1. CONJUGATE DIRECTION METHODS

1.1. General Discussion. In this section we are again concerned with the problem of
unconstrained optimization:
P :  minimize f(x)

subject to x € R"
where f : R® — R is C%. However, the emphasis will be on local quadratic approximations
to f. In particular, we study the problem P when f has the form

1

(1.1) flz) = §xTQx — bz,
where () is a symmetric positive definite matrix. In this regard the notion of -conjugacy
plays a key role.

Definition 1.1 (CONJUGACY). Let Q € R™*™ be symmetric and positive definite. We say
that the vectors x,y € R™\{0} are Q-conjugate (or Q-orthogonal) if 7 Qy = 0.

Proposition 1.0.1 (CONJUGACY IMPLIES LINEAR INDEPENDENCE). If Q € R™ ™ is pos-
itive definite and the set of nonzero vectors dy, di,...,dy are (pairwise) Q-conjugate, then
these vectors are linearly independent.

k

Proof. Tt 0 = 3" «yd;, then for iy € {0,1,...,k}
i=0
k
0= d%Q[Z a;d;] = ai,di Qd;,
i=0
Hence a; =0 for each i =0, ..., k. 0
Observe that the unique solution to P when f is given by (1.1) is
z* = Qb
If {dy,ds,...,d,_1} is a Q-conjugate basis for R™, there are scalars «p, ..., a1 such that
(12) rt = Oé()d() + ...+ Oénfldnfl.
Multiplying this expression through by Qd; for each i =0,...,n — 1 we find that
B drQuz* B drp
NTIQd T dTQd
for each 2 = 0,...,n — 1. Therefore
n—1 n—1
. dr'b d;d?
o T [ZO d?QdZ]

so that

It is important to note that the coefficients a; in the representation (1.2) can be computed

without knowledge of x*. This observation is the basis of the following result.
1
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Theorem 1.1 (CONJUGATE DIRECTION ALGORITHM). Let {d;}'=) be a set of nonzero
Q-conjugate vectors. For any xq € R"™ the sequence {xy} generated according to
Tpy1 = T + opdy, k>0
with
a = argmin{ f(z, + ady) : a € R}
converges to the unique solution, z* of P with f given by (1.1) after n steps, that is x,, = x*.

Proof. Let us first compute the value of the ay’s. Set

= %d%@dk + Oéggdk + f(:l,’k),

where g, = Vf(z;) = Qx), — b. Then ¢, () = adl Qdy + gl dy, hence

g;fdk
o — — T .
d Qdy,
Now suppose x* — x( has representation
(13) ¥ — Tog = ééodo + CAkldl +...+ OAén_ldn_l.

Since x,, = g+ agdy + . .. + a,,_1d,,_1, the result is established if we can show that & = ay,
for each £k =0,1,...,n — 1. Multiplying (1.3) through by Qdj yields

. diQ(z* — xo)

But Qz* = b and
dz@l'o = dz@(l'o —+ Oéodo + .o+ Ckkfldkfl)
= dTQd.

Therefore - :
~ . d Q(ro—z*
Ok T Qd,
_ df (Qzy—b)
dl Qdy
_ _ _dig
— dFQdy

= .
U

The following result provides further geometric insight into how the algorithm is proceed-
ing.

Theorem 1.2. /[EXPANDING SUBSPACE THEOREM/
Let {d;}'=y be a sequence of nonzero Q-conjugate vectors in R™. Then for any xo € R™ the
sequence {xy} generated according to

Thy1 = Tk 7; Qg dy
- 9 Ak
U= o
has the property that f(z) = %xTQ:U — bTx attains its minimum value on the affine set

xo + Span {do,...,dx_1} at the point xy.



Proof. We establish the result by directly computing the solution to

(1.5) min f(x)
’ subject to x — xo € Span {do,dy,...,dy_1}.

By setting Dy = [do, dy,...,d;_1] and z = x — zo we can rewrite (1.5) as
min f(z + xg)
(2.9)

subject to z = Dyy,
which can be written as
(1.6) min f(Dyy + xo).
y
Writing

o(y) = f(Dry + o)
= 35y" DEQDY + g5 Dy + f(20),

where go = V f(x¢), we see that the solution to (1.6) is obtained by setting
0= Vi(y) = Dy QDxy + Di; go.

Now
DgQDk [dTQd ]zg =0
= diag[d] Qd,]i=,

and

Dlzgo = [dggo, d?QOa cee 7dgflg> ]T'
Hence -

—d; go .
Yi = TQd fori=0,...,k—1.

Therefore, the solution (1.5) is

dTgo
=t Z 7Qd"
Consequently, the result will be established 1f we can show that
dfge  dly
df Qd; di Qd;
for each i =0,1,...,k — 1. But this follows immediately from (1.4) since

(1.7)

O — di i _ di (Qu; — b)
' di Qd; di Qd;
_le(Q(xO‘f‘aOdO‘f‘aldl+"'+Oéi71di71_b)
o dl'Qd;
_ _ digo
dl Qd;

where the global minimum value of f is attained at z* and so satisfies Qz* = b.
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Corollary 1.2.1. /[SUBSPACE ORTHOGONALITY CONDITION/
In the method of Conjugate directions the gradients g, k = 0,1,...,n satisfy

gldi=0 fori<k.

Proof. This follows from a general property of minimization on affine sets. Consider the
problem

min ¢(x)

subject to x € g+ .5,
where ¢ : R" — R is C' and S is the subspace S := span {vy,...,v;}. If V is the matrix
whose columns are given by vy, ..., v, then this problem is equivalent to the problem

min p(zg + Vz)
subject to z € R¥ .

Setting d(2) = p(ro+Vz), we get that if z solves the latter problem, then VIV (zo+Vz) =
V¢(z) = 0. Setting = = x¢ + Vz, we conclude that Z solves the original problem if and only
if Z solves the latter problem in which case VI Vp(T) = 0, or equivalently, v] Vio(Z) = 0 for

i=1,2,... k. O

1.2. The Conjugate Gradient Algorithm. The conjugate direction algorithm of the
previous section appears to be seriously flawed in that one must have on hand a set of
conjugate directions {dy,...,d,_1} in order to apply it. However, one builds a set of Q-
conjugate directions as the algorithm proceeds. The example of such a procedure studied in
this section is called the conjugate gradient algorithm.

The C-G Algorithm:
Initialization: zo € R", dy = —go = =V f(z0) = b — Q.

For k=0,1,2,...
(072 = _g]{dk/dZQdk
The1 = T + apdy,
Grt1 = Qrpgr — b
Ok = ng+1Qdk/d£Qdk
dpv1 = —Grg1 + Brdi
k =k 4+ 1.

Theorem 1.3. [CONJUGATE GRADIENT THEOREM/
The C-G algorithm is a conjugate direction method. If it does not terminate at x, then

(1) Span [go, g1, - - -, gx] = span [go, Qgo, - - ., Q¥ go]
2) Span [dy, dy, . .., di] = span [go, Qgo, - - ., Q% go)
3) dLQd; =0 fori<k—1
4) ar = gi gu/dj, Qdy,
(5) B = 91?+19k+1/91?9k-
Proof. We first prove (1)-(3) by induction. The results are clearly true for £ = 0. Now
suppose they are true for k, we show they are true for k + 1. First observe that

k1 = gr + axQdy,
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so that gr.1 € Spanlgo, ..., Q" g] by the induction hypothesis on (1) and (2). Also g1 ¢
Span [dy, ..., dy] otherwise gxr1 = 0 (by Theorem 1.2.1 since the method is a conjugate
direction method up to step k by the induction hypothesis. Hence gx,1 ¢ Span [go, - . ., @*go]
and so Span [go, g1, - -, 9kr1] = Span [go, ..., Q¥ 1gg], which proves (1).

To prove (2) write

drv1 = —gr1 + Brdi

so that (2) follows from (1) and the induction hypothesis on (2).

To see (3) observe that

dZ—HQdi = —gr1Qd; + 5dede‘-

For i = k the right hand side is zero by the definition of ;. For ¢ < k both terms vanish.
The term gi,,Qd; = 0 by Theorem 1.2 since Qd; € Span[dy, ...,dx] by (1) and (2). The
term d! Qd; vanishes by the induction hypothesis on (3).

To prove (4) write

—gr . = G gk — Br193 di—1

where gl'dy_1 = 0 by Theorem 1.2.

To prove (5) note that g/, gx = 0 by Theorem 1.2 because g, € Span[dy, ..., d;]. Hence

1 1
91 @de = — g [gk1 — 9K] = — G191
(653 e

Therefore,

5 — 1 GG+t _ GheaGrnt
ay di Qdy 97 9n

Remarks:
(1) The C-G method decribed above is a descent method since the values

f(xo)a f<l’1), ,f(l’n)

form a decreasing sequence. Moreover, note that
Vf(ze)'dy=—glge and o >0.

Thus, the C—G method behaves very much like the descent methods discussed pevi-
ously.

(2) It should be observed that due to the occurrence of round-off error the C-G algorithm
is best implemented as an iterative method. That is, at the end of n steps, f may
not attain its global minimum at z,, and the intervening directions d; may not be
Q-conjugate. Consequently, at the end of the n'* step one should check the value
|V f(z,)||. If it is sufficiently small, then accept z,, as the point at which f attains
its global minimum value; otherwise, reset xy := x, and run the algorithm again.
Due to the observations in remark above, this approach is guarenteed to continue to
reduce the function value if possible since the overall method is a descent method.
In this sense the C-G algorithm is self correcting.
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1.3. Extensions to Non-Quadratic Problems. If f : R® — R is not quadratic, then
the Hessian matrix V2 f(z;) changes with k. Hence the C-G method needs modification in
this case. An obvious approach is to replace Q by V?f(x;,) everywhere it occurs in the C-G
algorithm. However, this approach is fundamentally flawed in its explicit use of V2f. By
using parts (4) and (5) of the conjugate gradient Theorem 1.3 and by trying to mimic the
descent features of the C—G method, one can obtain a workable approximation of the C-G
algorithm in the non—quadratic case.

The Non-Quadratic C-G Algorithm

Initialization: zo € R", go = Vf(xg), do = —go, 0 < c < 5 < 1.
Having xj otain x;,; as follows:
Check restart criteria. If a restart condition is satisfied, then reset xy = z,, go = V f(z0),
dy = —go; otherwise, set
c {)\ A>0,Vf(xg+ Adg)"d > BV f(xg)"dy, and }
f(@r 4+ Ady) — f(2r) < AV fax)"di
Tyl ‘= Tg + Oékdk
gey1 = Vf(Tre1)

(6773

T
Jrr19k+1

F Fletcher-Reeves
6}{ p— - 95 9k
max {0, W} Polak-Ribiere
k
diy1 = —Grs1 + Ordy
k =k 4+ 1.

Remarks

(1) The Polak-Ribiere update for (3, has a demonstrated experimental superiority. One
way to see why this might be true is to observe that

91?+1(9k+1 — k) Oék91z+1v2f(37k)dk

thereby yielding a better second—order approximation. Indeed, the formula for &, in
in the quadratic case is precisely

G V2 f (1) di
i G -

(2) Observe that the Hessian is never explicitly refered to in the above algorithm.

(3) At any given iteration the procedure requires the storage of only 2 vectors if Fletcher-
Reeves is used and 3 vectors if Polak-Ribiere is used. This is of great significance if
n is very large, say n = 50,000. Thus we see that one of the advantages of the C-G
method is that it can be practically applied to very large scale problems.

(4) Aside from the cost of gradient and function evaluations the greatest cost lies in the
line search employed for the computation of ay.

We now consider appropriate restart criteria. Clearly, we should restart when k£ = n
since this is what we do in the quadratic case. But there are other issues to take into
consideration. First, since V2 f(x;) changes with each iteration, there is no reason to think
that we are preserving any sort of conjugacy relation from one iteration to the next. In order
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to get some kind of control on this behavior, we define a measure of conjugacy and if this
measure is violated, then we restart. Second, we need to make sure that the search directions
dy. are descent directions. Moreover, (a) the angle between these directions and the negative
gradient should be bounded away from zero in order to force the gradient to zero, and (b)
the directions should have a magnitude that is comparable to that of the gradient in order
to prevent ill-conditioning. The precise restart conditions are given below.

Restart Conditions
(1) k=n
(2) 19195 = 0-2g5 g1
(3) =298 gk > gf dy. > 0.2 g
Conditions (2) and (3) above are known as the Powell restart conditions.



