Chapter 9
The Method of Multipliers

9.1 Introduction

In our study of exterior penalty functions in the previous section we found that there was a
compromise between differentiability and exactness. That is given a penalty function

Po() = fo(z) + afB(z)

either the penalty term is differentiable in which case the penalty parameter o must tend
to 400 or ﬂ(;t:) is nondifferentiable in which case « need not tend to +o0c. In this section
we consider a modification to the quadratic differentiable penalty term BZ which avoids the
need to send a to +o00.

Recall that in each step of the exterior penalty method applied to

Pe) 1= fole) o [T + 3 (i)’

one solves the unconstrained minimization problem

min P,(z).

The solution z, satisfies
(9.11) 0= VPy(e) = Vfolea) + 3 Vhea)(afi(ea)e) + 30 Vi) afi(x),
=1 1=s+1
Setting
(ua)s 1= {ozfi(;z:a)+ ifi=1,...,s
s afi(zy) ifi=s+1,...,m
we can write (9.1.1) as

0=V,L(za,uy)
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where L(z,u) = fo(z) + uT f(z) is the Lagrangian for the problem P.

min Jo()
subject to  fo(z) <0 ¢=1,...,s
folz)=0 t=s+1,....m

Consequently, if z, — T a local solution to P, then every cluster point of {u,} is a Kuhn-
Tucker multiplier for . This indicates that we should think of the vectors u, as multiplier
approximates that are to be updated at each iteration. By doing so, we avoid the need
to send the penalty parameter o to +00. The strategy is as follows: given a > 0 and an
estimate of the multipliers v € R™, let z, , be the solution to the equation

0 = Violz) + X Vii(z)(afi(z) + ui)s
+ Yl Vi) (afiz) +u) .

Then update the multiplier estimates u; via the equations
up = (afi(zou) +u)y fore=1,... s
and
u; = (afi(ton) +u;) fori=s+1,...,m.

This procedure describes the basic structure of an algorithm known as the method of multipli-
ers. Before we provide a precise description of this algorithm let us first examine expression
(9.1) more carefully.

9.2 The Augmented Lagrangian

Observe that expression (9.1) is a first order optimality condition for some function. In order
to recover this function we can integrate the right hand side of (9.1) in the variable z. By
adding in the appropriate constant term this integration yields the function

L(z,u,a) = folz) + goldisty[af(z) +ulK] — |jul)3]
= folz) + o iini((efi(e) +ui)y)? — ul
+ S file)(filx) 4 ).

where K := R? x {0}gm-s. The function L(z,u,«) is called the augmented Lagrangian for P.
The name is derived from the fact that if s = 0, that is there are only equality constraints,
then L(z,u,a) takes the form

a
L(;L‘,u,a) = L(x,u) + 5”f($)”%
where L(z,u) = fo(x) + u” f(z) is the usual Lagrangian. Thus L(z,u, a) can be thought of

as arising from the usual Lagrangian after one has incorporated a vehicle for penalizing con-
straint violation. The augmented Lagrangian possesses the following remarkable property.
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THEOREM 9.2.1 Let o >0, f;, e =0,...,m differentiable at x € R". Then
0=V, L(z,u,a)
if and only if (x,u) is a Kuhn-Tucker pair for P.

PRrROOF: Note that 0 = V., L(x,u,«) if and only if

0 = Vhle)+ Clafa) + w):Th )+ 3 (@h(e)+w) VL)

ui = (afilz)+tu)s 1=1,...,s

0 = filz) t1=s+1,...,m.
Hence the result will be established once we have shown that
[(a—b)y —a=0<=a>0,b>0,ab=0].

Case1l: a—b6>0

If a —b>0, then (a — b)y = a — bso that b= 0. Consequently, a > 0, 6> 0, ab= 0.
Case 2: a —b<0

If (a —b) <0, then (a — b); = 0 so that @ = 0. Consequently, @ > 0, 5> 0 and ab = 0.
The converse is trivial. [ |

Thus it would seem that we need only find the roots of the equation 0 = V, , L(x, u, &)
in order to locate Kuhn-Tucker points for the problem P. This is precisely what the method
of multipliers attempts to do.

In order to investigate the rate of convergence for these methods we require the nonsin-
gularity of the hessian

V2. L(z,u, )

Unfortunately, V2, L(z,u,a) does not always exists since (afi(z) 4 u;)4 is not everywhere
differentiable. A sufficient condition under which V2 L(z,u,«) does exist near a Kuhn-
Tucker point (7, w) for P is strict complementary slackness.

DEFINITION 9.2.1 Let (Z,w) be a Kuhn-Tucker pair for P. We say that the strict com-
plementary slackness condition (SCSC) is satisfied at (T,w) if w; > 0 whenever f;(T) < 0
t=1,...,s.

Observe that if the SCSC is satisfied at the K-T pair (Z,%) then
(afi(z) +ui)y =0
for all (z,u) near (7,u) for each ¢ ¢ A(%) = {z: fi(z) =0}, and

(afi(z) +ui)y = (afi(z) + u;)
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for all (x,u) near (z,u) for each i € A(Z). Consequently, V2 L(z,u,a) exists near (Z,7)
and is given by

Veol(z,u,a) fp(z)” fi(z) 0
!
2 _ () 0 0 0
VLUL([ZZ,U,O[) - /A(’r) 0 0 0
0 0 0 —1liy

Here we have reordered the components of the vector u into the multipliers associated with
the equality constraints ug with £ = {s+1,...,m}, the multipliers associated with the active
inequality constraints us with A = A(T), and the multipliers associated with the inactive
inequality constraints uy with N = {1,...,s}\A(z). Also for any matrix M C R™*”" and
index set J C {1,...,m}, M; represents that matrix whose rows are those of M with index
in .J. Finally,

VeeLl(z,u,0) = V2fo(x) + ) aV fi(2)V fi(z)" + (afi(z) + ) V2 fi(z)

+ i ani(a:)Vfi(a:)T + (afi(x) + u) Vi)

1=s+1

Vilewta Y VE@VH) @)V ()

1€AU{s+1,....,m}

In order to establish the nonsingularity of V2L(z,u,a) we need the following three facts
from linear algebra whose proof are left as an exercise.

LEMMA 9.2.1 Let A R™*", Be€ R"™™ and D € R™*". If
1. the rows of D are linearly independent,
2. Dr=0,z#0=2TBz >0, and
3. p >0,

B+ ,uATA DT
D 0

then the matrix s nonsingular

THEOREM 9.2.2 [Finsler’s Theorem] Let B,C € R™"™ with C positive semi-definite. Then
2T Bz > 0 for every x € R,  # 0 such that 2xTCx = 0 if and only if B + uC is positive
definite for all p > @ for some i.

THEOREM 9.2.3 [Debreu’s Theorem] Lel A € R™ ™ and B € R™". Then 2" Bz > 0 for
every x € R™ with  # 0 such that Az = 0 if and only if B 4+ pAT A is positive definite for
all p > for some 7.

The following result is an easy consequence of these linear algebraic results.
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THEOREM 9.2.4 (The positive definiteness of V2 L(T,, ) and the nonsingularity of V2 L(Z,u, o))
1. Let (z,u) be a Kuhn-Tucker point for P and suppose thal
(a) (Strict Complementary Slackness)
u; > 0 whenever fi(z) <0 1=1,...,s.

and

(b) (Second-Order Sufficiency)
Vi@'d=0 ic A@)U{s+1,...,m} = d"V,L(F,@)d > 0.
Then V.. L(T,u, «) is positive definite for all « > @ for some @ > 0.
2. If in addition to the hypotheses in (1) we assume that

(¢) (The LI Condition) the gradients {V fi(T) :1 € A(Z)U{s+1,...,m}} are linearly
independent |

Then V*L(Z,u,a) is non-singular for all a > 0.

PROOF: (i) We have that
V2 L(Tu,a) = V2 L(E,U) + afi(Z) f1(z)"

where [ = A(T)U {s+ 1,...,m). Consequently, the result follows from Debreu’s Theorem
9.2.3.
(ii) This just follows from Lemma 9.2.1. [

We now formally state the method of multipliers.

9.2.1 Algorithm: The Method of Multipliers

Let (:z:o?uo,qo) € R" x R™ x Ry stop if |VL(z%,u’, a')| < e. Having (z*,u’,a’) determine
(x' 1wt o't as follows

1. Let 2'*! solve ' ' o
Lzt v, ap) = Helﬁ&% L{z,u',a')
Or . . .
V. L(z't vt a') = 0.
2. Set vt = u' + o, V, L(z"1,u', ') or equivalently

u;‘H — (aifj(z;i+1) —|—ui)+ fory=1,...,s

and . . . .
u}‘H = (' fi(zT) +u') forj=s+1,...,m.
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3. Set , . : : :
ot — {a" i ut! — oo < gllu’ — v oo

10a’  else

In the following theorem we provide a sample of the type of convergence result that can
be obtained for this method.

THEOREM 9.2.5 Let the assumptions (a), (b), and (c) of Theorem 9.2.4 hold and let o >
a. Lel fo and [ be C* near the Kuhn-Tucker point T. Then for o sufficiently large, but
finite, there is an open neighborhood V,, of u such that for u® € V,, there is an z° such that
V. L(z% u° a) = 0 and the iterates (z*,u’) generated by algorithm 9.2.1 exist and converge
to (Z,u) at the linear root rate

Iz — 7, u' — 7| < é(c/a)

for some positive constants € and 6.



