Math. Program., Ser. B (2009) 116:37-56
DOI 10.1007/s10107-007-0130-8

FULL LENGTH PAPER

Weak sharp minima revisited, Part III: error bounds
for differentiable convex inclusions

James V. Burke - Sien Deng

Received: 15 August 2005 / Accepted: 4 April 2006 / Published online: 28 April 2007
© Springer-Verlag 2007

Abstract The notion of weak sharp minima unifies a number of important ideas in
optimization. Part I of this work provides the foundation for the theory of weak sharp
minima in the infinite-dimensional setting. Part II discusses applications of these re-
sults to linear regularity and error bounds for nondifferentiable convex inequalities.
This work applies the results of Part I to error bounds for differentiable convex inclu-
sions. A number of standard constraint qualifications for such inclusions are also
examined.

Keywords Weak sharp minima - Convex inclusion - Affine convex inclusion -
Constraint qualification - Error bounds - Calmness

Mathematics Subject Classification (2000) 90C25 - 90C31 - 49J52

We dedicate this paper to Professor A. Auslender on the occasion of his 65th birthday. We, and the
optimization community at large, have greatly profited from the deep insight and intuition Professor
Auslender has brought to the subject over his many years of his service.

J. V. Burke’s research was supported in part by the National Science Foundation Grant No. DMS-0505712.

J. V. Burke (<)

Department of Mathematics, University of Washington, Box # 354350,
Seattle, WA 98195-4350, USA

e-mail: burke @math.washington.edu

S. Deng

Department of Mathematical Sciences, Northern Illinois University,
DeKalb, IL 60115, USA

e-mail: deng@math.niu.edu

@ Springer



38 J. V. Burke, S. Deng

1 Introduction

We continue our study of weak sharp minima by focusing on applications to error
bounds for differentiable convex inclusions. Given a Gateaux differentiable mapping
h: X +— Y between normed linear spaces X and Y consider the problem of finding
points x € X satisfying the inclusion

h(x) € C, where C C Y is non-empty, closed, and convex (D)
and % is concave with respect to the recession cone of C, i.e.,
h((1=A)x +2z2) — [(1—=A)h(x) +1h(z)] € C™ forall x,z€ X and L €[0, 1], (2)
where
C®={d|x+deCVxeC}.

We call such problems convex inclusions. When C is a cone, the study of convex inclu-
sions and associated error bounds goes back to the early work of Robinson [37-39]
and Ursescu [43]. Most results for general convex inclusions can be obtained from
this case by a standard lifting technique [8, Sect. 5], but not always [15, Sect.6]. The
prototype convex inclusion is obtained by taking ¥ = IR” and C = R® x {0} %,
The inclusion (1) is then equivalent to a finite system of inequalities and equations
hi(x) <0, fori =1,2,...,sandh;(x) =0, fori =s—+1, ..., m, where h; denotes
the ith component function of 4. Here the concavity condition on / reduces to the
requirement that each &; is convex fori = 1,2, ..., s and affine fori =s+1,...,m.
Denote the solution set for (1) by

Y ={x|h(x)eC},
and assume that ¥ # ¢J throughout the paper. Let ||-|| denote the norm on the underly-

ing space. We say that the inclusion (1) satisfies a local error bound at a point x € X
if there exists a neighborhood U of x and an & > 0 such that

adist(x | £) < dist(h(x) | C) VxeU, 3)

where dist (z | C) = inf{ Iz — sl ‘s € C‘] for any subset C of a normed linear

space. If U = X, then this inequality is said to be a global error bound for (1). The
parameter « in (3) is called the modulus of the error bound.

If & is continuous, the existence of a local error bound is equivalent to the notion of
calmness [42] of the constraint set-valued mapping ¥ from Y into X at (0, X) where

Zy)={x|h(x)+yeC} )
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Weak sharp minima, Part IIT 39

and ¥ (0) = X, as observed by Henrion and Outrata [23, pp. 438]. For more on the
calmness property and its role in variational analysis, see [9,16,21,22,42] and ref-
erences therein. The existence of a local error bound is also related to the notion of
metric regularity for constraint systems [42, Chap. 9]. Indeed, in some references the
existence of a local error bound is called metric regularity [30]. In [7] this notion is
referred to as weak metric regularity and in [18] it is called metric subregularity. We
use the term “local error bound” in order to more closely align our study with the
large body of work on error bounds for systems of convex equations and inequali-
ties (e.g., see [3,6,11,15,17,25-31,33-35,38,46,47] and Sect. 4.3 of [4]). Nondiffer-
entiable convex inequalities are studied in [3,6,28,29,35] and in Part II [11] of
this work.

Infinite systems of convex inequalities can be studied within the framework of (1)
using convex multi-function methods [37-39,43] as well as exact penalization [8]
and weak sharp minima [10] techniques. More recently such systems have also been
studied in [46] and [47] which contain several old and some new results.

In Sect.2 we begin by quickly reviewing the necessary tools from Part I on weak
sharp minima. The body of the results are contained in Sect. 3. We first recall the basic
results from [8] on pairs (&, C) satisfying (2). The fundamental subdifferential charac-
terization theorem for error bounds is then established as an immediate consequence
of results in Part I [10]. As a result, we obtain a characterization of the calmness of
the set-valued mapping X at a point. We then focus on the hypotheses that imply the
conditions established in the subdifferential characterization hold. These hypotheses
are called constraint qualifications. We start with the case where C is assumed to be
a polyhedral set in finite dimensional space. In this case we easily recover Hoffman’s
bound [25] and Li’s result [30] on the equivalence of the Abadie constraint quali-
fication and the existence of a local error bound as special cases. We then examine
a spectrum of constraint qualifications appearing in the literature and establish the
relationships between them. We conclude with a few observations on affine convex
inclusions establishing a number of verifiable sufficient conditions under which an
affine convex inclusion has a local or global error bound.

The notation that we employ is consistent with that used in Parts I and II, and is for
the most part the same as that in [2,19,40,41]. A partial list is provided below for the
reader’s convenience.

Denote the dual space of X by X*. When X is endowed with the weak topology and
X* with the weak™ topology then the spaces X and X* are said to be paired in duality
by the continuous bi-linear form (x*, x) = x*(x) defined on X* x X [41]. Denote
the norm on X* by || - [lo: zllo = sup,cp(z, x), where B = {x € X ||x]| < 1}is
the unit ball in X. We will use the notation IB for the unit ball of whatever space we
are discussing. If there is a possibility of confusion, we will write B for the unit ball

in the normed linear space Z. Given a set C in either X or X*, the set cI (C’ ) is the

closure of this set in the norm topology, and given a set E in X*, the set ¢/* (E) is the
closure in the weak* topology.

For a non-empty subset C of any normed linear space Y, denote the indicator func-
tion of C and the support function of C by ¥¢(-) and VX (-), respectively. Thus, in

particular, ||z|l, = ¥;(z). The barrier cone of a convex set C is the set bar (C‘) =
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40 J. V. Burke, S. Deng

dom (Y% (-)). The lineality of C, denoted by lin (C’) is the smallest subspace L such
that x + L C C forall x € C. Clearly, lin (C‘) = lin (C‘OO). The norm-topology
interior of C is int ( ) and the boundary of Cis bdry (C)=cl ( )\mt ( ) When

Y is finite-dimensional, ri (C ) is the interior of C relative to the smallest affine set

containing C. The cone generated by C is cone (C‘ ) = szo{ké }. The linear span of
C is denoted by span ( ~) and the affine hull of C is denoted by aff (C).

Define the projection of a point x € X onto the set C, denoted P(x | C), as the
set of all points in C that are closest to x as measured by the norm ||-||: P(x | C ) =

{y eC ‘ [[x — y|| = dist(x | C)} For non-empty sets C C Xand E C X*, the

polar of C and E are given, respectively, by the sets C° = {x* € X* | (x*,x) <
1Vx e C}, E° ={x € X | (x*,x) < 1Vx* € E}, respectively. Thus, in particular,
IB° C X* is the unit ball associated with the dual norm ||-||,,. If either CorEisa
subspace, we also write C°=C~tand E° = E+. Fora non-empty closed convex set
Cin X, and x € C, define the tangent cone to C at x by Te (x) =cl (Ut>0 %)
The normal cone to C at x is given by N (x) = T (x)°. It is easy to see that
Ng (x) = {x* € X*|(x*,y —x) <0, foranyy e C‘} .

Given a linear operator 7: X +— Y between topological vector spaces X and Y,
we denote the kernel (or null-space) of T and the range of 7 by Nul (T') and Ran (T'),
respectively.

Let f: X + IR be a lower semi-continuous convex function. The function
f*: X* = R defined by f*(x*) = sup,cx({(x*,x) — f(x)) is called the con-
vex conjugate of f. The subdifferential of f at x and the directional derivative of f
at x in the direction d are denoted by 8f (x) and f’(x; d) respectively.

2 Weak sharp minima

Let X be a normed linear space, S C X a non-empty closed convex set, and f: X —
R = R U {400} a lower semi-continuous convex function. We assume that S N
dom (f) # @0, wheredom (f) ={xe€ X | f(x) <oo} ,and

S=[x€S‘f(X)=m€iIS1f(y)]#@-

The set S C X is said to be a set of weak sharp minima for the function f over the set
S with modulus @ > 0 if

f(X) 4+ adist(x | §) < f(x) forallx € Sandx € S, 3)
where dist (x | S) = inf. g llx — x|, gnd |-l is the norm on X. The set S is said to

be a set of weak sharp minima at x € S for f over the set S if there exists an € > 0
and o > 0 such that

@ Springer



Weak sharp minima, Part ITI 41

@) +adist(x | §) < f(x) forallx € SN (& + eB).

Theorem 1 [10, Theorem 2.3 and Theorem 5.2] Let f, S, and S be as in (5), and
assume that the addition formula

A(f + ) (x) = cl* (3f (x) + Ng (x)), (6)

holds for all x € S. Let a > 0. Then the following are true.
(A) The set S is a set of weak sharp minima for the function f over the set S C X
with modulus o if and only if the normal cone inclusion

aBB° (| N3 (x) C cl* (3f (x) + Ns (x)) )

holds for all x € S.

(B) Assume X is either Hilbert or finite-dimensional. Then S is a set of weak sharp
minima at X € S for f over the set S if and only if there exist some a > 0 and € > 0
such that (7) holds for all x € S N int(x + €B).

It is shown in Part I that the normal cone inclusion (7) can be decomposed into two
independent conditions. These conditions play a pivotal role in connecting the notion
of weak sharp minima to a number of related ideas in the literature.

Lemma 1 [10, Lemma 3.1] Ler the basic assumptions of Theorem 1 hold. Given
x € S, we have
aIB° N N5 (x) C cl* (3f (x) + Ns (x)) (8)

if and only if

cone (cI* (3f (x) + Ns (x))) = N3 (x) and
oB° N [cone (cI* (df (x) + Ny (x)))] C cl* (3f (x) + Ng (x)) . &)

In addition, if the set 3f (x) + Ng (x) is weak™* closed, then
cone (cI* (3f (x) + Ns (x))) = cone (3f (x)) + Ng (x).
The history and motivations for the study of weak sharp minima are well doc-

umented in [10,12,13,20,36,45], where one can find extensive references on weak
sharp minima and related issues.

3 Error bounds for differentiable convex inclusions

Let X, Y, h, C, and X be as in (1) and (2). Observe that the inclusion (1) has an
error bound at a point x if and only if the set X' is a set of weak sharp minima for the
function f(x) = dist (h(x) | C). Our goal is to apply the characterization results in
Theorem 1 for weak sharp minima to study the convex inclusion (1) and in this way
obtain error bound results.
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42 J. V. Burke, S. Deng

Lemma 2 [8, Lemma 5.1] The following statements are equivalent:

1. h: X — Y is concave with respect the recession cone of C.
2. Foreachy* e bar (C), the mapping hy+: X — Rdefined by hy«(x) = (y*, h(x))
is a convex function of x.

Moreover, either one of these statements implies that the function f(x) = dist (h(x) |
C) is convex.

We now focus on Gateaux differentiable convex inclusions.

Definition 1 Let L(X, Y) denote the space of bounded linear transformations from
X to Y with norm given by ||A| = sup {||Ax|| | [|x]| < 1}. We say that the mapping
h: X — Y is Gateaux differentiable at x € X if there exists A € L(X, Y) such that

1
lim — — h(x) — LAd|| =
lim = A x +3d) = h(x) = 2Ad]) =0,

for every d € X. Denote the transformation A by 4’ (x). We say that & is continuously
Gateaux differentiable on an open subset U of X if the mapping from X to L(X, Y)
given by x — h’(x) is well-defined and continuous.

Gateaux differentiability at a point x € X can be expressed equivalently by the
equation

h(x 4+ Ad) = h(x) + A0 (x)d + o)),

where the function o(X) depends on both x and d, and satisfies limy\ o @ =0. We
list a few important consequences of differentiability for convex inclusions.

Lemma 3 Consider the convex inclusion (1) and (2) where it is further assumed that
the mapping h: X — Y is Gateaux differentiable at the point x € X. Let p: Y — R
denote the distance function p(y) = dist(y | C), and let f: X +— R be the convex
function f(x) = p o h.

. Foreveryx € X, h(x) + K/ (X)(x — X) — h(x) € C*.

Y cf{xeX |h@+hE@x-%eC}.

L If% € X, then Ts (%) C h'&) "' Te (h(%)) and h'(@)*Ne (h(F)) C N (%) .
. Foralld € X we have f'(x;d) = p'(h(x); W/ (X)d) .

. Af (X) = h'(x)*(B° N Nc (h(x))).

DN AW N -

Proof 1.Since h(x +A(x —X)) —h(x) —Alh(x) —h(x)] € C* VA € [0, 1], we have
h(x) + PEREAD @ (x) € €V € (0, 1]. The result follows by taking the
limit as A N\ 0.

2. This follows immediately from Part 1 and the definition of the recession cone.

3. This is an immediate consequence of Part 2 and [2, Theorem 16, pp. 174].
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4. Since p is globally Lipschitz with Lipschitz constant 1, we have
| f(&+2d) = p(h(X) + 10 (X)d) | <| h(E + Ad) — (h(F) + Ah' (%)d) |= o(h),

from which the result follows.
5. This follows immediately from [10, Theorem A.1, Parts 4 and 5]. O

The normal and tangent cone inclusions in Part 3 of this lemma can be strict. A
condition under which equality holds is called a constraint qualification (CQ). The
straightforward assumption that equality does hold is called the Abadie constraint
qualification [1]. The Abadie CQ is closely related to the condition (9) in Lemma 1.
Indeed, if we take S = ¥ and f(x) =dist (h(x) | C) in this lemma, then these condi-
tions are equivalent yielding the following restatement of Lemma 1 in this context. The
proof is omitted since it follows immediately from Lemma 1 and the representation
for the subdifferential of the distance function dist (2(x) | C) provided in Part 5 of
Lemma 3.

Lemma 4 Let the hypotheses of Lemma 3 hold and let « > 0. If x € X is a point at
which h is Gateaux differentiable, then

a(Bx)° N Nz (x) C h'(x)"((By)° N Ne (h(x))) (10)

if and only if
Ny (x) = h'(x)*Nc (h(x))  and (11)
a(Bx)° NA'(x)*Nc (h(x)) C 1 (x)*((By)° N Nc (h(x))) . (12)

We use this lemma to obtain a characterization for the existence of an error bound
for the inclusion (1).

Theorem 2 Let the hypotheses of Lemma 3 hold and assume that h is Gateaux differ-
entiable at every point of X. Then the following are true.

1. A global error bound holds for (1) with « > 0 if and only if (11) and (12) hold
forallx € X.

2. Ifitis further assumed that X is a Hilbert space, then (11) and (12) hold for all
x € XY Nint (x + €B) for some € > 0 if and only if the inclusion (1) has a local
error bound at x.

3. Ifboth X and Y are assumed to be finite dimensional, then there exists € > 0 and
o1 > 0 such that both (11) and (12) hold for « = a1 forallx € ¥ Nint (x + €IB)
if and only if the inclusion (1) has a local error bound at Xx.

4. Ifboth X and Y are assumed to be finite dimensional, then the convex inclusion
h(x) € C has alocal error bound at every point of X' if and only if for eachr > 0
there exists o > 0 such that both (11) and (12) hold with for all x e rB N X.

Remark 1 By Lemma 4, the condition that (11) and (12) hold can be replaced by
the single condition that (10) holds in the statement of each of the results given in
Theorem 2.
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44 J. V. Burke, S. Deng

Remark 2 As noted in the Introduction, if £ is assumed to be continuous, then the
existence of local error bound for the inclusion (1) is equivalent to the calmness of
the constraint set-valued mapping ) (see (4)) at (0, x) [23], which is induced by
the inclusion (1). Thus, Parts 2 and 3 provides a characterization for the calmness of
the set-valued mapping X at (0, X). In addition, if the order structure induced by the
recession cone C* makes the space Y a B-lattice [44], then it can be shown that the
concavity of & combined with hypothesis that £ is locally order bounded implies that
h is locally Lipschitz continuous. Further results on calmness, including cases where
the mapping & is not assumed to be differentiable, can be found in [23].

Proof 1. It has already been observed that there is a global error bound for (1) with
a > 0if and only if X is a set of weak sharp minima for dist (2 (x) | C) with modulus
a > 0. Hence, by Part (A) of Theorem 1 and Part 5 of Lemma 3, there is a global error
bound for (1) with « > 0 if and only if (10) holds for all x € X which by Lemma 4
is equivalent to (11) and (12).

2. This follows immediately from Part (B) of Theorem 1 and Lemma 4.

3. This is an immediate consequence of Part (B) of Theorem 1 and Lemma 4.

4. This is an immediate consequence of [10, Theorem 6.3], [10, Corollary 6.4], and
Lemma 4. O

These results show that in order to establish an error bound for the convex inclusion
(1) one needs only to establish (11) (the Abadie CQ) and (12) on an appropriate set. We
now examine these conditions in the finite—dimensional setting under the assumption
that the set C is polyhedral.

3.1 The Abadie CQ in the polyhedral case:

Assume that C C R is polyhedral. We show that the condition (12) is satisfied in
a neighborhood of every point in X'. If in addition /4 is assumed to be affine, (12) is
satisfied uniformly on X'. We begin with a simple corollary to [40, Corollary 17.1.2].

Lemma 5 Let C C R™ be the polyhedral set
C={y(<a",y>§a,~, j=1,2,...,r],
where a’ € R™ andoj € R for j = 1,2,...,r. Giveny € C, H € R"", and

z € HNc (y) with 7 # 0, there exist linearly independent vectors vy, vy, . .., vs from
the set of vectors

{Haj ‘je{l,Z,...,r}, and <aj,y>=aj}

such that z = )y Aivy.

Proof Let I = {j | <a/, y) =aj } Then the normal cone to C at y is the smallest
convex cone containing the vectors {a-/ |jel } Apply [40, Corollary 17.1.2] to the
set of vectors S = { Hal |jel } to obtain the result. O
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Proposition 1 Let C C R be a polyhedral convex set and let h: R" — IR™ be a
continuously differentiable mapping that is concave with respect to C*°. Then, given
X € X, there exists k > 0 and § > 0, depending on x, such that (12) holds whenever
x € X N (x + éB). If it is further assumed that h is affine, then (12) holds for all
x e X

Proof We may assume C = {y |(aj,y> <aj, j= 1,2,...,r}, where a/ € R™
and; € R for j = 1,2, ..., 7. Suppose to the contrary that the result is false. Then
there exist sequences xF — % and k; 1 oo such that {x¥} ¢ ¥ and

B° N A (M) Ne (h(xk)) c W EHT (KkIBO N Ne (h(xk)))

for all k = 1,2, .... That is, there exist z¥ € h'(x*)" N¢ (h(xk)) with ||zk ||D =1
such that z* ¢ #'(x¥)T (B° N Ne (h(xY))) forallk = 1,2, ... Set vl = #'(x*)Ta/
for j = 1,2,...,randallk = 1,2,.... By Lemma 5, there exist index sets J;y C
{j |(a/,h(xk)) = (xj} and scalars k]; > 0 for j € Ji such that zX = Zje]k )J;.v]]‘.
where the vectors { vlj‘. |j e Jx } are linearly independent for all k = 1,2, .... Due

to the finiteness of the index sets, we assume with no loss of generality that there is

anindex set J C {1,2,...,r}suchthat Jy = J forallk = 1,2, .... Since z* is not

an element of h/(xk)T(Kle° N N¢c (h(xk))) forall k = 1,2,..., the vectors wk =

> jeJ A’;aj diverge. Thus, we may further assume, with no loss of generality, that for
. . Y . k 1 1

each j € J thereisai; > 0 w1th )"(Zpej p) — Aj,z (Zpej p) — 0,

and >, %y > 0.Sett; = H forjeJ,andw =3, tpa’. Wehave

H pelJ )‘Pap
], =1, w € N¢ (h(x)),and 0 = h'(®)Tw = >
forj=1,2,...,r

Consider the function ¢ (x) = (w, h(x)). By Lemma 2, we know that ¢ is a convex
function of x. In addition, V¢ (X) = h'(x)Tw = 0. Hence, X is a global solution to the
problem min ¢ (x). Suppose there exists ¥ € X such that (u_) h()?)) =¢(X) > p(x) =
(w, h(x)). Then, since w € IB° N N¢ (h(x)), we have

c— (T ]
jes Tjvj Where v; = h'(x¥)"a

dist ((%) | C) = supy,,. <1 (w, h(X)) — Y& (w) [10, Theorem A.1, Part 2]
> (W, h(¥)) — ¥ ()
> {w, h(x)) — e (w)
=dist (h(x) | C) [10, Theorem A.1, Part 5]
=0.

This contradicts the fact that x € X. Therefore, ¥ C argmin ¢ (x) , or equivalently,
0 = h'@)Tw forallx € X. In particular, 0 = h'(x5Tw = 3, r,-v’;. Since
7; # 0 for at least one j € J, this contradicts the linear independence of the vectors
{ v’j‘. |jeld }, which establishes the result.

Let us now assume that 4 is affine, then 2’(x) = H € R™*" for all x € IR". Since
C is polyhedral, it has only finitely many faces, where F' C C is a face of C if and
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only if every convex subset of C whose relative interior meets F is contained in F.
The relative interiors of the faces of C form a partition of C [40, Theorem 18.2]. In
addition, if x, y € C lie in the relative interior of the same face of C, then their normal
cones coincide [14, Theorem 2.3]. Therefore, to each face of C one can associate a
unique normal cone, i.e., the unique normal cone associated with every point in the
relative interior of that face. Thus, in particular, C has only finitely many distinct
normal cones, one for each one of it faces. The first part of this result shows that for
each such normal cone N thereisaxy > Osuchthat B°NH'N c HT (kyIB°NN).
Setting « equal to the maximum of this finite collection of ks yields the result. O

We give two elementary applications of this result. The first is Hoffman’s bound
[25] and the second is a recent result of Li [30, Theorem 3.5] concerning the equiva-
lence of the existence of a local error bound and Abadie’s CQ in the polyhedral case.
We observe that as stated [30, Theorem 3.5] provides a characterization for the exis-
tence of local error bound at every point of X in terms of the Abadie CQ. However, on
review of [30, Definition 2.1] one sees that the characterization is really a pointwise
characterization. We give the pointwise characterization below.

Theorem 3 Let C C R™ be a polyhedral convex set and let h: R" +— R be a
continuously differentiable mapping that is concave with respect to C*.

1. If h is affine, then a global error bound holds for the inclusion (1).
2. The inclusion (1) has a local error bound at x € X if and only if the condition
ACQ(U N X) holds for some neighborhood U of x.

Proof 1. Suppose h(x) = Ax + a. Since ¥5(x) = Yc(Ax + a), we find from [40,
Theorem 23.9] that (11) holds on all of ¥. In addition, Proposition 1 implies that
(12) holds uniformly on X'. Therefore, the global error bound follows from Part 1 of
Theorem 2.
2. By Part 3 of Theorem 2, the existence of a local error bound at x implies that both
(11) and (12) hold in a neighborhood of x where (11) is equivalent to ACQ.
Conversely, Proposition 1 states that there is a neighborhood U of % such that (12)
holds on U. Therefore, both (11) and (12) hold on the neighborhood W = U N U.
Consequently, Part 3 of Theorem 2 applies again to yield the existence of a local error
bound for (1) at x O

3.2 Other constraint qualifications:
A number of other constraint qualifications are possible for the inclusion (1). Some do
not require the concavity of 4 with respect to C*°. Let X' be a subset of X. Typically

3 will be associated with some subset of the solution set X = {x |h(x) € C}. Then,
in finite dimensions, the most well know constraint qualifications are

LICQ(ZAJ): The linear independence constraint qualification:
Nul (2’ (x)) Nspan (N¢ (h(x))) = {0} Vx € x,

where Nul (4'(x)) denotes the null space of i’ (x).
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MFCQ(f}): The Mangasarian—Fromovitz constraint qualification:
Nul (A’ (x)) N N¢ (h(x)) = {0} VxeX.
ACQ(fJ): The Abadie constraint qualification:
Ny (x) =h (x)'Ne (h(x)) VxeX.

SCQ: The Slater constraint qualification:
There is a x € R" such that 4 (X) € ri (C).

Here we have stated the dual formulation of the constraint qualifications LICQ, MFCQ,
and ACQ. The primal formulations are obtained by taking the polar of each of these
expressions:

LICQ(%)*: Ran (h'(x)) +lin (T¢ (h(x))) =R™ Vxe X.
MFCQ(Z)*: Ran (h'(x)) + Tc (h(x)) = R™ Vx e X.
ACQ(X)*: Ts (x) =W (x)"'Tc (h(x)) VxeX.

The equivalence of the primal and dual forms of both the LICQ and MFCQ follow from
[40, Corollary 16.4.2], however, the primal and dual formulations of the ACQ are not
necessarily equivalent. By [40, Corollary 16.3.2], one can show that ACQ(X) implies
ACQ(ﬁ‘ )*, but the converse implication holds if and only if the set 4’ (x)” N¢ (h(x))
isaclosed set forall x € X In the case when C is the cone R®_ x {0}, itis straight-
forward to show that these definitions for the constraint qualifications LICQ, MFCQ,
ACQ, and SCQ are equivalent to those used in the literature (for example, see [24]).

Using a constraint qualification suitable for the infinite—dimensional case, Magure-
gui [32, Theorem 2] establishes the metric regularity, and hence the existence of a local
error bound, of the inclusion (1) without the assumption that % is concave with respect
to C. Itis easy to show that Maguregui’s CQ is equivalent to the primal version of the
MFCQ in the finite—dimensional case (e.g., see [ 13, Lemma 3.2]). Hence, Maguregui’s
result shows that the MFCQ implies the existence of a local error bound (and much
more). Since the LICQ implies the MFCQ, the same result holds for the LICQ.

For convex inclusions, it has long been known that the Slater CQ implies the exis-
tence of a local error bound when the set C is the cone IR®. x {0} 5. We now establish
this result in the general finite—dimensional case. For this purpose, it is useful to sep-
arate out that part of & which is guaranteed to be affine. A simple technique for doing
this is illustrated in the following lemma.

Lemma 6 Let h: R" — R™ and C C R™ be as given in (1) and (2). Let L be the
subspace parallel to aff (C) and P be the orthogonal projection matrix onto L. Define
hi: R" = R" and hy: R" — R™ by h1(x) = Ph(x) and hy(x) = (I — P)h(x).
Set yO = (I — P)y for any y € aff (C), C=PC % = {x ‘hl(x) € é], and
X = {x !hz(x) = yo} . Then h» is affine and ¥ = X N 2.

Proof Wehave C*° C Landh = hy+hj,hence, hao((1—A)x+1y) = (1—A)ha(x)+
Mha(y) for all x, y € R"™ and X € [0, 1]. Therefore, 4, is affine. Since the orthogonal
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projection onto aff (C) is given by Pw + y° for any w € R™, we have h(x) € C if
and only if Ph(x) € PC and (I — P)h(x) = yO. This establishes the result. O

Theorem 4 Let h: R” — R™ and C C R™ be as given in (1) and (2). Assume
further that h is a continuously differentiable mapping. If the constraint qualification
SCQ holds, then there exists a local error bound for (1) at every point of X.

Proof We first assume that int (C) # ¢ and show that MFCQ(X') holds. Indeed, if
MFCQ(X') does not hold, then there is an X € X' and a non-zero vector w € N¢ (h(X))
with /()T w = 0. Hence the convex function (w, A (-)) attains its global minimum at
X. But, by [40, Theorem 13.1], (w, h(£)) < ¥&(w) = (w, h(¥)), since £ € int (C).
This contradiction implies that MFCQ(X') holds if int (C) # 0.

Now assume that int (C) = @ and let L, P, hy, hy, yO, é, X, and X»

be as in Lemma 6, and choose x € X. Observe that ¥ = {x ‘hl(x) € é‘} =

{x ‘hl(x) eC+ Lt } In addition, /(%) € int (é + LL), since h(%) € i (C).

Therefore, the continuity of & implies that £ € int (¥) N ¥,. By Lemma 6, ¥ =
X1 N X,. Therefore, Bauschke’s Theorem [5, Theorem 5.6.2] applies to yield the
existence of a 71 > 0 and € > 0 such that

disty (x | X) < ry max{disty (x | X'1),disto (x | X2)} Vxe (x+¢€B). (13)

Since i1 (X) € int (é’ + LL) , we know from above that the convex inclusion /1 (x) €

C + L' satisfies the constraint qualification MFCQ(ZX';). Therefore, by Maguregui
[32, Theorem 2], there exist 7 > 0 and € > 0 such that

distz (x | 1) < nodisty (h1(x) | € + L) = tadisty (h1(x) | €) ¥V x € (X + &21B) ,

(14)
where distp (hl()f) | C 4+ L1+) =disty (h1(x) | C) forall x € IR” since k1 (x) € L for
all x € R" and C € L. Also, since h; is affine, there exists t3 > 0 such that

disty (x | Z») < 13 th(x) — y0H2 VxeR". (15)

Setting €9 = minfey, €2} and 19 = 71 max{, 13}, the relations (13), (14), and (15)
imply that

disty (x | ) < 19 max{distz (h1(x) | €),

)hg(x) - yOHZ} Vie@+eB). (16)
Next observe that for every x € R” and y € C,

I7(x) = 113 = [I(h1(x) — Py) + (ha(x) — (I — P))II3

2 0 2
= () = Pyl + |2t = 50|

A%

2 0 2
max {[1(0) = PyI3, |hae) = »°
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Taking the square-root on both sides of this inequality and then taking the infimum
over all y € C yields the inequality

disty (h(x) | C) > max{distz (h(x) | C),

hy(x) — yOHQ} VryeR". (17)

Combining (17) and (16) yields the result for the 2-norm. This implies the result for
an arbitrary norm by the equivalence of norms. O

We conclude this section by giving a result that establishes the relationships between
the various constraint qualifications that we have discussed.

Proposition 2 Let h: R” — R™ and C C R™ be as given in (1) and (2). Assume
further that h is a continuously differentiable mapping. Then, for any x € X, we have

LICQ({x}) = MFCQ({x}) = SCQ = ACQ(X).

If it is further assumed that int (C) # @, then SCQ = MFCQ(X).

Proof LICQ({x}) = MFCQ({x}): This follows immediately from the definitions.
MFCQ({x}) = SCQ: Let x € X be such that MFCQ({x}) is satisfied. If h(x) €
ri (C) we are done, so assume that 2(x) ¢ ri (C). By [13, Lemma 2.3], the condi-
tion MFCQ({x}) is equivalent to the condition that there exits €, u > 0 such that
0 € int (uh'(y)B + (ri (C) — h(y))) whenever ||x — y| < e. Consequently,

3d e uB such that h(x) + A’ (x)d eri (C). (18)

We will show that (18) is sufficient to establish SCQ.

Let us first assume that int (C) # @, so that h(x) + h'(x)d € int (C). Then
there is an € > 0 such that § = h(x) + h'(x)d + €BB C int (C). By convexity,
the angle 6 between h(x) + h'(x)d and any vector in the boundary cone (S) satis-
fies 0 < sinf < 1. Set § = sin6. Then for A > O sufficiently small, we have
dist (h(x) + AW/ (x)d | bdry (S)) = A |h'(x)d|, 8. Now if h(x + Ad) ¢ int (C)
for all small & > 0, then ||h(x) + Ah'(x)d — h(x 4+ Ad)| = dist (h(x) + AR/ (x)d |
bdry (S)) = A ||h/(x)d||28 for all small A > 0. But this contradicts the fact that
[ (x) + Ah'(x)d — h(x + Ad)| = o(}). Therefore, h(x + Ad) € int (C) for all small
A > 0 which implies that SCQ is satisfied.

Now consider the general case and let L, P, hy, h», yo, é‘ X1, and X5 be as in
Lemma 6. By Lemma 6, there exist A € IR”*" anda € IR” such that hy(x) = Ax+a.
By (18), there is a d € RR" such that h(x) + h'(x)d € ri (C). In particular, this
implies that sy (x + Ad) = A(x + Ad) +a = y° for all A € IR, or equivalently,
d € Nul (A). In addition, we have also shown that &(x 4+ Ad) € int (C 1+ LJ-)
for all & > 0 sufficiently small, since &1 (x) + k| (x)d € int (C 1+ LJ-). Therefore,
h(x + Ad) = hi(x + Ad) + hao(x + Ad) € ri (Cy) + {yo} =11 (C) forall A > 0
sufficiently small. This establishes the result.

SCQ = ACQ(X): By Theorem 4, SCQ implies the existence of a local error bound
at every point of X'. Therefore, the result follows from Part 2 of Theorem 2.
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[int (C) # ¥] = [SCQ = MFCQ(X)]: Suppose to the contrary that there isan x € C
and a non-zero vector w € N¢ (%) with #/(#)Tw = 0. Then the convex function
(w, h(-)) attains its global minimum at x. But, by [40, Theorem 13.1], (w, h()?)) <
YE(w) = (w, h(X)), since X € int (C). This contradiction yields the result. O

The following examples show that the implications given in the Proposition 2 are
complete.

Examples 1. (ACQ(X) & SCQ) Leth: R — IR2 be given by h(x) = (x, 0T,
Let C = R%. The ¥ = {0}, Nx (0) = R, N¢ (0) = R%, and 7/ (0)TR% = R.
Therefore, the ACQ(X) is satisfied, but SCQ is not.

2. (SCQ % MFCQ({x})) Let h: R — RR? be given by h(x) = (x,0). Let C =
R x {0}. Then SCQ is satisfied, but Nul (%#’(x)) N N¢ (h(x)) = {0} x R for every
xe X =1R.

3. (MFCQ({x}) # LICQ({x})) Let h: R > RR? be given by h(x) = (x, x)T. Let
C = R2. Then ¥ = R_, Nul (#/(0)) N N¢ (h(0)) = {0}, but LICQ({0}) does
not hold.

3.3 Affine convex inclusions and Hoffman bounds:

It is instructive to consider the special case of affine convex inclusions since this is by
far the most studied as well as being arguably the most important case with regard to
applications. Global error bounds for affine convex inclusions are referred to as Hoff-
man bounds in honor of the seminal work of A. J. Hoffman [25]. Hoffman’s original
work focuses on the case where X and Y are finite dimensional and C is the nega-
tive orthant. Historically, this is the most intensively studied case. We do not attempt
a review of the enormous literature on this case or even on the slightly more gen-
eral polyhedral case in finite dimensions. Rather, our focus is on semi-infinite affine
convex inclusions where the set C is only assumed to be convex. Specifically, given
A € L(X,Y)and b € Y with X being a normed linear space and Y finite dimensional,
we consider convex inclusions of the form

Ax —b € C, where C C Y non-empty, closed and convex. (19)

To our knowledge, the only study of global error bounds, or Hoffman bounds, for this
general case is [15].

The goal in [15] is to obtain verifiable sufficient conditions under which a global
error bound exists and to obtain sharp computable estimates for the modulus of the
error bound. The main results in [ 15] are similar to the type stated previously in this sec-
tion for general convex inclusions. For example, in the affine setting the MFCQ({x})
takes the form

Nul (A*) ﬂ Ne (x) = {0}. (20)

Thus, one might conjecture that by specifying that (20) hold at every point of C the
existence of a global error bound would follow. This result indeed follows directly from
[15, Theorem 9]. The precise statement given in [15] makes use of the relationship
between the normal cone and the barrier cone as described in [11, Lemma 5].
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Theorem 5 [15, Theorem 9] Let A € L(X,Y), b e Y, and C C Y be as in (19) (Y
finite dimensional) and satisfy

Nul (A*) [)(C™)° = {0}. 1)

Then the affine convex inclusion (19) has a global error bound.

Remark 3 Sharp estimates for the modulus of the error bound are also presented in
[15, Theorem 9].

Remark 4 The condition (21) is equivalent to the dual statement
Ran(A)+C*® =Y. (22)

Remark 5 The actual statement of [15, Theorem 9] requires that b € Ran (A) +
(C1 Nrti (C2)) where C = C; [ C2 # @ with both C; and C; closed and convex,
and C; polyhedral. However, due to the equivalence of (21) and (22) a straightfor-
ward separation argument shows that (21) implies Ran (A) + (Cy Nri (Cy)) = Y
so the hypotheses of [15, Theorem 9] are trivially satisfied. The condition that b €
Ran (A) 4+ (C1 Nri (C7)) is the counterpart of the Slater CQ in this setting.

The sufficient condition (21) given in Theorem 5 does not require knowledge of the
solutionset ¥ = {x | Ax — b € C}.Incontrast, the necessary and sufficient condition
derived from Part 1 of Theorem 2 makes explicit use of X.

Theorem 6 A global error bound holds for (19) (Y finite dimensional) with modulus
a > 0 ifand only if for every x € X = {x | Ax — b € C} one has
Ny (x) = A*N¢ (Ax + b)
and
aBB° N A*N¢ (Ax + b) C A*(IB° N N¢ (Ax + b)). (23)
If C is a cone and b = 0, a result stronger than Theorem 6 is possible.

Theorem 7 Consider the affine convex inclusion (19) with Y possibly infinite-dimen-
sional, b = 0, and C assumed to be a non-empty, closed, and convex cone. Then the
following statements are equivalent.

1. A global error bound holds for the inclusion (19).
2. The convex inclusion (19) has a local error bound at every point in X.
3. Thereis an a > 0 such that

aB° N Z° C A*(IB° N C°). (24)
Finally, if Y is finite dimensional, then the constraint qualification
Nul (A*) () €° = {0} (25)

implies that a global error bound holds for the convex inclusion (19).
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Proof Let p(x) = dist (Ax | C). Since C is a cone, Part 3 of [10, Theorem A.1] states
that p(x) = Yoo (Ax). Thus, in particular,

9p(0) =B°NC°. (26)
Since A € L(X,Y), p is positively homogeneous which implies that
p=p>° and XY*® =X 27)
is a convex cone. In particular, X being a cone implies that
Nx (0) = X°. (28)

Clearly, Part 1 implies Part 2. Part 3 follows from Part 2 by applying Part 1 of [10,
Theorem 5.2] at x = 0 and using (26) and (28). The fact that Part 3 implies Part 1
follows from [10, Theorem 4.1] along with the relations (27).

Finally, when Y is finite dimensional, the constraint qualification (25) is equivalent
to (21) since C* = C. The result now follows from Theorem 5 and (22). m|

This result has implications for the notion of linear regularity introduced in [11,
Sect. 3].

Corollary 1 Let {C; |i =1,..., N} be a collection of non-empty closed convex
cones in the normed linear space X and suppose that the convex set C = ﬂlNzl Ciis
non-empty. Then the following statements are equivalent:

1. The collection { C; |i =1, ..., N} is linearly regular.
2. The collection { C; |i =1, ..., N} is boundedly linearly regular.
3. There is an a > 0 such that

N
«BB°NC°C > (B°NCY). (29)
i=1
In addition, if any one of these conditions holds, then the set vazl C? is w*—closed.
Finally, if X is finite dimensional, then the constraint qualification

N
[/eCsj=1,....,N, > 2/ =0] & [/=0, j=1,...,N],  (30)
i=1

implies that the collection {C; |i =1, ..., N} is linearly regular.

Proof Define C = C; x - xCy C X x -+~ x X = XN andlet A € L(X, XV)
be given by Ax = (x,x,...,x). Then x € C if and only if Ax € C. We define the
norm on X% to be ”(xl,xz, ...,xN)” = max{ ||x’|| lji=1,..., N}. Now apply
Theorem 7 to obtain the equivalence of statements 1, 2, and 3.
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Next observe that statement 3 implies that

N N
C° = cone (¢IB° N C°) C cone (Z(IB° NCy)) = ZCIO c C°.
i=1 i=1

Therefore, Z — C? is w*—closed since C° is.

Finally, when X is finite dimensional, the pointedness condition (30) is equivalent
to the condition Nul (A*) N Ce = {0}. The last part of Theorem 7 implies that the
collection {C; |i =1, ..., N} is linearly regular. m]

A key ingredient in Theorem 7 is the positive homogeneity of the distance function
dist (Ax | C). The following example shows that, in general, Theorem 7 fails for
inclusion Ax + b € C even when C is a convex cone. The example shows that even
if (19) has a local error bound at every point, a global error bound may not exist.

Example 1 Consider the inclusion Ax + b € C = C; x Cy, where

Ci={xeR | Jx}+x}<x3}, Co={0},

100
010
001 |’
10 -1

and b =

- o O O

Let Y ={x € R®| Ax+b e C}. A simple computation shows that ¥ = {x €
Cilxa=x1+1, X ={x e R |x; =x3>0,x =0} =cone([l,0,1]7),
and ri(C) = int(Cy) x Cs. Since Ax + b € ri(C), where ¥ = [0, 0, 1]7, by Theo-
rem 4, the inclusion Ax + b € C has a local error bound at every point of X'. From
Y = argmin, g3 dist (Ax +b | C), and (dist (Ax +b | C))*° = (dist (Ax | C))* =
dist (Ax | C) [24, Proposition 3.2.9], we know that ¥°*° = argmin, . p3 dist (Ax | C).
We claim that X'*° is not a set of weak sharp minima for dist (Ax | C). To see this, let
=[n, 1,n]" forn = 1,2, ... Then dist (x" | ¥*°) = 1, and

dist (Ax" | C*) = dist([n, 1,1, 01" | €) = Yopce (")

VAT +x3 < —x3,—1 <x3 50]

= max[nxl + X2 +nx3

[2 2 _ _
< max | V2 +1y/x} 43 4 nx | VT F2 =70
—1<x3<0
=vnr+1-— !
Vnz 1+n
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It follows that dist (Ax" | C) — 0 as n — 00. Hence there is no & > 0 such that
adist (x | X*°) < dist(Ax | C) Vx € R3.

By [10, Theorem 4.2], X cannot be a set of weak sharp minima for dist (Ax +b | C),
which is equivalent to saying that there is no global error bound for the inclusion
Ax+b € C.Finally, we note that in this example, (1, 0, —1, DT e Nul(4A"NC° ie.
(21) fails.

The stark difference in the behavior of the solution set to affine convex cone inclu-
sions for b = 0 and b # O is intriguing. In the case when b # 0, one suspects the
existence of a simple geometric condition under which a local error bound at every
pointis equivalent to the existence of a global error bound. We present a partial result in
this direction that applies to general affine convex inclusions in finite dimensions. This
result follows from [10, Theorem 6.5] and, as in Theorem 5, is based on a hypothesis
concerning the relationship between the sets Ran (A) and C*.

Proposition 3 Suppose that X and Y are finite dimensional and consider the affine
convex inclusion (19). If
Ran (A) N C* = {0}, 3D

then the inclusion (19) has a global error bound if and only if it has a local error
bound at every point of X.

Proof We have that ¥°° = {y | Ay € C®}. This, combined with the hypothesis (31),
implies that ¥ = Nul (A). Let P be the orthogonal projector onto Nul (A)* and set
Y = PX. Itis straightforward to show that

¥ = 3 4+ Nul (A).

Therefoge, 3% ¢ ¥ = Nul (A), and so $o — {0}. Hence, by [40, Theorem 8.4],
the set X is bounded. [10, Theorem 6.5] now applies to yield the result. O
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