Math 407 Linear Optimization

Computing Dual LPs without Conversion to Standard Form

(1) Compute the dual LP to each of the following LPs without first

c(or)lverting to standard form.
a

maximize 2x7 — 3x9 + 10x3
subject to x1 + 22 —x3 =12
x1 — T2 +x3 < 8

0<xy<10
(b)
maximize 4229 —30x3
subject to x1 —xo T3 —x4 =0
1 +x3 —x4 <9
dITo +x3 —5ry =-—1
0 <u, 0< 23<20

(2) Consider the mini-max problem

. T _ .
Rt bk
where a; € IR" and b; € IR for i =1,2,...,m.
(a) Show that this mini-max problem is in some sense equivalent to
the LP

maximize —xg
subject to Ax — b < xge,

(1)

where A = (aij)mxn, b = [b1,ba,...,by]T, and e € IR™ is the
vector of all ones.
(b) Show that the dual of the LP (1) is

bT

minimize Y
subject to ATy =0, ely =1,
0<y

(3) Consider the system of linear inequalities and equations
Az < b, Bx =d, (2)

where A € IR™ ", B € IR¥*!, d € IR®, and b € IR". We are interested

in studying the consistency of this system, that is, we are interested

in determining conditions under which the solution set S = {z :

Az < b, Bx = d} is non—empty. For this purpose, we make use of
1



the following linear program:

P: maximize —elz
Ar — 2z <b
Bx =d
0 <z
where e € IR™ is the vector of all ones (e = (1,1,1,...,1)T).

(a) Show that the system (2) is consistent (i.e. S # () if and only
if the optimal value in P is zero.
(b) Show that the dual to the LP P is the LP

D : minimize bTu+ dfv
ATu+ BTv =0
0<u<e.

(c) Show that the system Az < b is inconsistent (i.e. S = 0) if
and only if there are vectors u € IR"™ and v € IR® such that
0<u, ATu+ BTv =0, and bTu+ d"v < 0.

Solution to 2.b: The primal problem can be written as
T
max -1 0
0 x
s.t. [—e A] ($0> <b.
T

Therefore the dual objective is bTy. The primal variables are free, so the
T

dual contains only the linear equality j:T] y = <_01> The primal only

has linear inequalities so the dual variables are non-negative: 0 < y. Conse-
quently, the dual is

max by
¢ —eT (-1
0<y,

which is equivalent to the given dual.



