z +pk(X)
= p(z; + X).

Equation (4.16) follows from (4.15). O

We will not be using the next corollary for the proofs that follow. However,
it is useful for computing tables of Schubert polynomials.

Corollary 4.5. The action of 9, on Q”(X ) is given by

(4.18) Q) = Y QupX)zy .

O<k<y,

Proof. Qﬂ belongs to the ring generated by odd power sums, so Lemma 4.4
applies. We have Q (z, + X) =3, Q}.(ZI)Qu/l(X) , where Q, . for a skew
shifted shape is given by the obvious extension of Proposition 3.2. The factor
Q,(z,) is equal to zero unless A = (k) is a one row shape, in which case it is

equalto 1 if k=0 and 2zic if k > 0. Therefore,

X) - X
0,00 = 2 D

| 0,0 - 0,0 - Tociey Quin?2i
-2z,

(4.19)

b

which simplifies to (4.18). O

Definition. A reduced word a = q,a,---q, and monomial x* € S, (a) will
be referred to as a reduced word admissible monomial pair, and denoted by
(%) . Similarly, [5] will denote a reduced word admissible monomial pair if .

z' € A, (c).

The notation is merely a bookkeeping device to exhibit the reduced word as-
sociated with a particular term. By our convention, when these symbols appear
in a polynomial the value of (%) is x*. We multiply the symbols by concate-
nating the reduced words and multiplying the monomials. Note the use of the

notation [5] implies that 0 and 1 do not appear in the reduced word ¢, by
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the definition of &/ . With this notation, (4.7) becomes

: 102 a b
(4.20) =D Dl 2" )(x“) [zﬁ ]
abeR(w) xae,;/x(a)
2 est,(b)

e Ol

abeR(w

Here the symbol )  indicates that the sum ranges over all possible admissible
monomials for each a and b.

Lemma 4.6. For any reduced word admissible monomial pair 5], where z

z)'z)? -+, we have

(4.22) a5 - {-z% (5], 7, odd,

Z 0, 7, even.

y:

Proof. Equation (4.22) follows immediately from the definition 4§,/ =
(f—0,f)/(-2z). O

Recall that a sequence b, > b, > --- > bj
to be a vee.

Lemma 4.7. Forall ue B_,

- (4.23) aOFu(X)=Zi i 2/ (;.) (Zbk),

I abeR(u) 1
k>0

< -+ < b, having no peak is said

where the notation signifies that a and b range over reduced word admissible
monomial pairs such that ab € R(u) and b is a vee of length k > 0.
Proof. By Lemma 4.4,

(4.24)
F (X)—-F.(z, + X)
— _u u\“1
8,F,(X) = e
_ 1 = i [ € _ . i(a)+xk(a)(b)
(4.25) = _221[2 2 > 2 ) 24 1,
cER(u) abeR(u)

where x, is 1 if k > 0 and O otherwise. In the second sum a and b range

over all pairs such that ab € R(«) and b is a vee; k is the length of b. Note

that the requirement that b is a vee is implicit in the use of the symbol (Z'l) .
1

The terms in the first sum are just the terms with k = 0 in the second sum.

Hence
ol i+t fa\ (b
(4.26) 8,F,(X) = 3 > 2 (x“) (2'1‘ :
abeR(u)
k>0

which is the same as (4.23). O
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Lemma 4.8. Let & denote the polynomial defined by (4.6) and (4.7). For all

weB_,
- 1 & i a\[biby b1 (b c
(4.27) aoew - E— Z 2 (xa) [ Zk_l Zk Z}'zzyj; N I
1 abee R(w) 1 1 2 43
b,=0
where the notation implies the restriction b, > b, > --- > b, =0 and b =
b.b,---b, haslength k >0.
Proof. From the definition, we have
. - c
(4.28) 8, = >, > (FX) [Zy]).
1)+ 1(0)=l(w) “ER@)
VES,,

By Lemma 4.2, we can expand (4.28) as the sum of two polynomials. The
first term of (4.10) yields

© (4.29)
= ¢
Z Z (aoFu(X)) (Uo [Zy])
1) +1(0)=1(w) SER@)
vES
(4.30)
— _}_ XN: ( 1)?12i(0)(a)(b1b2 bk)l:c]
= a k ¥
%1 abeeR(w) X Z z
k>
(4.31)
1 = ifa) (A blbz"'bk bk+x"'bm ¢
= (_1)712 ( a)( k . Y2 Y .
z, abc,GZR(w) X z} Zi’ z32z30 -
k>0
The second term of (4.10) yields
(4.32)
= c 1 « imfa\[c
Z Z Fu(X)(ao[Zy})zz_l Z *2( )(xa) [Zy]
up=w €R(v) €R(w)
o’ o
1 & Liwfa\[b ¢
5 )
m odd

Next we examine the coefficient C, of the general term

1 jiefa b,---b, c
ws st ()L

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



472 SARA BILLEY AND MARK HAIMAN

in the sum of (4.31) and (4.33). Here the bracket ( ) denotes the entire fac-
tor involving z,, for which b is, in general, a vee followed by a decreasing

sequence. From (4.31) there is a contribution of (—1)" = (=1)""* to C ', for
every k such that

b.---b b.---b\T[b, .---b
4.35 1 m> _ ( 1 k)[ k+1 m]’
) ' 4 L
ie., such that b ---b, isavee, b, >--->b, and b, #0 unless k =m.
From (4.33) there is a contribution of —1 provided b, >--->b, , m is odd,

and b, #0.
We need to verify that C, =0 unless b, >--->b, =0, and then C, =1.

m?’

- Case 1: b, # 0. First assume there is an index i such that b, < b, ,, and
choose i to be as large as possible. Then (4.31) contributes two terms, for
k=i and k =i+ 1, which cancel, while (4.33) contributes nothing.

Otherwise, assume b, > b, > --- > b, > 0. Foreach 1 < k < m,
there is a contribution of (—l)m_k from (4.31). If m is even, then C, =
Z,’c';l(—l)m_k = 0. If m is odd there is also a contribution from (4.33) so
C,=-1+ Z;c":](—l)m'k = 0. Therefore, every term A with b, # O has
C,=0.

Case 2: b, = 0. In this case, the only contribution is from (4.35) with k = m,
ie. (bl'z‘;,f"") = (b“z';,f"") . Hence C, = 1. Furthermore, b must be a vee so we
have b, >b,>--->b, =0. O

Proof of Theorem 3A. Formulae (4.6) and (4.7) are equivalent by (3.6) and (4.5).
To prove they give the Schubert polynomials, we take them for the moment as
the definition of €, and show that € satisfies the recurrence

(4 36) 5.¢ = €w(,j s l('lUO’i) < ](w) ,
| s 0, l(wa;) > l(w),

forall i > 0. For i > 0 we already have the recurrence by Lemma 4.3. Clearly,
the constant termof € is 0 if w# 1 and €, =1.
It remains to prove (4.36) for i = 0. By Lemma 4.8,

1 & i fa\[hiby b y] (b, c
(4.37) 30(’:1” = —Z— Z 2 (xa)[ ]1(__1 z, Z;zzys N

1 abeeR(w) z 3
b,=0

The admissibility of the monomial z}2z)*--- implies each letter ¢, > 1, hence

0y, 0, =0, 0 0. Hence, (4.37) is equal to

- ) C)
(4.38) z Z 2 (xa)[ Z’f'l zpzy - I\z))’

1 abcOe R(w)
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If [(wg,) > [(w), the summation is empty, while if /(wg,) < [(w), it becomes

~ i/ a\ [, by c
(439 > @M s ]
1 2“3

abce R(wa))

which is Cpoy - D

The Schubert polynomials of type B are defined by B, = 2—s(w)€w . Since
every reduced word for w € B_ contains s{(w) Os, it is easy to see that the
polynomials B, satisfy (4.36) with 8: in place of 9, .

We turn now to type D Schubert polynomials. Reduced words for elements
of D_ use the alphabet {i,1,2,...}. Our notation [5] does not allow
¢, = 1. Let us introduce a second notation [;,]A which allows ¢, = 1 but
not ¢; = 1, and requires PA= &/, (¢) where & is the word ¢ with I’s and s
interchanged. Note that [$]” is a reduced word admissible monomial pair if

v4
and only if [§] is.

Lemma 4.9. Let D, denote the polynomial defined by (4.8) and (4.9). For all
weD,_,

~ A
~ i(a)—o(a) { @ bx by c
(4.40) O'O’i)w - Z 2 (xa) { Zk ] [Z;Z Z;J .. '] .
abce R(w) 1

Proof. We have

(4.41) 0D, = D D Uo(Eu(X)[ch])

I+ 1)l (w) “ER@)
veES,,

(4.42) = Y Z(-I)Y‘Eu(zlw“X)[;y]

1) +1(0)=1 (w) “ER@)
ves,,

by Lemma 4.4. Expanding E (z, + X) in monomials by Proposition 3.10 we

get
0,D,, = Z (=) ‘2i(a)—o(n)+xk—o(b)< aa) ( bk) [cy]
abcER(w) X Z, z
(4.43) = i (- 1))’1 zi(a)—0(3)+xk—o(b,...bk)

abc' €R(w)

()OI e
x“ zf z{‘ z;zzg3 o]’

where m =y, +k and g, =1 if kK >0 and O otherwise.
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We need to determine the coefficient C, of the general term of (4.43)

(4.44) 4 = pi(@—ot@ ( a ) b, -~-b,,,> [ c
| ANEAVIE IR
There is a contribution of 2% °Ci-2)(_1ym=k ¢4 C, for each k such that
b ---b b ---b\Tb, . ---b
4.45 1 " m> — ( 1 k){ k+1 m] ’
( ) < Zl lec Z’1€+1

ie. such that b ---b, isavee, b, >--->b, ,and b, # 1 unless k =m.

Case 1: b, # 1 or 1. First, assume there exists an index i such that b; <
b,., and choose i to be as large as possible. Then there are two possi-
bilities for k£ in equality (4.45), namely £k = i and kK = i + 1. Therefore,
CA — 21—0(b1...bi) [(_l)m—l + (_l)m—l—l] —0.

Otherwise, b, > b, > --- > b, > 1. Foreach 0 < k < m, there is a
contribution to C,; k = 0 contributes (—1)" and each 0 < k < m contributes

2(-1)""* . Thus, C, = (-1)" + X1 2(-1)"* =1.

Case 2: b, b, = i1 or 11. These terms come in pairs since o, and g;
commute. For b, _ b, = i1, there are two possibilities, k = m — 1 and k =
m, giving C, = —1 . For b, b =11 we must have k = m, giving C, = 1.

Both terms have the same underlying monomial so their net contribution to

0,9, 1s zero.

Case3: b, =1 and b, , #1.1f b ---b, | has an ascent, say b, < b, ,
then C, = 0 as in Case 1. Otherwise, if b, > b, >---> b, _, > 1, then for
k=0, k=m,and 0 < k < m there are contributions of (—~1)", 1, and
2(—1)"% respectively. Hence, C, = (—-1)" + 1+ X0 ' 2(-1)"* = 0.

Case 4: b, = 1 and b,_,# 1. For this case, we must have k = m . We must

-

also have b, > b, >--->b, | since b=b,---b, must be a vee and b, =1
is its least element. Therefore o(b) =1 and C, = 1.

Summarizing, there is a coefficient C, = 1 for each 4 with b, > --- > b,
and b, # 1, and there is a net contribution of zero from all other terms. The
terms with C, = 1 are precisely those of the form

. e A
(4.46) A = 21(0)_0(1) ( aa) [bl zmbm] |: Y2 6;3 .. ] B}

X 1
proving (4.40). O
Corollary 4.10. For all w e D__,
(4.47) 0,9, =Dy,

where W is the image of w under the involution of D, given by interchanging
o, and o;j.
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Proof. By Lemma 4.9,

< = i—o@ (a\[b]" c
(4.48) 0,9, = E 2 (xa) [ZI;] [25223_”]

abcER(w) 73
_ i{a)—o(a) a B c
w5 )RS ]
abeER(D) 73
(4.50) =35@. O

Proof of Theorem 4A. Formulas (4.8) and (4.9) are equivalent by Proposi-
tion 3.10 and Proposition 4.1. To prove they give Schubert polynomials of
type D, we take them for the moment as the definition of ©  and show that
D, then satisfies the recurrence

(4.51) 90 = 4w, l(wo,) < l(w),
. i~ w 0, l(wal.)>l(w),

forall i € {I,1,2,...}. For i # 1 we already have the recurrence by
Lemma 4.3. The constant termof ©, is 0 if w #1 and D, =1.

It remains to prove (4.51) for i = 1. We shall take advantage of the symme-
try between the generators g, and g;. A simple computation shows

Sooaf

(4.52) 0,0,0,f =0;f = =

1~ 2y
Therefore, by repeated use of Corollary 4.10 and Lemma 4.3,

0;9,, = 0,0,0,9,,

= 0,0,9;
Dsp » (Wo)) < (W),
(4.53) :00{0, " l@e,) > (D),
B {i)wm, Hway) < l(w),
0, l(woy) > l(w). O

Theorem 3B. Given a partition u with distinct parts, let w =, iy --- 12+ - - .
Then we have

(4.54) ¢, =0Q,(X), B, =P,(X)

Proof. Given w = u, H,---#;12---, the only element v € S_ such that
uv = w and /() +/(v) = l(w) is v = 1. Therefore €,6 = F, , and by

Proposition 3.14 F, = Q. By definition %, = 2_S(w)€w where s(w) is the
number of signs changed by w. Hence, B, = 2_1Qﬂ = Pﬂ . O
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Theorem 4B. Given a partition u with distinct parts, let v; = 1 + u; , taking p, =
0 if necessary to make the number of parts even. Then for w =V, V5 ---7;12---,
we have

(4.55) D, = P,(X).

Proof. As in the previous theorem, © 6 = E  and E 6 = P” by Proposi-
tion 3.13. O

Next we show that the polynomials 8, , € ,and D, are integral bases of
the rings in which they lie. We do this by identifying their leading terms with
respect to an appropriate ordering.

Definition. Given two shifted shapes A and x4 and two compositions a =
(a;,a,,...) and B =(B,,B,,...) with m = } o, and n = Zﬂj, we say
z2°Q, < z* Q, if any of the following hold:

(1) m<n.
(2) m=n and a <, B in reverse lexicographic order.
(3) a=p and A < u in an arbitrarily chosen total ordering.

Reverse lexicographic order means a <, B if a; < g, for some i and o, = B,

forall [ >i.

Definition [13]. Given w € S§,, for each i > 1 let c(w) = |[{j |
Jj>1i and w(j) < w(i)}|. The composition

(4.56) | c(w) = (c,(w), c,(w), ..., c,(w))

is the code of w .

Lemma 4.11. Under the ordering <, the leading term of &, is distinct for each
w € S_ and is given by ™)

Proof. The lemma follows by induction from the transition equation for Schu-
bert polynomials of type 4, formula (4.16) of [13]. O

Lemma 4.12. For every monomial z“Qu there is a unique w € B__ such that
zaQﬂ is the leading term of €, under the ordering < defined above. For this
same w, z"P# is the leading term of B, .

Proof. Let w = w(l)w(2)---w(n) in one line notation. Let u,, be the increas-

ing arrangement of the numerals w(l), w(2), ... , w(n), and let v, = u;lw.
Then I(u,) + (v,) = [(w) and [(v,) > [(v) for any other v € S_ such that
uv = w and /() + [/(v) = /(w). Therefore, the leading term of €  comes
from the expansion of F, va , by Theorem 3A.

Let u,, be the shape such that ¢, =F, = Qu . This shape u, exists by
Theorem 3B. By Lemma 4.11, z‘") is the leading term of 6, . Therefore,

zc(”w)Qﬂw is the leading term of € .
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Given any z°Q 0 let v € S_ be the unique permutation such that ¢(v) = a.
Define u € B by u=pn, u,---g;12---. Then for w =uv € B,, u, = u
and v, =v,so €  has z"Qﬂ as its leading term. This w is unique since u
determines u,, and o determines v, .

From the description of u we see that s(w) = /(u), so the leading term of
B, =2""e_ is z°P,. O

o

Lemma 4.13. For every monomial z"Qﬂ there is a unique w € D_ such that
z“Qﬂ is the leading term of ®,, under the ordering > defined above.

Proof. The only difference between this proof and the previous one is the com-
putation of the leading term. Given w = w(l)---w(n) € D, , again let u, be
the increasing rearrangement of the w(i), so u,, =V U,---7;12--- for some
partition v. Let v, = u;lw . The leading term of D, is zc(”w)Pﬂ where
u=w, -1, v,—-1,...,y—-1). DO

Lemma 4.14. The Schubert polynomials B, lie in the ring Z[z,, z,, ... ; Pl

Proof. Consider a general term (%)[}] occurring in €, , where ab € R(w).
There are s(w) 0’s in a, with at least one peak between each consecutive
pair of them. This forces x* to contain at least s(w) distinct variables with
non-zero exponent.

Every term z"Qﬂ occurring in €, has positive coefficient, so no monomials
cancel among terms. In particular, Q#(X ) cannot contain any monomial in-
volving fewer than s(w) distinct variables. This forces /(u) > s(w), and hence

the corresponding term in B, = 2”5(“’)% is an integral multiple of z"P” . O

Theorem 3C. The Schubert polynomials €, of type C are a Z-basis for the

ring Zlz,, zy, ... ; Qﬂ]. The polynomials B,, are a Z-basis for the ring
Zlz,, z,, ... ;Pﬂ].
Proof. By Proposition 3.1, the sets {z°Q,} and {z°P,} are Z-bases for the
rings Z[z,, z,, ... ; Qﬂ] and Z[z,, z,, ... : P#] . respectively.

Since the € have distinct leading terms, they are linearly independent. They
span the ring Z[z,, z,, ... ; Qﬂ] since every monomial zaQﬂ occurs as the

leading term of some € . Analogous remarks apply to the B, . O

Theorem 4C. The Schubert polynomials of type D are a Z-basis for the ring
Ziz,, z,, ... ;P”].
Proof. Same as the preceding proof. 0O

The formulas we have given for Schubert polynomials of types B, C, and
D, though fully explicit, are ill-suited to practical computation because of the
difficulty of using the Edelman—Greene correspondences to evaiuate F (X} and
E,(X). An alternative method is to apply iterated divided difference operators
to the ‘top’ polynomials €wéa_ and Dwé" Tables i-3 were computed by this
method, using Corollary 4.5, together with convenient expressions for Q:wc'f and
ZDwé) which we now derive.
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TaBLE 1. Type B Schubert polynomials for w € B,
w B,
123=1 1
123=q, P,
_2_1 3:0l 21’l + 2z,
213=ala0 P,
gl3=0001 Py+ P z,
213=040,0, Py
133:010001 P+ Pz,
123=0,0,40,0, Py + Py 2
132:02 2P+ 2z + 2z,
132=0,0, 2P+ Pz + Pz
312=0,0, 2P, +2P 2z, + 2
312=0,0,0, P,
312=0,0y0, Py+2P), +2Pyz, +P z,°
312=0,0y0,0, Py
1§2=‘72‘71‘70"| Py + Py z,
132=0,0,0,0,0, Py + Py 2

33 I=a,0,.
231=g, g,

32 1=0,0,0,
321=0,0,0,0,
321=0,0,0,0,
321=g, 4,0,0,0,
ZE 1=0,0,0,0,0,
231:0‘1020100(71 a,
331-_-‘70‘710'2

2 3l=00‘71 a,0,
321=g,0,0,0,

331:0001 0,0,0,
}Zl:o‘oal 0,040,

3 212"001 0,040,0,
2_3_1=000| 0,0,0,0,

2 3l=‘70"|"2‘71 040,0,
13 gza‘aoal g,

13 gzal 6,0,0,0,
312=0,040,0,0,

312=0,040,0,0,0,
3132"1 0y0,0,0,0,
313:0,000102000100

1 §E=al 00,0,0,0,0,
132=0,0y0,0,0,040,0,
122:‘7201 0y0,0,
123=0,0,0,40,0,0,
213=0,0,040,0,0,

21;:0201 0,0,0,0,0,
213=0,0,040,0,0,0,

2 132‘7201 040,0,0,0,0,
133:0201 040,050,040,
12 3=0,0,0,0,0,0,0,0,0,

2P +2P z; +2P Z,+ 2,2,

P}+21”21+P221+P222 ) )
2P3+4P21+4P22|+2P|zl +2Pyzy +2P z 2,4+ 2,7 2,
Pa+2Py + Pz, + Pz, )

2P+ Pz +2P 2+ Pz,

Py 5
2P, + Pz, +2Pz, + Pz,
Py + Py z,

P3+P221+P222+P12122

Py + P20+ P2

Py+2P) +2Pz +2Py 2, + Pz}
+P3zz+2P2122+2P22|22+P121222

Py + Py + Py 2y + Py 2

P32+P3121+P21312

Py,

P42+P3221+P4121+P31212

Pyyy + Py, 2,

Pi+ Pz +Pyzy+ Pz 2y

Py + Pz + P52, + Py 2y z,

2Py + Pz +2Py 2z, + Pz +2P; 2,
+Pyzzy4+2Pz2,2,+ Pz, z,

P+ Pz + Py 7y

P42+P3221+P4121+P31212+P3222+P312122+P21"|222

Py + Py 2y + Py, 2y

Pa3 + Pypzy + P32

Pyzi + Pyyy 2y + Py 2

P5-+-P4zl4—[’422~&»P3zlz.'2

Py + Py zy+ Py 2y + Pz, z

2P+ Pz +2P 2y +Pyz"+2Pz,+ Pz, 2,
~+—2P312122+P321222

P+ Pz + Pz + P2z

P52+P422|+P5|21+P41212+P42~’2+P322122
+Pyz 2+ Py 27 2

Py + Py 2y + Py 25+ Py 2, 2 ,

Py + Pz + Pz + Pz +Pyzy+ Pz 2y + P27 7y

Py + Py 2+ P 2 + Py 2y + Py 25+ Py 2 20+ Py 27 2
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TasLE 2. Type C Schubert polynomials for w € B,

w <,
123=1 1
123=0, 0,
213=0, Q, +z
213=0,0; )
EI3=UO‘71 Q,+ 0z
213=0,0,0, 21
123=0,040, Q3+ Q7
123=0,0,0,0, Q3 + 0 2
132=g, Q,+z,+2
132=0,0, 20,+0,z,+0Q, 2,
312=0y0, 0,+0, 7 +2,°
312=0,0,0, N
312=0,0,0, 03+0y +20y7, + 0, 212

§IZ:GZUOUI g,
lél:azal 040,
132=0,0,040,0,
231=0,0,

23 l=0,0,0,

}2 l=0 0,0,
321=0,0,0,0,
22 1=0,0,0,0,
32 l=0,0,040,0,
EE 1=0,0,0,0,0,
2 31:0‘0201000100
231=0,0,0,
231=0,0,0,0,

3 ZT:GOJI a,0,

33E=aoalaza‘ gy
}gl=aoalo'zaoal

32 lzaoalazooal a,
231=0y0,0,0,0,0,

2 31:0001 0,0,0,0,0,
13 g:al 0,0,0,

1 33:0, 0,0,0,0,
312=0,0,40,0,0,

§l§=a, 0y0,0,0,0,
21_2.:‘71 030,0,0,0,
312=0,0,40,0,0,40,9,
132=0,0,0,0,0,0,0,

1 32:0100010201 G40,0,
12§="2‘71 040,0,
123=0,0,0,0,0,0,

21 3=¢72c7100171 0,0,

213:02010001020100
213=0,0,0,40,6,0,0,

l}:azal 0,0,0,0,0,0,
33:0201‘70‘71“2‘71"0“1
23=0,0,040,0,0,0,0,0,

31

Q4 +0Q57,

Qu + 05 7,

QH+0z,+0Qz,+2,7

Q3+0y+0Q,2,+ 0,2,

Q3+Q21+2Q221+Q1212+Q222+Q12122+21222

Q4 +03+Q32,+052,

Q3 +Q32, + 0y, 21+Q2212

05 ,

Q4+ Q42 +Q3 2+ Q32

Q4 + 037

Q+0,2,+0,z,+0, 2,2,

Q3 +Qy 2, +Qy 2 ,

Qu+ 03 +20Q32, + 0y 2, + Q) 2y
10325+ 0y, 2, +20, 2, 2, + @, zlzz2

Q3; + Q4 + Q5 2 +2Q}1 Z

Q3+ 05,2, + 0y 2

Qs 2

Qu+05 2, +Q4 2, +03 2

Q4 + 0y, 7

Qi+ Q32 +Q52,+057, 7,

Q4 + Q@32+ Q5 2, +Qy -’21 22

Qi +Qaz +0Q5 2,032, 405, 5, + 052, 1y
+05 22,4052, 2,

Qp+037,+03 2

2 2
Qu+032+Q4 2+ Q32 + 032, + Q42,2+ 0y, 2,7 2

Qa1 + Q321 21+ Q321 2,

Qi3+ Q4 2, + 0y, 2

Qa3 + Qa1 2 + 3y 74

Qs +Q,2,+0,2, +Qy 2, 2,

Q51 + 042+ Q4 23+ 03,2, 25

Q51+ 052, + 042, Q42" + Q4 2, + 04 2, 7,
+052)2,+ 052" 2

Q52+Q4221+Q4222+Q3221222

Q52+ Q02+ Qs 2, + Q4 2 +Q0p 7 + 0337 2,
+0422,+05, 2,7 2

Osy1 +Qas 2y + Qag 2, + Q3 2, 7,

P 29
Q53+ 0432, +0sy 2, +Q432 +0432,+04 7,2, + 03,27 2,

Qs31 + Qa3 21 + Q531 7y +Qasy 21 + U431 52
+ Q04712+ 2" 2

479
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TABLE 3. Type D Schubert polynomials for w € D,

w Dy,
123=1 1
313=01 P+ 2z,
213=0’i Pl
123=0,0; P, + Pz
132=0, 2P +z, +2z,
312=0,0, Py+2P z,+2,°
312=a2ai P,
132=0,0,0; Py + P,z
231=a0, Py+Pz+Pz,+2 2,
321=0,0,0, Py+ Py +2Pyz + Pz +Pzy+2P 2,2, + 2 2,
321=alazai Py,
E3l=alazalai P+ Py, 2z
231=0j0, P,+P z, +Pz
321=0;0,0, Py +Pyz, + Pz
§2T=aiazai Py+ Py + Pz +Pz,
zg'l_:aiazal oj Py +Piz+Pz +P 212
132=g, 00, Py+Pyz +Pyz,+ Pz 2
312=0,0;0,0, Py +Pyz +Py 2 +Pyz"+Pyz,+ Pz 2, + P 212 z,
§l§=0’l010'20i P31 + le z, + P21 z,
13§=0101020101 Py + Py 2+ Py 2
l23=¢72cflaia2 Py+Pyz +Pyzy+ Pz 2
213=0,0,0;0,0, Py+Pyz+Pyz+Pz"+Pyz,+Pyzz,+ Py 2,2, + P, 212 z,
213=0,0,040,0; Py + Py z)+ Py 2y + Py 2y 2y
123=0,0,070,0,0; | Py + Pz, + Py z, + Py z > + Pz, + Py z 20+ Py 2, 2,

Definition. Let A C u be partitions of length at most k. The corresponding
skew multi-Schur function is defined by

S’[/A.(Zl’ Zl+22, cee g Zl +22+-..+Zk)
k
(4.57) = det [hﬂi,w,,.(zl, P z,.)]i,j=1
(4.58) -y,
T

where A, denotes the complete homogeneous symmetric function of degree
m,and T ranges over column-strict tableaux of shape u/A in which entries in
row i do not exceed .

The equivalence of formulas (4.57) and (4.58) is due to Gessel [8]—see also
[19], since [8] is unpublished.

Proposition 4.15. Let wg and wOD denote the longest elements in B, and D,
respectively. Let 6, = (k,k—1,...,1). Then

(4.59)
€ = ZQ(S,,H(X)San_l/A’(Zl v 2t Zys s 2 H et 2, ),
7
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D b= ZP:S,,_,H(X)Sé,,_,/A’(Zl s 2yt Zy, 2 2y 2, ).
A

Here A’ denotes the partition conjugate to 4.

Proof. For every v € S, , we have l(wov Htilw) = l('wf) and l('wé)'v_l) +
l(v) = l(wOD ). Hence by Proposition 3.16,

(4.61)

Cp =2 Fup,n1(X)6,(2) = 3D 8, 105 1(X)6,(Z),

vES, veES, 4
(4.62)

Do =Y Eyp,-1(X)6,(Z) = ZZgM 5, +1(X)6,(Z).

vES, ves, A

It remains to prove, for each 4,

A
(4.63) D 8, ,16,(Z2)=8; iz, 242, 2 F 24+ 2, ).

vES,
Equations (4.9) and (7.14) of [13] show that
(4.64)
Ss Y4z, Y+zi+2zy,...,V+zi+2,++2,)
(4.65)
= GImXUO(yl,yz, oo sV Zys Zgsene s Zpy)

(4.66)

=3 > g,5(V)8,(2),

veS, 4

where Y = y, +y, +---+y, . Using the identity gfu = g:}-| of [5] aad
replacing A by its conjugate in the summation, the last expression becomes

(4.67) > Zgw_lsl )&, (Z).

ves, 4
We also have by a general identity for skew multi-Schur functions

San_,(Y+Zx’ Y+z, +z,,...,Y+z, +2,+--+2,_ )
(4.68) = ZSA(Y)SJ,,_,/A(Zl v Z + 2y, 2y H 22, ).
i
Equating coefficients of 5,,(Y) in (4.67) and (4.68) gives (4.63). O
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