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A NEW PROXIMAL POINT ITERATION
THAT CONVERGES WEAKLY BUT NOT IN NORM

H. H. BAUSCHKE, J. V. BURKE, F. R. DEUTSCH, H. S. HUNDAL,
AND J. D. VANDERWERFF

(Communicated by Jonathan M. Borwein)

ABSTRACT. In 1991, Giiler constructed a proximal point iteration that con-
verges weakly but not in norm. By building on a recent result of Hundal, we
present a new, considerably simpler, example of this type.

1. INTRODUCTION

Throughout, X denotes a real Hilbert space with inner product (-, -) and induced
norm || -|. Let ¢ : X — ]—o00,400] be a convex, lower semicontinuous, and
proper function. The Prozimal Point Algorithm, first introduced by Martinet [11]
in 1970 (see also [15]), is a now-classical method for solving the convex minimization
problem

1.1 i

(1.1) min ¢ (z)
iteratively: given a starting point xo and parameter sequence (vn)nen of strictly
positive reals, a sequence is generated by

(12)  (fneN={0,1,2,....}) @np1 = argmin [p(z) + ——||z — xn|\2]
reX 2'}%

Brézis and Lions [7] proved that if ¢ has minimizers and ), x7n = +00, then
the sequence (zy)nen generated by (L2) converges weakly to a solution of (IIJ).
The question whether the convergence of such a sequence is always in norm was
answered in the negative by Giiler [9]. His counterexample is quite complicated
and relies on several deeper results about nonlinear contraction semigroups. (See
[4] and [17] for recent modifications of the Proximal Point Algorithm that produce
norm convergent sequences.)

The aim of this paper is to provide a mew, conceptually simple, proximal point
iteration that converges weakly but not in norm.
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1830 H. H. BAUSCHKE, ET AL.

The paper is organized as follows. In Section Pl we establish the basic conver-
gence theory of the Support Point Algorithm for finding points in a closed convex
set supported by a functional. The convergence results resemble those known for
the Proximal Point Algorithm, and this is not a coincidence: in fact, in Section (it
is shown that the Support Point Algorithm is a special case of the Proximal Point
Algorithm. Hundal’s recent example [10] of an alternating projections iteration that
converges weakly but not in norm is discussed in Section[d In the final Section [l
we show that Hundal’s example can be viewed as an instance of the Support Point
Algorithm. Altogether, we have obtained a sequence generated by the Proximal
Point Algorithm that is weakly convergent, but not in norm.

We employ standard notation and terminology from Convex Analysis; see, e.g.,
[14] or [16]. Specifically, I stands for the identity operator, and given a closed
convex set C, 1o denotes the indicator function of a set C' in X (to(x) = 0, if
x € C; 1o(x) = 400, otherwise); and N¢ is the normal cone map dvc (Neo(z) =
{z* € X :sup(z*,C —x) =0}, if x € C; Ne¢(z) = O, otherwise).

2. CONVERGENCE THEORY OF THE SUPPORT POINT ALGORITHM

This section deals with the Support Point Algorithm, which is an iterative
method for finding support points. It was analyzed by Bauschke and Vander-
werfl in 1996 [I, Section 6.3.2]. The Support Point Algorithm will later be ex-
hibited as an incarnation of the Proximal Point Algorithm. Thus, its convergence
properties could be deduced from known results on the convergence of the Proximal
Point Algorithm; however, to make the paper more self-contained and because the
proofs for the Support Point Algorithm are short and instructive, we include the
details.

Definition 2.1 (support points). Suppose C' is a closed convex nonempty set in
X and f € X \{0}. Then the set of support points of C' with respect to f [14] is

supp(f,C) = {x € C: (f,z) =sup(f,C)} = argergaXf(x),

where f(z) = (f, x).

We will introduce an iterative method for finding support points, which employs
the projector onto C.

Definition 2.2 (projector and distance). Suppose C' is a closed convex nonempty
set in X. Then for every x € X, there exists a unique point Pox € C nearest to x:
|Pcx — z|| = mincee ||c — x||. The induced nearest point map P : X — C is called
the projector onto C, and the function d(-,C) : X — R : x> ||z — Pox| measures
the distance to the set C.

The following two results are well known.

Proposition 2.3 (basic properties). Suppose C is a closed convexr nonempty set
in X. Then:

(i) (Vz € X) Pox is characterized by Pox € C and sup(C—Pox,x—Pox) = 0.
(ii) Pc is firmly nonexpansive, i.e.,

(Vz € X)(Vy € X) ||[Pex — Peyl? +||(I = Po)z — (I = Po)yl* < ||z —y*.
(i) Po = (I+ Ng)~L.
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Proof. (i): [8, Section 4.1]. (ii): [8, Section 5.5]. (iii): Pick x € X and let y = Pcx.
By (i), y € C and sup(C —y,x —y) = 0. Hence z —y € Ne(y) & z € (I + No)(y)
e ye I+ Neo) (). O

Proposition 2.4 (support points and the projector). Suppose C is a closed convex
nonempty set in X, f € X such that ||f|| =1, and v € X. Then:

(i) The following are equivalent:
(a) z € supp(f,C);
(b) f € No(z);
(¢) Va>0) Po(z+af) =x;
(d) Ba>0) Po(x+af) ==z
(ii) (Va > 0)(Vee C)
[Po(z+af)—df® < [le—c|®~[e—Pe(z+af)|*+2a{f, 2—c)+2a{f, P (z+af)—z).
Proof. (See also [I, Proposition 6.3.1 and Proposition 6.3.2].) (i): Fix a > 0.
Then = € supp(f,C) & = € C and (f,z) = sup(f,C) & z € C and (af,z) =
sup{af,C) < x € C and sup(C — z,(z + af) —z) =0 & = = Po(x + of) (by
Proposition2.3.(i)) & = = (I+N¢) "} (z+af) (by Proposition[Z3l(iii)) < z+af €
(I + N¢)(x) =2+ No(z) & af € Ne(x) & f € Ne(z). The equivalences follow.
(ii): By Proposition 2Z31(ii) (applied to ¢ and z + af), we have |lc — (z + af)||? >
lle = Po(z + af)lI* + [[(z + af) = Po(z + af)||*. Thus, using || f[| = 1,
le = Pe(z +af)l” < lle = (z +af)|* = |(z + af) — Po(z +af)|
= (@ = o) +afl* ~ll(z = Po(z + af)) + af|?
= |z —c|* + o+ 2(x — c,af) = |z — Po(z + af)|?
—a? =20z — Po(z +af),af).
The proof is complete. O

Theorem 2.5 (Support Point Algorithm). Suppose C is a closed convex set in
X and f € X such that ||f]| = 1. Let (o )nen be a sequence of strictly positive
parameters, fir a starting point xg € C, and generate a sequence (Zy)nen by

(VneN) xnpy1 = Po(zn + anf).
We refer to this iterative method as the Support Point Algorithm with respect to
f and C, with starting point xy and parameter sequence (o, )nen-

(1) If >, en 0n < 400, then (xn)nen converges in norm to some point in C.
(ii) If >,y @n = +00, then the following dichotomy holds.
FEither supp(f,C) # @ and (zn)nen converges weakly to some point in
supp(f, C), or supp(f,C) =@ and |z,| — +o0.

Proof. Observe that the sequence (x,,)nen lies entirely in C.
(i): Fix n € N. By Proposition[Z3L(ii), ||xn+1—2n| = |Po(@n+anf) — Poxa| <

|(xn + anf) — znll = an; consequently, > l[Tnt1 — 2l < D2 cyan < +00.
Hence (x,,)nen is a Cauchy sequence, and it must therefore converge to some point
in C.

(ii): (See also [1l, Theorem 6.3.3].) For brevity, set S = supp(f,C).

Claim 1: (f(a:n))neN is increasing.

Indeed, by Proposition Z31(i), 0 > (z, — Zni1, (Tn + anf) — Tpt1) =
Hxn - mn+1||2 + anf(xn — J7n+1)-
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1832 H. H. BAUSCHKE, ET AL.

Claim 2: lim,, f(zy,) = sup f(C) € ]—o0, +0].

By Claim 1, the limit of (f(a:n))neN exists in |—o0, +00]. It suffices to show that
for every ¢ € C and all € > 0, eventually f(z,) > f(c) — . Suppose this were not
the case. Then there exist ¢ € C and € > 0 such that (Vn € N) f(z,) < f(c) —e.
By Proposition Z41(ii),

[2n41 = el < l2n —ell® = l2n — 2paa | + 2an(—€) + 200 (f, Tps1 — n)
S ||(En - C”2 + 205n(<f, Tn+1 — xn> - €)~

Now as (f(:cn))neN converges to a finite limit, eventually (f,xn+1 — z,) < £/2.
Thus there exists 7 € N such that (Vn > 7) ||zn41 — c||> = |20 — ¢||? < 2a,(—¢/2).
This implies —||zz —c||* < =&, 5, an = —oc, which is absurd. Claim 2 is verified.

Claim 3: If S = @, then |z,,| — +oc.

Assume the opposite. Then some subsequence of (z,)nen is bounded and, in
view of Claim 2, its weak cluster points would lie in S, which is absurd. Claim 3
thus holds.

Claim 4: If S # @, then (z,)nen converges weakly to some point in S.

It is readily verified that S is a closed convex set; moreover, if « > 0, then
Proposition 2.4l (i) shows that s € S if and only if s = Po(s + af). Using Proposi-
tion 231 (ii), we deduce

(Vs € S)(¥n €N) |zns1 — s|| = | Pe(zn + anf) — Po(s + anf)||
< N@n +anf) = (s +anf)ll

= [lzn — s]-

Consequently, (z,)nen is Fejér monotone with respect to S. On the other hand,
Claim 2 shows that all weak cluster points of (z,)neny must lie in S. Altogether,
by [2, Theorem 2.16], the sequence (z,,)nen converges weakly to some point in S.

In view of Claim 3 and Claim 4, the entire theorem is proven. O

3. SUPPORT POINT ALGORITHM AS A PROXIMAL POINT ALGORITHM

Assume that ¢ : X — ]|—o00,+00] is a convex, lower semicontinuous, proper
function. Recall that (see (I.2)), given a sequence of strictly positive parameters
(Yn)nen and a starting point zo, the inductive update rule of the Proximal Point
Algorithm for minimizing ¢ is

1

(3.1) (Yn € N) 2,41 = argmin {@(fﬂ) +
xeX 2%Yn

o = 2all?].

The point z,,4+1 appearing in the update rule (8d)) is uniquely determined: using the
sum rule [16, Theorem 28.2], we have 0 € 9(¢+ ﬁ” =) (@ns1) = 00(Tnt1) +

(41 — Tn)/Yn; equivalently,

(3.2) Ty € (I+’Yn8<?)(xn+l)
(3.3) Tnyr = (I + 10 00) " (zn).

A classical result due to Minty [I2] states that the operator (I ++,0¢)~! appearing
in (33), which is also known as the prozimal mapping [13] or as the resolvent of
the maximal monotone operator dyp, is single-valued (in fact, firmly nonexpansive)
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and everywhere defined. Thus the update rule (8.Il) uniquely determines the next
iterate.

We now show that the Support Point Algorithm is a special case of the Proximal
Point Algorithm.

Theorem 3.1. Suppose C is a closed conver nonempty set in X and f € X
such that || f|| = 1. Then the Support Point Algorithm with respect to f and C (see
Theoreml[ZH) is precisely the Prozimal Point Algorithm for minimizing — f+.c (see
Section [M) if both methods employ the same starting point and the same parameter
sequence.

Proof. Fix a common starting point 2o and a common parameter sequence (o, )nen-
Set ¢ = —f + tc. The sum rule for subdifferentials [16] Theorem 28.2] implies
O0p = —f + N¢. The (implicit) update rule for the Proximal Point Algorithm (B.2)
thus becomes z,, € (I +an,09)(n+1) = Tny1 —anf+anNo(Tni1) = Tnp1 —anf+
NC(anrl) < Tn + anf € (I + NC)(anrl) < Tpt+1 = (I + NC)il(xn + anf) =
Po(zy, + an f) (using Proposition Z3](iii)), which is precisely the update rule for
the Support Point Algorithm. O

4. DESCRIPTION OF HUNDAL’S ALTERNATING PROJECTIONS EXAMPLE

Let H and K be two closed convex sets in X with HNK # (). Given an arbitrary
starting point yo € X, the Method of Alternating Projections aims to find a point
in H N K iteratively through the sequence (y,)nen generated by

(4.1) (Vn S N) Yn+1 = PKPHyn-

This algorithm goes back at least to 1933 when von Neumann demonstrated that
Yn — Prnkyo provided that H and K are two subspaces; see [8, Chapter 9] for
further information. In 1965, Bregman [6] proved that, in general, the sequence
(yn)nen converges weakly to some point in H N K. Since then, the obvious question
was whether the convergence is actually strong. Hundal recently answered this
question in the negative [10]:

Example 4.1 (Hundal). [T0] Suppose X = 5. Then there exist two closed convex
sets H, K in X, a point f € X, and a point yg € K such that the following holds:

() [/l =1

(ii) H is a hyperplane, represented as H = {f}*;

(iii) K is a cone and sup(f, K) = 0;

(iv) HNK ={0};

(v) the sequence (yn)nen = ((PKPH)nyQ)neN converges weakly to 0, but not
in norm.

Hundal’s ingenious construction, while lengthy and quite technical, is entirely
elementary in the sense that it does not rely upon deeper results from other areas.
The normal vector f of the hyperplane H is simply the negative of the first standard
unit vector; however, the cone K is more complicated. (For instance, in view of [3]
Theorem 5.3], K fails to be a lattice cone.)

5. NEW PROXIMAL POINT ITERATION THAT DOES NOT CONVERGE IN NORM

Theorem 5.1. Let H, K, f, and (yn)nen be as in Example @Il Then (Yn)nen S
generated by the Support Point Algorithm with respect to f and K, with starting
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1834 H. H. BAUSCHKE, ET AL.

point yo and strictly positive parameter sequence (o )nen = (|(f, yn>|)neN. More-
over, (an)nen 15 decreasing, Y, .y Cn = +00, and ) a? < +oo. In particular,
the sequence (yn)nen is an iteration of the Proximal Point Algorithm that converges

weakly, but not in norm.

Proof. Write S = supp(f, K).

Claim 1: S = {0}.

On the one hand, by Example l.1.(iii), 0 € S. On the other hand, pick z € S.
Then (f,x) = (f,0) = 0. Hence z € {f}*+ = H, and thusz € SNH C KNH = {0}
(Example 1l (iv)). Altogether, S = {0}.

Claim 2: (Vn € N) ay, = ||y — Puynl|| > 0 and Ppy, = yn + anf.

In view of Example[Ld] (iv)&(v), (yn)nen lies in KN\ H = K~\{0}, and (Pyyn)nen
belongs to H\ K = H~{0}. Fix n € N. The well-known formula for the projection
onto a hyperplane [8, Section 6.17] now yields y, # Puyn = Yn — (f,yn)f = yn +
[(F, g}l and 0 < lyn — iyl = |, yu)] = i (recall [[f] = 1 by ExampleEL(3)
and (f,y,) < 0 by Example E1.(iii) & (iv)).

Claim 3: The sequence (y,) is generated by the Support Point Algorithm with
respect to f and K, with starting point yo and parameter sequence (v, )nen-

In view of Claim 2, the update rule becomes (Vn € N) y,4+1 = PxPuyn =
Pr (Yn + an f). Since each v, is strictly positive (Claim 2), this claim is verified as
well.

Claim 4: (au)nen is decreasing.

Fix n € N. Using Claim 2, the definition of the sequence (y,)nen and the fact
that it belongs to K (Example[T]), and the definition of the distance function (Def-
inition [Z2), we obtain ay, = ||yn — Puynll > d(Puyn, K) = |Px Payn — Puys|| =
ynt1 = Prynll = d(ynt1, H) = [[yn+1 — Puyn+1ll = i, as desired.

Claim 5: ), oy Qn = +00.

If Y, cnn < +00, then (y,)nen would converge in norm (Claim 3 and Theo-
rem Z5.(i)), which contradicts Example ET1.(v).

Claim 6: ), oy a7 < +00.

Fix n € N. Then Proposition 2:3}(ii), H N K = {0} (Example E1l(iv)), and
Claim 2 yield

ynll? =llyn — 01> = | Payn — PuOl* + |yn — Pryal?
=||Pryn — 01> + o, > | Pk Puyn — PrO|* + op = [[yn1]* + 0.

Hence [y | = [lyn1 2 > a2, and thus [[go]2 > ¥, 2.

Claim 7: (yn)nen is a proximal point iteration that converges weakly, but not in
norm.

This is clear from Claim 3 and Theorem B.1]

The entire theorem is proven. ([

Remark 5.2. For another iteration of the proximal point algorithm that converges
weakly but not in norm, also based on Hundal’s alternating projections example,
we refer the reader to [A].
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