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Abstract: Popular convex approaches for sparse estimation such as Lasso and Multiple Kernel
Learning (MKL) can be derived in a Bayesian setting, starting from a particular stochastic
model. In problems where groups of variables have to be estimated, we show that the same
probabilistic model, under a suitable marginalization, leads to a different non-convex estimator
where hyperparameters are optimized. Theoretical arguments, independent of the correctness
of the priors entering the sparse model, are included to clarify the advantages of our non-
convex technique in comparison with MKL and the group version of Lasso under assumption of

orthogonal regressors.

1. INTRODUCTION

In this paper we investigate sparse estimation in a linear
regression model where the explanatory factors § € R™
are naturally grouped so that 6 is partitioned as 6 =

[0(1)T g’ 9(”)T]T. In this context we assume
that 6 is group (or block) sparse, i.e. many of the con-
stituent vectors 0(9) are zero or have a negligible influence
on the output y € R™. In addition, we assume that the
number of unknowns m is large, possibly larger than the
size of the available data n. Interest in general sparsity
estimation and optimization has attracted the interest of
many researchers in statistics, machine learning, and signal
processing with numerous applications in feature selection,
compressed sensing, and selective shrinkage [Hastie and
Tibshirani, 1990, Tibshirani, 1996, Donoho, 2006, Can-
des and Tao, 2007]. The motivation for our study of the
group sparsity problem comes from the dynamic Bayesian
network scenario identification problem as discussed in
[Chiuso and Pillonetto, 2010b,a, 2012]. In a dynamic net-
work scenario the explanatory variables are often the past
histories of different input signals with the groups ()
representing the impulse responses which describe the
relationship between the ¢-th input and the output y.
This application informs our view of the group sparsity
problem as well as our measures of success for a particular
estimation procedure.

Many approaches have been proposed in the literature
for joint estimation and variable selection problems. We
cite the well known Lasso [Tibshirani, 1996], Least An-
gle Regression (LAR) [Efron et al., 2004], their group
versions Group Lasso (GLasso) and Group Least Angle
Regression (GLAR) [Yuan and Lin, 2006], Multiple Kernel
Learning (MKL) [Bach et al., 2004, Evgeniou et al., 2005,
Pillonetto et al., 2010]. Methods based on hierarchical
Bayesian models have also been considered such as Au-
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tomatic Relevance Determination (ARD) [Mackay, 1994],
the Relevance Vector Machine (RVM) [Tipping, 2001],
and the exponential hyperprior in [Chiuso and Pillonetto,
2010b, 2012]. The Bayesian approach described in [Chiuso
and Pillonetto, 2010b, 2012] and further developed in this
paper is intimately related to [Mackay, 1994, Tipping,
2001]; in fact, the exponential hyperprior algorithm in
[Chiuso and Pillonetto, 2010b, 2012] is a penalized version
of ARD.

An interesting series of papers [Wipf and Rao, 2007,
Wipf and Nagarajan, 2007, Wipf et al., 2011] provide
a nice link between penalized regression problems like
Lasso, also called type-I methods, and Bayesian methods
(like RVM [Tipping, 2001] and ARD [Mackay, 1994])
with hierarchical hyperpriors where the hyperparameters
are estimated via maximizing the marginal likelihood
and then inserted in the Bayesian model following the
Empirical Bayes paradigm [Maritz and Lwin, 1989]; these
latter methods are also known as type-1I methods [Berger,
1985]. Note that this Empirical Bayes paradigm has also
been recently used in the context of System Identification
[Pillonetto and De Nicolao, 2010, Pillonetto et al., 2011,
Chen et al., 2011].

In [Wipf and Nagarajan, 2007, Wipf et al., 2011] it is
argued that type-II methods have advantages over type-
I methods; some of these advantages are related to the
fact that, under suitable assumptions, the former can
be written in the form of type-I with the addition of
a non-separable penalty term (a function g(z1,..,z,) is
non-separable if it cannot be written as g(x1,...,z,) =
>, = h(z;)). The analysis in [Wipf et al., 2011] also
suggests that in the low noise regime the type-II approach
results in a tighter approximation to the £y norm.

This is supported by experimental evidence showing that
these Bayesian approaches perform well in practice. Our
experience is that the approach based on the marginal
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likelihood is particularly robust w.r.t. noise regardless of
the correctness of the Bayesian prior.

The scope of this work, which is also motivated by the
stunning performance of the exponential hyperprior ap-
proach introduced in the dynamic network identification
scenario [Chiuso and Pillonetto, 2010b, 2012], is to provide
some new insights clarifying the above issues. In particular
in the first part of the paper the relation among Lasso (and
GLasso), the Exponential Hyperprior (HGLasso algorithm
hereafter, for reasons which will become clear later on)
and MKL is discussed by putting all these methods in a
common Bayesian framework (similar to that discussed
in [Park and Casella, 2008]). Both Lasso/GLasso and
MKL boil down to convex optimization problems, while
HGLasso does not. All these methods are then compared
in terms of optimality (KKT) conditions and tradeoffs
between sparsity and shrinkage are studied illustrating
the advantages of HGLasso over GLasso and MKL assum-
ing orthogonal regressors. In particular, the properties of
Empirical Bayes estimators which form the basis of our
computational scheme are studied in terms of their Mean
Square Error properties. Such analysis avoids assumptions
on the correctness of the priors entering the stochastic
model and clarifies why HGLasso is likely to provide more
sparse and accurate estimates in comparison with the
other two convex estimators.

The paper is organized as follows. In Section 2 we in-
troduce the HGLasso approach in a Bayesian framework.
Section 3 introduces MKL. In Section 4 the Mean Squared
Error properties of HGLasso and MKL are compared us-
ing orthogonal regressors. The analysis also includes the
GLasso case, since, under orthogonal assumptions, the
regularization paths of MKL and GLasso are the same,
see [Aravkin et al., 2011]. Some conclusions then end the

paper.
2. HGLASSO ESTIMATOR

We consider a linear measurement model of the form
y=G0+v yeR" 0cR™ (1)
where v is the vector whose components are white noise of

known variance o2.

For the reasons put forward in the introduction, we are
interested in situations where the explanatory factors G
used to predict y are grouped. As such we partition 6 into
p sub-vectors Y, i =1,...,p, so that

- [9(1)T 9(2)T g(p)T]T. (2)

For i = 1,...,p, assume that the sub-vector 6" has
dimension k; so that m = >-? | k;. Next, conformally
partition the matrix G = [G(,... G®)] to obtain the
measurement model

P
y=Go+v=>Y G0 1o (3)
i=1
In what follows, we assume that 0 is block sparse in the
sense that many of the blocks (¥ are null, i.e. with all of
their components equal to zero, or have a negligible effect
on y.

An possible approach to the block sparsity problem, dis-
cussed in [Chiuso and Pillonetto, 2010b], relies on the
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group version of the model in Fig. 1(a) illustrated in Fig.
1(b). In the network, A is now a p-dimensional vector
with independent and identically distributed components
A € R+:

Py(As) = ve ix(\), (4)
where v is a positive scalar while x(¢) = 1if ¢t > 0, 0
otherwise. In addition, conditional on ), each block ()
of the vector 6 is zero-mean Gaussian with covariance !
Ailg,, i=1,..,p, ie

0D\ ~ N(0,\iIy,) (5)

The proposed estimator first optimizes the marginal den-
sity of A\, and then again using an empirical Bayes ap-
proach, the minimum variance estimate of 6 is computed
with A taken as known and set to its estimate. We call
this scheme Hyperparameter Group Lasso (HGLasso). It
is described in the following theorem.
Theorem 1. Consider the Bayesian network in Fig. 1(b)

with measurement model given by (3), (5), and (4), and
define

A = arg max / p(0, Ny)do (6)
AER? m

+

Then, A\ is given by

1 | -
argggﬁ%yogdet(zy(/\)Hgy %, (/\)y+7;>\i (7)

where

¥, (\) :=GAG" + %I, A :=Dblockdiag({\il1,}) (8)

In addition, the HGLELSSO estimate of 0, denoted Onc L, 18
given by setting A = A in the function

Orar(N) = E[f]y, ] = AGT (Z,(A) " 'y. (9)

|

The derivation of this estimate can be found in [Aravkin
et al., 2011] and is omitted for reasons of space. Note that
the optimization (7) is performed in RP, rather than in R™
(m > p for the group case) where the GLasso [Yuan and
Lin, 2006] objective is optimized.

Let the vector u denote the dual vector for the constraint
A > 0. Then the Lagrangian for the problem (7) is given
by
1 L+ “1
Lwp) = 3logdet(E,(0) + 38 5,0 T+
+41TA— T A
Using the fact that

10)

1 ) )
On L\ p) = 5tr (G(’)TZy(A)‘lG("))
1

- §yTEy(/\)_1G(i)G(i)sz()‘)_ly +v —

we obtain the following KKT conditions for (7).

Proposition 2. The necessary conditions for A to be a
solution of (7) are

L The results in this paper can be easily extended to priors of the
form \; ~ N(0,;Q;); however for sake of exposition we prefer to
work with Zk% = qu
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Fig. 1. Bayesian networks describing the stochastic model
for sparse estimation (a) and group sparse estimation

(b)

p

By =0T+ Y NGWIGHT
i=1

W, =1

i (G(i)TWG(i)) —1GTWy|3 + 2y — 20 = 0,

/’[/iAi:O7 221,,]?
0<pu, Aand 0 X W, %,

(11)

It is interesting to observe that one has

E [QHGL()\)HHGL(A)T ‘ )\} = AGTEy()\)ilGA,
and so, fort=1,...,p,

. . T . ,

B[00 ) (85 0) | A =22 (6T wE). ()

In addition

1056 WP = XIGOTWYI3, i=1.....p.
Equation (11) indicates that when tuning A there should
be a link between the “norm” of the actual estimator
6@ (N)||? to its a priori second moments (12). In partic-
ular, when no regularization is imposed on A (i.e. v = 0)
and the nonnegativity constraint is not active, i.e. u; = 0,
one finds that the optimal value of \; makes the norm of

the estimator equal to (the trace of) its a priori matrix of
second moments.

Remark 3. If each block 6 was assumed to have a
covariance of the form A;Q; then one should use the
weighted norm ||z|q, := 2 'Q; 'x instead. Analogously,
if the group @) are infinite dimensional objects in a
Reproducing Kernel Hilbert Space (RKHS) H, which is
of interest in the system identification scenario in which
each 6" is an impulse response, then the 2-norm has to
be replaced with the norm in the RKHS.

3. MULTIPLE KERNEL LEARNING

Multiple Kernel Learning (MKL) provides another ap-

proach to the block sparsity problem [Bach et al., 2004,

Evgeniou et al., 2005, Dinuzzo, 2010, Bach, 2008]. To

introduce this approach consider the measurements model
P

y=Ff+v=>) [P+,

i=1

(13)
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where v is as specified in (1). In the MKL framework,
f represents the sampled version of a scalar function
assumed to belong to a (generally infinite-dimensional)
reproducing kernel Hilbert space (RKHS) [Wahba, 1990].
For our purposes, we consider a simplified scenario where
the domain of the functions in the RKHS is the finite set
[1,...,n]. In this way, f represents the entire function
and y is the noisy version of f sampled on all its whole
domain. In addition, we assume that f belongs to the
RKHS, denoted Hx, having kernel defined by the matrix

p

K(A) =) MKW, (14)
i=1

where it is further assumed that each of the functions

@ is an element of a RKHS, denoted HO, having kernel
M\ K9 with associated norm denoted by ||.f) ll¢iy-

According to the MKL approach, the estimates of the
unknown functions f(*) are obtained jointly with those
of the scale factors A\; by solving the following inequality
constrained problem:

ORI : y-N"w—f - i
(7910 = argmin W=D WISy ope
{fO}xerE i=1

P
st > AN<M, (15)
i=1

where M plays the role of a regularization parameter.
Hence, the “scale factors” contained in A € R; are opti-
mization variables, thought of as “tuning knobs” adjusting
the kernel K () to better suit the measured data. Using
the extended version of the representer theorem, e.g. see

[Dinuzzo, 2010, Evgeniou et al., 2005], the solution is

FO ZNKDe i=1,...,p (16)
where
~ - K T — K
{¢,\} = argmin y (A)c) 2(2% e) e KA
cER",)\ER: g

p
s.t. Z)\i <M (17)

i=1

It can be shown that every local solution the above opti-
mization problem is also a global solution, see [Dinuzzo,
2010] for details.

In the following proposition we supply the KKT conditions
for A to be solutions of (17).

Proposition 4. The necessary and sufficient conditions for
A to be a solution of (17) are

Y, =K\) + %I

/LZ)\z:Oa i=1,...,p
0<pu, Aand 0 X W, %,
|
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4. MEAN SQUARED ERROR PROPERTIES OF
EMPIRICAL BAYES ESTIMATORS

In this Section we evaluate the performance of an estima-
tor 6 using its Mean Squared Error (MSE) i.e. its expected
quadratic loss

A6 — 9” ,

N /. AT

r {E [(99) (970)
where 0 is the “true” but unknown value of 8. When we
speak about “Bayes estimators” we think of estimators of

the form A(\) := E[0 |y, A] computed using the probabilis-
tic model Fig. 1 with v fixed.

We derive the MSE formulas under the simplifying as-
sumption of “orthogonal” regressors (G'G = nl) and
show that the Empirical Bayes estimator converges to
an “optimal” estimator in terms of its MSE. This fact
has close connections to the so called “Stein” estimators
[James and Stein, 1961], [Stein, 1981], [Efron and Mor-
ris, 1973]. The same optimality properties are attained,
asymptotically, when the columns of G are realizations of
uncorrelated processes having the same variance. This is
of interest in the system identification scenario considered
n [Chiuso and Pillonetto, 2010a,b, 2012] since it arises
when one performs identification with i.i.d. white noises
as inputs.

We begin by derixiing an expression for the MSE of the
Bayes estimators 0(\) := E[0|y, A\]. In this section, it is
convenient to introduce the following notation
E,[-]:=E[-|\,0 =0] and Var,[-]:=E[-|\ 0 =0
Proposition 5. Consider the model (3) under the proba-
bilistic model described in Fig. 1(b). The Mean Squared

Error of the Bayes estimator §()) := E [f]y, \] given A and
0=20is

MSE()) = tr [JEU [(9(/\) —0)(00) - Q)T”

=tr [0°R™"(A\)P(\,0) R~ (V)] . (19)

where

R\ :=G'"G+0*A™t P(\O):=G"G+o>A 196" AL,

Proof. See [Aravkin et al., 2011].

We can now minimize the expression for MSE(\) given
in (19) with respect to A to obtain the optimal minimum
mean squared error estimator. In the case where GTG =
nl this computation is straightforward and is recorded in
the following proposition.

Corollary 6. Assume that GTG = nl in Proposition 5.
Then MSE()) is globally minimized by choosing
192
A=A =1L i=1,...,p

. (20)

Next consider the Maximum a Posteriori estimator of
X\ again under the simplifying assumption G'G = nl.
Note that, under the noninformative prior (y = 0), this
Maximum a Posteriori reduces to the standard Maximum
(marginal) Likelihood approach to estimating the prior
distribution of 8. Consequently, we continue to call the
resulting procedure Empirical Bayes (a.k.a. Type-II Max-
imum Likelihood, [Berger, 1985]).
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Proposition 7. Consider model (3) under the probabilistic
model described in Fig. 1(b), and assume that GTG =
nl. Then the estimator of A; obtained maximizing the
marginal posterior p(Aly),

(), A ()} = arg max p(A[y)

= argg%§/p(y,9lk)pw(k) do,

(21)
is given by
N 1 (i 4
) = e (0. L [z + st - (1 + 222 )] )
(22)
where

i 1 AT
9(L)s ~n (G( )> )

is the Least Squares estimator of the i—th block 0("). As

v — 0 (v = 0 corresponds to an improper flat prior) the

expression (22) yields:
0 2 2
max (O ” S” U) .
ki n

In addition, the probability P[A;(7) = 0|8 = 0] of setting

Ai =0 is given by
o2
|:Xk < (k' + 275 )] ., (24)

where x?(ki, 1) denotes a noncentral x? random variable
with d degrees of freedom and noncentrality parameter

o= (109 2.

lim i (v) =

~—0

(23)

Plhi(y) =06 =6] =

Proof. See [Aravkin et al., 2011]

Note that the expression of A;(y) in Proposition 7 has the
form of a “saturation”. In particular, for ’y =0, we have
195512~ o
ki n
The following proposition shows that the “unsaturated”
estimator 5\;‘ is unbiased and consistent estimator of A%

Ai(0) = max(0, X)), where A := . (25)

which minimizes the Mean Squared Error while A;(0) is
only asymptotically unbiased and consistent.

Corollary 8. Under the assumption GTG = nl, the es-
timator of \* := {Al AL} in (25) is an unbiased and
mean square consistent estimator of A°?* which minimizes
the Mean Squared Error, while A(0) := {),(0), .., Ap(0)} is
asymptotically unbiased and consistent, i.e.:

E[\S |0 = 6] = X lim E[ A(0)]6 = 6] = \P" (26)
and
: Y * M.S. \opt opt
nh_)ngo AFTETAS nILH;oA( ) EAS (27)
where "= denotes convergence in mean square.

Proof. See [Aravkin et al., 2011]

Remark 9. Note that if §) = 0 the optimal value A" is

zero. Hence (27) shows that asymptotically A;(0) converges
to zero. However, in this case, it is easy to see from (24)
that .

lim P\;(0)=0|0=16] <1

n—oo
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There is in fact no contradiction between these two state-
ments because one can easily show that for all € > 0,

P[X;(0) € [0,€) |0 = 6] =3 1.
In order to guarantee that lim,,_,o P[A\;(y) = 0|0 = 6] = 1

one must chose v = =, so that 2%2'yn — 00, so that v,
grows faster than n. This is in line with the well known
requirements for Lasso to be model selection consistent. In
fact, Theorem 1 in [Aravkin et al., 2011] shows that the
link between v and the regularization parameter -y, for
Lasso is given by 77, = /27. The condition n~ 'y, — oo
translates into n_1/2AyLn — 00, a well known condition for
Lasso to be model selection consistent [Zhao and Yu, 2006,
Bach, 2008].

The results obtained so far suggest that the Empirical
Bayes resulting from HGLasso has desirable properties
with respect to the MSE of the estimators. One wonder
whether the same favorable properties are inherited by the
Multiple Kernel Learning estimators. The next proposition
shows that this is not the case. In fact, for 8 # 0
MKL does yield consistent estimators for A;” *. in addition,
for () = 0 the probability of setting 5\1(7) to zero (see
equation (31)) is much smaller than that obtained using
HGLasso (see equation (24)); this is also illustrated in
Figure 2 (top). Also note that, as illustrated in Figure 2
(bottom), when the “true” 6 is equal to zero MKL tends to
give much larger values of A than those given by HGLasso.
This results in larger values of ||0] (see Figure 2).
Proposition 10. Consider model (3) under the probabilis-
tic model described in Fig. 1(b), and assume GG = nl.
Then the estimator of A\; obtained by maximizing the joint
posterior p(A, ¢|y)

A7), s A = A, dly), 28
(0w ) = e e pOOl),  (25)
is given by
) Q) o2
Saly) = max (o”ﬂ%”n> (29)
where

o 1 NT
Oy =~ (G(”) y
is the Least Squares estimator of the z'A—th block () for
i=1,...,p. For n — oo the estimator \;(vy) satisfies
g mas [[09]]

In addition, the probability P[\;(y) = 0|6 = 6] of setting
Ai(y) = 0 is given by

N . N o m o2
PolXi() =0]0 =] =P [xz (ke 1O 1) < 2771} |
(31)

(30)

Proof. See [Aravkin et al., 2011].

Note that the limit of the MKL estimators A;(y) as n — 0o
depends on «. Therefore, using MKL, one cannot hope to

get consistent estimators of \?”*. Tndeed, for ||0?)||? # 0,

consistency of A;(y) requires v — which is a

ki
2[[0®]2>
circular requirement.
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5. CONCLUSION

It has been shown that HGLasso and MKL derive from the
same Bayesian model, yet in a different way. The HGLasso
relies on a marginalized joint density with the resulting
estimator involving optimization of a non-convex objec-
tive. However, the non-convex nature allows HGLasso to
achieve higher levels of sparsity than MKL without intro-
ducing too much regularization in the estimation process.
The MSE analysis reported in this paper, under assump-
tions of orthogonal regressors where MKL and GLasso
share the same regularization paths, reveals the superior
performance of HGLasso also in the reconstruction of the
parameter groups different from zero. It shows the robust-
ness of the empirical Bayes procedure, based on marginal
likelihood optimization, independently of the correctness
of the priors entering the stochastic model underlying
HGLasso.
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