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Abstract. A new class of matrix support functionals is presented which establish a connection
between optimal value functions for quadratic optimization problems, the matrix-fractional function,
the pseudo-matrix-fractional function, the nuclear norm, and multitask learning. The support func-
tion is based on the graph of the product of a matrix with its transpose. Closed form expressions
for the support functional and its subdifferential are derived. In particular, the support functional is
shown to be continuously differentiable on the interior of its domain, and a formula for the derivative
is given when it exists.
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1. Introduction. One of the first topics studied in an elementary course on
optimization is that of optimizing a quadratic function over an affine set:

1
(1.1) min —u'Vu—azTu st. Au=0b,
u€R" 2
where (z,V, A,b) € R™ x S™ x RP*™ x RP, with S™ the linear space of real symmetric
n X n matrices. A complete characterization of the set of solutions and the optimal
value are easily obtained (see Theorem 3.2 below) without the aid of calculus. Less

well studied are the properties of the optimal value function

g ST T _

(1.2) v(z,V) = ulenﬂgn{iu Vu—az"u |Au—b},
for given (A,b) € RP*™ x RP with b € rge A. The variational properties of v, and
its extensions, are easily derived as a consequence of the more general results of this
paper. In particular, we show that v is a concave function and, more specifically, it
is the negative of a convex support functional on R™ x S™. In addition, we show —v
equals the (pseudo-)matrix-fractional function when (A4,b) = (0,0) [4, 7, 9, 16, 17]
(see section 5.2).

The central object of study is the support functional opa,p) : E — R:=RU
{£oc0} given by

(13) UD(A7B) (Xa V) ‘= sup {<(Xa V)7 (Uv W)> | (Uv W) € D(Aa B) } ’
where E := R™"*™ x S rge B C rge A, and

(1.4) D(A, B) := {<Y,—%YYT) €EE|Y eR™™: AY:B}.
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Here, we use the Frobenius inner product for matrix spaces (see section 2.2). The
set D(A, B) is the graph of the mapping ¥ +— —1YY7T over the affine manifold
{Y | AY = B}. This mapping is a common transformation in numerous applications
in statistics and semidefinite programming (e.g., see [3, 4]). In section 4, we obtain
a closed form expression for op 4 py in terms of X,V, A, and B, a description of its
domain and its interior, a characterization of the closed convex hull of the set D(A4, B),
and a characterization of the convex subdifferential dop 4, p). In particular, we show
that op(4,p) is differentiable on the interior of its domain and provide a formula for
the derivative. By taking m = 1, we obtain the representation

U= —0D(A,b)>

where v is the optimal value function defined in (1.2) (see Theorem 5.1). In addition,
we find that opg,0) is precisely the pseudo-matriz-fractional function studied in [4, 7,
9, 16, 17]. The pseudo-matrix-fractional function coincides with the matrix-fractional
function when V is positive definite (see Theorem 5.3).

Our derivation of the subdifferential dop (4, gy makes use of techniques from non-
convex, nonsmooth variational analysis. For this reason, our study begins in sec-
tion 2 by recalling the necessary background material from convex and nonsmooth
variational analysis [5, 19] as well as matrix analysis [15]. In section 3, we review
the elementary results concerning the problem (1.1) reformulating them in a manner
more suitable for our study. These results are the key to our analysis. The core
results of the paper are presented in section 4 where we develop the properties of the
support functional op(4, p). In section 5 we present three applications of the results
of section 4. The first of these is the representation of the optimal value function
v described above. The second is the application to the matrix-fractional function
and its generalizations. The final application establishes an interesting relationship
between op(4,py and both the nuclear norm and its square. In particular, we recover
the relationship discussed in [16] used to obtain smooth approximations to the nu-
clear norm in optimization, as well as the relationship in [1, 2] used to obtain a convex
representation for the multitask learning problem.

Notation: The support of a vector d € RP is the index set

suppd = {i € {1,...,p} | d; # 0}.
The unit simplexr in RP is given by
A, = {/\ERPMi >0(i=1,...,p), ZAi:1},
i=1
while the unit sphere in RP is the set
Spm1 i ={x eR” ||zl]2=1}.
For a set B C RP? its orthogonal complement is defined by
Bt :={zeR|2"b=0 VbeB}.

Its linear hull or span is the set

span B := {a: € R?

IneNbV eB,;eR(i=1,...,n): x:Zaibi}.

=1
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For two sets A, B C R™ their Minkowski sum is the set
A+B:={a+blac A be B}.
Moreover, if A = {a} is a singleton, we loosely write a + B := {a} + B. In addition,
for sets A; C R™ (i =1,...,p) we write X_, A; for their Cartesian product.
2. Preliminaries.

2.1. Tools for variational analysis in Euclidean space. Let (&, (-,-)) be a
Euclidean space, i.e., a finite-dimensional real inner product space. We denote the
norm on & induced by the inner product (-,-) by |||, i.e., ||z|| := \/{x, z) forall z € £.
In particular, we equip & = R™ with the standard scalar product giving || - || = || - ||2-

For an extended real-valued function f : & — R its epigraph is the set

epi f:={(z,a) € EXR| f(z) < a},
and its domain is the set
dom f :={z € R" | f(x) < +o0}.

The notion of the epigraph allows for very handy definitions for a number of properties
of extended real-valued functions. A function f : £ — R is called lower semicontinuous
(Isc) (or closed) if epi f is a closed set, and upper semicontinuous if —f is 1sc. The
lower semicontinuous hull of f, denoted cl f, is the function whose epigraph is given
by cl (epi f). The function f is said to be convex if epi f is a convex set, and concave
if —f is convex. Morever, f is said to be proper if dom f # () and f > —oo.

The (convex) indicator function of a set C C &, ¢ : € — RU {400}, is given by

0 if zeC,
S (x) .:{+Oo L rse

The indicator function §¢ is convex if and only if C' is convex, and d¢ is Isc if and
only if C' is closed. The set C' is a cone if A\C' C C for all A > 0. It is a convex cone
if, in addition, C + C c C.

The (conver) subdifferential of a function f : & — R at a point € dom f is the
set

of (@) ={vel& | flx) > f(@)+ (v, —T) Vxel}

with dom df := {Z | 0f(z) # 0}. The (convex) conjugate f*: & — R of f is defined
by

f*(y) = sup {(z,y) — f(2)}.

zedom f
We call a function f : &€ — R positively homogeneous if
0Oedomf and f(\)=Af(v) Vve&and X>0.
If, in addition,

fo+w) < fv)+ f(w) Yv,weé€,
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we say that h is sublinear. Note that f is positively homogeneous if and only if epi f
is a cone, in which case either f(0) = 0 or f(0) = —oo. Moreover, h is sublinear if
and only if it is convex and positively homogeneous, which holds if and only if epi f
is a convex cone [19, Ex. 3.19].

For C C &, its convex hull is defined to be the set

conv C := ﬂ{D Cc&|CcD, Dconvex}.

By Carathéodory’s theorem (e.g., see [5, section 2.3, Ex. 5]), we can represent conv C
as

r+1
conv(C = {xe ElINeAsy1,01, o1 €C: = Z)‘ici}’
i=1
where k£ := dim&. Furthermore, the closed conver hull of C is the closure of the

convex hull of C i.e.,
conv C' := cl (conv C).

The function

oc(v) = 05(v) = sup (v, w)
weC

is called the support functional for C, which is always sublinear (hence convex), Isc,
and proper when C' is nonempty (cf., e.g., [5, section 4.2, Ex. 9]), and the biconjugacy
theorem [5, Thm. 4.2.1] gives

(2.1) 06 = deonv C-

Given a set C' C & the reqular normal cone of C at T € C' is the set

hmnﬁﬁ£5:£2<o},

e Jlo— ]

Nb@yz{des

and the limiting normal cone of C' at T € C is the set
N¢(z) = {v eé ‘ IHa* e C} = 7, v* € No(ab) : o* = v},

i.e., the limiting normal cone is the outer limit of the regular normal cone in the sense
of Painlevé—Kuratowski; cf. [19, Def. 5.4].

We call a closed set C' C & (Clarke) regular at a point & € C if No(z) = No(z).
If this holds true for every point & € C, we simply say C is (Clarke) reqular. In
particular, every closed convex set D C & is regular and

Np@)={veé|{v,z—7) <0 VexeD}=09ip(x) VzeD.

2.2. Tools from matrix analysis. A general reference for the material in
this section is [15]. For a matrix A € RP*™ we denote the ith column vector
(i=1,....,m) by a® € R ie., A= [a',...,a™]. The range of A is the set rge A :=
{Az € R? |z € R™} = span{a’,...,a™}, and the kernel or null space is ker A :=
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{x € R™ | Az =0}. The following basic subspace relationships are elementary and
used freely throughout:

ker A = (rge AT)L and rge A = (ker AT):.

The trace of a square matrix M € R™*" is the sum of all diagonal elements, and we
write tr (M) = Y0 mi; . If Mi(M),..., A\, (M) are the eigenvalues of M, counting
multiplicities, then tr (M) = "1 | \;(M).

The singular value decomposition (SVD) of A € RP*™ is a factorization of the
form A = USQT, where U € RP*? and Q € R™ ™ are orthogonal and the only
nonzero entries of the matrix ¥ € RPX™ are 3;; > 0 for i = 1,2,...,k := rank A.
These nonzero entries, o1(A) > 02(A) > --- > 0;(A), are called the singular values of
A, and they equal the square roots of the nonzero eigenvalues of AT A (or, equivalently,
AAT). The reduced SVD is the factorization A = U1 XQT, where & € R¥** is the
nonsingular square diagonal matrix of singular values, U; € RP*¥ consists of the first
k columns of U, and Q, € R**™ consists of the first k columns of Q. The remaining
columns of both U and @ can be given any desired but commensurate left-right
ordering. The singular values can be used to define a family of norms on RP*™ called
the Schatten norms. Of particular interest to us is the nuclear norm (or Schatten
1-norm) defined by ||A||, = trX.

For A € RP*", the matrix S is called the Moore—Penrose pseudoinverse of A if
and only if

(2.2) SA=(SA)T, AS = (AS)T, ASA= A, and SAS = S.

We denote the Moore-Penrose pseudoinverse by AT (cf. [13, p. 139] or [18, Chap. 2]).
It is straightforward to show that AT = Q3 1U{, where A = U;%Q7 is the reduced
SVD for A. In particular, ATA and AA" are the orthogonal projections onto rge A”
and rge A, respectively. Consequently, given b € rge A, we have

{zeR" | Az =b} = ATb +ker A,

which is of particular importance in our study.
For two matrices A € R™* B € RP*4 we define their Kronecker product by

allB alSB
A@B=| 1 1
aB -+ apsB

The space of real symmetric matrices of dimension p x p is denoted by SP. The
subset of symmetric positive semidefinite matrices is denoted by St , and the subset
of symmetric positive definite matrices is S ,. In addition, we use the following
notation:

ST = S-TeSt
and
S-T = S-Tes,.

Whenever we consider a matrix (sub-)space of the form & C R"™* we equip it
with the inner product (-,-) : £ — R defined by

(A, B) :=tr (AT B),
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which makes £ a Euclidean space. The induced norm is called the Frobenius norm.
This procedure is also adopted for matrix product spaces. In particular, the space
E :=R"*™ x S™ is equipped with the inner product (-, ) : E — R, defined by

(X, V), (Y, W)) :==tr (XTY) + tr (VIV)

yielding a Euclidean space (of dimension k := mn + @) with induced norm

|- : E— R given by

1CE V) = /i (XTX) + 1 (V2) = \JIX 2+ [V,

where || - || denotes the Frobenius norm on the respective space.

3. Optimization of quadratic functions. We now recall the elementary prop-
erties of the optimization problem (1.1) and its associated optimal value function (1.2).

LEMMA 3.1 (solvabilty of equality constrained QPs). For (z,V,A,b) € R"™ x
S x RP*™ x RP consider the quadratic optimization problem (1.1). Then (1.1) has a
solution if and only if the following three conditions hold:

(i) bergeA (i.e, (1.1) is feasible);

(i) = € rge [V AT];

(iil) uTVu >0 Vu € ker A.
If, however, b € rge A, but (ii) or (iii) are violated, we have v(x,V, A, b) = —co.

Proof. This is a standard result. It is an immediate consequence of [14, Exercise 5,
p. 17]. For a detailed proof see [6, section 4.3]. O

In what follows, we use the following notation:

Virkera 0 <= u'Vu>0 VYuckerA
and
Vikeea 0 = u"Vu>0 VYuckerA){0}.

A complete description of the optimal value function v defined in (1.2) is given in our
next result. This is the foundation on which our discussion of the support functional
0p(a,B) is based.

THEOREM 3.2. At (z,V), the optimal value function v in (1.2) is given by

T T
T v AT x . T v AT
() (5 V(5) « (5)em (% ) vomo
—00 if berged A (z¢rge[VAT]V V #rera 0),
+00 if bérgeA.

N[

Proof. First, if b ¢ rge A, then (1.1) is infeasible, hence, v(V,z, A,b) = 400 by
convention. Second, if b € rge A, Lemma 3.1 tells us that if z ¢ rge [V AT] or V is not

positive semidefinite on ker A, we have v(V, z, A,b) = —oco. Hence, we need only show
the expression for v when (§) € rge (Y AOT) (ie., b €rge A and = € rge[V AT] ) and

V' is positive semidefinite on ker A. Again, Lemma 3.1 tells us that, in this case, a
solution to (1.1) exists. The first-order necessary optimality conditions at

1
u € argmin {iuTVu —zTu st Au= b} #0
u€eR™
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are that there exists § € RP for which

(4 %) 6)-6)
G50 ) ()2 7)),

Plugging such a pair (

or, equivalently,

<l

) into the objective function yields

< gl

1 1 1
§ﬂTVa —zTa= §aT(Vﬂ —z)— §a:Ta
=—ATy
1, 1
Iy AT = _ — T
2 N~~~ 23: b
=pT

where the last equation is due to the fact that

(e (54 ) (=% 7))

Since all such points yield the same optimal value, this concludes the proof. d
The matrix
v AT
(3.1) M(V):= ( A 0 )

in the foregoing theorem plays a pivotal role in our analysis. The next result sheds
some light on properties of M (V') which is often referred to as a bordered matriz in
the literature [8, 10, 18].

PROPOSITION 3.3 (Finsler’s lemma and bordered matrices). Let A € RP*™ and
V eS". Then

Virkera0 <= Je>0: V+eATA 0.

Moreover, the bordered matriz M(V) is invertible if and only if rank A = p and
V >kera 0 in which case its inverse M(V)~! is given by

( P(PTV P)~1pT (I — P(PTVP)~LPTV) A )
(AT (1 = VP(PTVP)"'PT) (ANT (VP(PTVP)"'PTV —V) AT )°

where P € R™("=P) s any matriz whose columns form an orthonormal basis of
ker A.

Proof. For the first statement see, e.g., [8, Thm. 2] and for the characterization
of the invertibility of M (V) see, e.g., [8, Thm. 7]. The inversion formula can be found
in [10, Thm. 1] and is easily verified by direct matrix multiplication. O

Remark 3.4. A general formula for the pseudoinverse M (V)T can be found in [18,
p. 58].
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The first statement in Proposition 3.3 is referred to in the literature as Finsler’s
lemma and originally goes back to [11].

COROLLARY 3.5. Let A € RP*™ and V € S™. Then the following hold:

(@) Vmkera 0 = rge[V AT] =R".

(b) Virkera 0 <= [V 5kera 0] A [FU CRP: ker M(V) = {0} x U], in
which case U = ker AT.

Proof.

(a) Let x € R™. Due to Finsler’s Lemma, there exists ¢ > 0 and r € R™ such that
(V + AT A)r = z. Putting s := eAr gives [V AT|(7) = Vr + cATAr =,
which proves (a).

(b) “=" Let (Z) € ker M(V), i.e.,

Ve4+ATy=0 and Az =0.

Multiplying the first condition by 27 yields 27 V2 = 0. By assumption, as z €
ker A, we get z = 0. Hence, y € ker AT and thus ker M (V) = {0}" x ker AT
The condition V' >yer 4 0 holds trivially.

“<= Let # € ker A\ {0}. By assumption ker M (V) = {0}" x U, and so (Z) ¢

ker M (V) for all y € RP. Thus, since Az = 0, we must have Va + ATy # 0 for all
y € RP or, equivalently, Vx ¢ rge AT = (ker A)*. Hence, there exists # € ker A such
that 0 < 27 V. We now compute that, for all € > 0, we have

0< (ex —a)'V(ed —a)=22"TVi — 22" Va + 2T Va,

as et —x € ker A and V' >ye; 4 0 by assumption. Rearranging the terms and dividing
by € > 0 yields
2TV

€

0<2tTVe—ezdTVvi <

for all ¢ sufficiently small. Consequently, 27 Vz > 0. d

4. The class of matrix support functionals op4,p). We are finally posi-
tioned to develop the properties of the support functional op(4,p) defined in (1.3),
where A € RP*™ and B € RP*™ are such that rge B C rge A. We begin by estab-
lishing a closed form expression for op(a,p). The key fact used in this derivation is
Theorem 3.2.

THEOREM 4.1. Let A € RP*™ and B € RP*™ such that rge B C rge A and let
D(A, B) be given by (1.4). Then

e () M) (3)) i rge (3) C rge M(V), V ier 4 0.

+00 else.

opa,B)(X,V) = {
In particular,

dOHlUD(A,B)ZdomaUD(A’B)Z{(X, V) cE

X
rge <B) CcrgeM(V), V =xera 0}
with this set being closed. Moreover, we have

int (domopa,py) ={(X,V) EE |V >kera 0}.
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Proof. By direct computation,

UD(A7B)(X7 V): sup <(X7 V)v (Uv W)>
(UW)eD(A,B)

— sup {tr(XTU)—%tr(UUTV)}

U: AU=B
= sup {tr (XTU) — =tr <Z ui(ul)TV> }
U: AU=B p
AVARE) T 7
= su ') ut — =(u')" Vu
U AUp:B {;( ) 2( ) }
i 1
4.1 - _ inf - TV o T
(4.1) ;{u:,ﬁ_w TV — (o) u}
m i T i X z
= Z %(il) M(V)T(ib) if (b'i) € rgeM(V)a |4 tkerA 07
— | too else
1 x\* X X
- 1l : -
_ 2tr ( B) M(V) <B)>1f rge <B)CrgeM(V),VkerA 0,
+ oo else.

Here, the sixth equation exploits Theorem 3.2. This establishes the representation for
op(a,B) as well as for its domain. In addition, since

8UD(A,B)(X7 V) = arg max {<(X7 V)v (Uv W)> | (Uv W) € D(Av B) } )

Theorem 3.2 also yields the equivalence domop(4,p) = domdop 4, p)-

In order to see that dom op(4, gy is closed, let { (X}, Vi) € domop(a )} — (V, X).
In particular, rge X, C rge [Vi AT] and  V >ier 4 0. These properties are preserved
by passing to the limit, hence (X,V) € domop(a,py, i.e., domop(a gy is closed.

It remains to prove the expression for int (domopa,p)). First we show O :=
{(X,V)€E |V >ykera 0} is open. For this purpose, let (X,V) € O. Suppose ¢q :=
rank A and let P € R"*("~9) be such that its columns form a basis of ker A so that
PTV P is positive definite. Using the fact that St = intSY (e.g., see [5, Chap. 1,
Ex. 1]), there exists an € > 0 such that

IW—-V|[<e = PIWP>=0 VWeS"

Hence, B.(X,V) C O so that O is open.

Next, we show that O C domop(a,py. Again let (X,V) € O, so that V =ye; 4 0.
By Corollary 3.5, rge[V AT] = R™ and so rge X C rge[V AT]. Hence (X,V) €
domop(a, ) yielding O C domop(a,p). Since O is open and O C domop(4, gy, we
have O C int (dom op(4,B))-

We now show the reverse inclusion. Let (X,V) € domopea p) \ O. Hence V
is positive semidefinite, but not positive definite on ker A. Therefore, there exists
x € ker A\ {0} such that 7Vz = 0 . Define

1
Vi=V - TeS" (keN).
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Then, for all k € N, 2" Vo = —% < 0, so that (X,Vy) ¢ domop(a,p for all
k € N while (X, V;) — (X,V). Hence (X,V) € bd (domopa, p)), that is, (X,V) ¢
int (dom op(a,py). Consequently, O D int (dom op(a,p))- O

Our next goal is to compute the subdifferential of o4 py. For this purpose, we
make use of an alternative representation of the closed convex hull of D(A, B). Set

d>0, ||d| =1, }

42) F(A,B):=<{(d,2) € R x RxmstD)
(42) F(4.5) {( ) 8 AZi=diB (i=1,...,k+1)

where, for (d, Z) € F(A, B), we interpret Z as a block matrix of the form
Z:[Zl7...,ZN+1], ZiERnxm(izl,...,Fa—f—l).

LEMMA 4.2. For the set D(A, B) defined in (1.4), we have
(4.3)

convD(A, B) = {(Z(d@ L), —%ZZT> [(d,Z)e F(A,B): Z;=0(i ¢ suppd)}.

Proof. Recall that dim E = &, hence, by Carathéodory’s theorem (see section 2.1),
every element of conv D(A, B) can be represented as a convex combination of no more
than x + 1 elements of D(A4, B).

In order to see the C-inclusion, let (Y, —3W) € convD(A, B). Then there exist
Y, e R"*™ with AY; =B (i=1,...,s+1) and A € A,41 such that

k+1 r+1
Y=Y ANY; and W=> AV
i=1 i=1
Fori=1,...,k+ 1 define d; := v/\; and Z; := /A\;Yi. With Z = [Z1,Za,..., Zi 1]
and d = (dy,...,d.1)", we have
k+1
d]*=> Xi=1 and AZ =d;B (i=1,...,5+1).

i=1
That is,

(d,Z) e F(A,B) and Z; =0 (i ¢ suppd).
Moreover, it follows that

Kk+1 r+1
Zd@In) =Y diZi=» \Yi=Y
=1 =1

and

k+1 k+1
z2z" =3 72,2] =3 ANV =W
i=1 i=1

Hence, conv D(A, B) is contained in the set on the right-hand side of (4.3).

To show the reverse inclusion, suppose that (Z(d ® I,,,), —3ZZ") is an element
of the set on the right-hand side of (4.3), and define
L7, ifiesuppd,

N\ :=d? and K-::{ d

A'B  else (t=1,...,k+1).
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Then, in particular, A € A, ; and AY; = AA'B = B for alli=1,...,x+ 1. Finally,
we have

K+1 r+1
YoNYi= D diZi=) diZi=Z(d@ 1)
i=1 i€supp d =1
and
K41 rk+1
SNavy = > ziz] =Y zz],
i=1 i€supp d i=1

where we exploit the fact that Z; = 0 if i ¢ suppd. Hence
1
<Z(d ® Im), —§ZZT> € convD(A, B)

which concludes the proof. O
Next, we compute the closed convex hull of D(A, B).
PROPOSITION 4.3. For the set D(A, B) defined in (1.4), we have

(4.4)  conwD(A, B) = { (Z(d 2 1), —%ZZT> | (d, Z) € F(A, B) } .

Proof. The C-inclusion follows as soon as we establish that the set on the right-
hand side is closed (as it obviously contains conv D(A, B)). For this purpose, suppose
(W, —3%H) € Eissuch that there is a sequence {(Zy(d*®1,,), =3 Zx Z)} — (W, —3H)
with (d*,Z,) € F(A,B) for all k € N. Let UpS,QT = Z; be the SVD of Z
with U,?U;~C = I, and Q;{Qk = Ity for all & € N. For each k € N, define
S € R™ ™ to be the nonnegative diagonal matrix comprised of the first n columns
of ¥j. Note that the diagonal of 3, contains all of the nonzero singular values of
Zy. Since UpS3UT = ZyZT — H with Uy orthogonal, it must be the case that
{Xx} is bounded. Hence, with no loss in generality, there exist (U, @, X%, d) € R™*" x
Rl xm(rt1) o RIXT 5 RSfH) with U and @ orthogonal, ¥ diagonal, and ||d||, = 1
such that (Uy, Qg, X, d*) — (U,Q, %, d).

In particular, it holds that Z, — Z :=UXQ"T, ZZT = H, W = Z(d ® I,,), and,
clearly, AZ; = d;B for all i = 1,...,k + 1. This shows that (W, —3H) is an element
of the set on the right-hand side of (4.4) and so this set is closed.

To prove the reverse inclusion, let (d, Z) € F(A, B). We are done once we find
a sequence {(d*, Zy) € F(A,B)} — (d, Z) such that ZF = 0 if d¥ = 0. To this end,
define the index set

QZZ{iE{l,...,Ii+1}|di=0, ZZ%O},

and put ¢ := |Q|. If ¢ = 0 (i.e., Q@ = ), the definitions d* := d and Z* := Z for all
k € N will suffice.
Otherwise, choose ig € supp d (which is nonempty, as ||d|| = 1). Then define

0 if d;,=0,7;=0,
2k—1 dig

gk — if ieq,
g k_ldi

= it i =i,

d; if iesuppd)\ {io}

(=]
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and

Z, if d;=0,7; =0,
d*ATB+ 27, if i€q,

Zk .= dk
3 7 : - -
dig Zi, it i =1y,

Z; it iesuppd)\ {io}-

Then d* — d and Z¥ — Z. Also, we have AZF = dfB for alli = 1,...,x+ 1, and
ZF = Z; = 0if d¥ = 0. In addition,

2k —1 E—1)2
=2t G

2 7

i K iesupp d\{in}

2k—-1 , (k — 1)2 o 9
- k2 dio + k2 dio + Z d?,

i€supp d\{io }
2 2
= dio + Z d?,
i€supp d\{i0}

- Y

i€supp d
= |d|*
=1.

This shows that {(d*, Z*) € convD(A, B)} — (d, Z), which gives the desired inclusion
concluding the proof. O

As a simple consequence of the biconjugacy relationship in (2.1), we obtain the
following corollary.

COROLLARY 4.4. For A € RP*"™ and B € RP*™ withrge B € rge A, the conjugate
of the support functional op(a,py for the set D(A, B) from (1.4) is given by

*
0p(A,B) = Ocomv D(A,B)

where conv D(A, B) is provided by Proposition 4.3.
To describe the subdifferential of op(4,p), we first compute the normal cone of the
set F(A, B) defined in (4.2). Our approach uses the following preparatory lemmas.
LEMMA 4.5. Let F := F(0,0) be defined through (4.2) and let (d,Z) € F. Then

r+1 . )
N (d, Z) = { {0} if d;>0,

spand+ X 3 g7 i g Zo, 1 {0},

and F s regular.
Proof. Let (d,Z) € F = (S, NR{T) x R™*™=+D Due to [19, Prop. 6.41], we
have

Nz(d,Z) = NsﬂﬁRi‘“(d) X Npnxmnt1) (Z).

Clearly, Ngnxm+1)(Z) = {0}, and by invoking [19, Ex. 6.8], we find that S, is regular
with

Ns, (d) = spand.
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Again by [19, Prop. 6.41] in conjunction with [19, Ex. 6.10], we have

K1 K1 {0} if d; > 0’
Ny (d) = i>:<1 Nio.ooy(di) = i>:<1 { R_, if d;=0.

In particular, by considering each component of d € S, N Rfrl separately, we have
the following implication:

[v € Ns, (d), weNRiﬂ(d): v+w=0 = v=w=0.

The desired expression for N SenRiHL HOW follows from [19, Thm. 6.42], since S, is

regular (being a smooth manifold) and so is R (as a convex set). This result also
tells us that S, N Ri“ is regular; hence F is also regular (cf. [19, Prop. 6.41]). d

LEMMA 4.6. For A € RP*™ and B € RP*™ consider the linear operator J :
RAEFL x Rexms41) _ Rexmstl) defined by

J(d, Z) = (AZl - dlB, e ,AZNJA - dﬁJrlB).

The adjoint J* : RP*m (41 _y Ret1y Rrxm(st1) () 1t the inner products introduced
on matriz product spaces in section 2.2) is given by

tr (BTW1)
JW) = |- : [ATWA, AT W]
tr (BTW,.H.l)

Proof. Let (d,Z) € Rt x R™*m+D and W e RP*™(5+1D) where d € RFH,
Z = [Zl, R ZHJF]_] with Z; e R®*™ i=1,...,k+1,and W = [Wl, cee WN+1] with
W; e RP*™m §=1,...,k+ 1. Then
r+1
(W, J(d, 2)) => tr (W (AZ; — d;B))
i=1
k+1 Kk+1
=> tr (ATW)"Z) = > ditr (B"W;)
i=1

= ((-(B.w)....B, W) AW, ATWeia]) . (d.2)).

which proves the result. a
We now establish a normal cone formula for the set F(A, B).
PROPOSITION 4.7. Let A € RP*™ and B € RP*™ such that rge B C rge A. Then

Nrap(d,Z) = Ne(d, Z) + rge J* V(d, Z) € F(A, B),

with F and J giwen by Lemmas 4.5 and 4.6, respectively.
Proof. We first note that

F(A,B) = FNker J.

Moreover, F is regular by Lemma 4.5 and so is ker J as a subspace. The assertion
will follow from [19, Thm. 6.42] as soon as we establish the implication

(4.5) (r,R)+(s,9)=0 = (r,R)=(s,9)=0
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for all (r,R) € Nz(d,Z) and (s,S) € Nyerr(d,Z). For these purposes, first note
that Nyer s(d, Z) = rge J*; see [19, Ex. 6.8]. Now, let (r,R) € Nz(d,Z) and (s,S5) €
Nyer7(d, Z) such that (r, R)+(s,S) = 0: By the representation of J* from Lemma 4.6,
we know that there exists W € RP*™(*+1) guch that

tr (BTW1)
§ = — and S = [ATW1, A ,ATWK_;_J .
tr (BTW,.H_l)

Moreover, from the representation of Nz (d, Z) from Lemma 4.5 we know that R = 0,
hence S =0, i.e., ATW; =0 for alli = 1,...,x + 1. This, in turn, implies that

rgeW; C ker AT c ker BT Vi=1,...,k+1,

thus BTW,; =0 foralli=1,...,s+ 1. This immediately implies s = 0, hence r = 0,
which proves the implication in (4.5). This concludes the proof. O

A formula for the subdifferential dop (4, p) follows.

THEOREM 4.8. Let A € RP*™ and B € RP*™ such that rge B C rge A. Then, for
all (X,V) € domopa,p), the subdifferential of opca,py at (X, V) is given by

Z; = X Ni\ .
(W) BN (V) (B)—I—(N%),z PR

1
ZiZiT> for some W, Ny € RP*™(5+1) - N g Rrxm(stl)

K

+

[\J|F—‘

(e

ﬁ
Il
-

with (d,Z) € F(A, B) and rge (gl

2) C ker M(V)

Moreover, op(a,p) is continuously differentiable on int (dom op(4,p))-
Proof. Let (X,V) € domopa,p), ie., rge ()Eg) C rgeM (V) and V is positive
semidefinite on ker A. Then
(Y, W) € dopa,By(X,V)
& (Y, W)econwD(A,B) and (X,V) € Neoavp(a,p)(Y, W)
& (Y,W) econvD(A, B) and
> (X, V), (Y,W)— (Y, W)) VY(Y,W) € conv D(A, B)

E'(CZ,Z) € ‘F(AvB) DY = JZZM W: __ZZzZT and

K41 r+1
0> Ztr (X" (diZ; — d; Z; ))—5 S (V(Zizl - Z:Z])) ¥ (d. Z) € F(A, B)

3(d,Z) € argmin f(d,Z): Y = diZy, W = —
(d,Z)G]:(A,B) =1 =1
where f : RFTL x R**™(5+1) 5 R is defined by

1 k+1 r+1
f(d, V) Ztr ZI'vz) =Y ditr (X" Z;).

i=1 i=1

Here, the first equivalence uses [19, Cor. 8.25], and the third one exploits the descrip-
tion of conv D(A, B) from Proposition 4.3.
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The necessary optimality conditions for (d, Z) to be a minimizer of f over F(A, B)
are

(4.6) 0€ f(d,Z)+ Nra,p)(d, Z) with (d,Z) € F(A,B),

which, invoking Proposition 4.7 (as well as Lemmas 4.5 and 4.6), reads

e R, W e RO G ((§)' (7)) = adi - (d; > 0),
(4.7) tr (()B()T(VZ;/ ) <0 (di = 0),

The third condition gives

(4.8) (If/) =d;M(V)! (g) + (%;) with rge (%;) C ker M(V)

for some Ny; € R™™ and Ny, € RP*™ (4 =1,...,k+1). In particular, as ker M (V') C

ker ()EE)T, we get

i <@>T(VZV)> —ditr ((g)TMw(g)) (=1, 5+1)

which tells us that the first condition in (4.7) is generically fulfilled with

o () w0 ()

Moreover, if d; = 0, we get from the third condition in (4.7) that

e () cherat) e () = (e () )

and, hence,

() () o v

i.e., the second condition in (4.7) is also generically fulfilled. This means that the set
of all critical points of f over F(A, B) is given by

C:= {(d7 7)€ F(A,B) ‘3 W e Rpxm(s+1) :rge <§;> Cc{i]\/[(V)Jr <i§) +ker M(V)} .

Now, we pick an arbitrary critical point (d, Z) € C and plug it into the objective
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function f. This gives

B ﬂ+1 1 Kk+1 B
£d.2) Ztr Z X)) -5 3 diw (XTZ)
=—ATW; =t
1 r+1
:__Ztr (AZ; )Tw)__ZJZtr (X"Z)
=1 _d B i=1
1 k+1
_ - 5T
:—igdi [tr (BT W) +tr (Z] X)]

= (RED)
3o () ()
i () e ()

Hence, every critical point has the same function value. Theorem 4.1 tells us that
dop(a,p)(X,V) # 0 for (X,V) € domop(a,py. In view of the chain of equivalences
at the beginning of this proof, we know that there is a minimizer of f over F(A, B),
which is in particular a critical point. Therefore, all critical points are minimizers of
f over F(A, B), and the expression for the subdifferential follows.

Next note that the largest possible set within which op(4,p) is continuously dif-
ferentiable is int (dlom op(4,)). Moreover, recall that a proper lsc convex function
is continuously differentiable at a point in the interior of its domain if and only if
the subdifferential at that point is a singleton equal to the gradient (cf., e.g., [19,
Thm. 9.18]). Furthermore, we have the following chain of equivalences:

dopa,py(V, X)is asingleton <= 3U C R? : ker M (V) = {0}" x U
=V >kera 0
< (X,V) € int (domopa,g)) -
Here, the first equivalence is obtained from the representation of dop 4 p) that was
proven above. The second equivalence is due to Corollary 3.5(b), bearing in mind
that (X,V) € domop(a,py, hence V' =yier 4 0. The third equivalence simply uses the
representation of int (dom op(a,py) given in Theorem 4.1. O

COROLLARY 4.9. Let A € RP*™ and B € RP*™ be such that rge B C rge A and
rank A = p. Then op(a,p) is continuously differentiable on int (dom op(a, p)) with

1
UE(A}B)(X, V) = (Y(X, V), —§Y(X, VY (X, V)T) V(X,V) € int (domopa,p)),
where

Y(X,V):=A'B+ P(PTVP)"'PT[X - VA'B]

and P € R ("=P) js such that its columns form an orthonormal basis of ker A.

Proof. Apply the inversion formula in Proposition 3.3 to the subdifferential
of opca,p) from Theorem 4.8, bearing in mind that ZKH =1 for (d,2) €
F(A, B). O
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5. Applications.

5.1. The optimal value function v. Equation (4.1) in the proof of Theo-
rem 4.1 tells us that the optimal value function v defined in (1.2) satisfies v =
—0p(ap)- As a consequence we have the following theorem.

THEOREM 5.1. Let v : R™ x S® — R be the optimal value function for the
constrained quadratic optimization problem

v(z,V) = inf {luTVu —alu | Au = b} ,
ueRn | 2

where A € RP*™ and b € RP are such that b € rge A. Then

(5.1) v(x, V) = —opay(z,V)
_ {_%(i)TM(V)T(i) if Vmkera 0, (5) € rge M (V),
—00 else.

That is, v is concave and upper semicontinuous. In addition,

domwv = dom dv = {(x, V) eR" x S"

<£Z> S I‘geM(V) and V Zyer A 0} )

where Qv is the concave subdifferential of v. The function v is continuously differen-
tiable on

int (domwv) = {(x, V)eR" x S"

(23) crgeM(V) and V >=yer A 0}

and, if rank A = p, then for all (z,V) € int(domw), v'(z,V) = (—y, syy") with
y = Atb+ P(PTVP)"Y(x — VATb) and P € R"*(""P) js any matriz whose columns
form an orthonormal basis for ker A.

Remark 5.2. Theorem 5.1 refers to the concave subdifferential of a concave func-
tion ¢ which is given by 9d¢(u) := {g | d(u) < ¢(u) + (g, u —w) Yu} = —I(—9¢)(u),
where J(—¢) is the convex subdifferential of the convex function —¢.

Proof. The equivalence (5.1) is an immediate consequence of (4.1). Conse-
quently, the remaining statements in the theorem follow from Theorem 4.1 and Corol-
lary 4.9. a

5.2. The matrix-fractional function and its generalization. Consider the
function v : E — R U {+00} given by

i (XTVIX it V>0, rgeX CrgeV,

(5:2) VX V) = { 2 { +og else.
For the case m =1 (recall that E = R™*™ x S§™), this function has been investigated
under the moniker pseudo-matrix-fractional function [9, Ex. 3.5.0.0.2]. The matrix-
fractional function has recently found use as a smoother for the nuclear norm (cf. [16]
and Corollary 5.8 below) as well as a tool in reformulating multitask learning problems
as convex programs (cf. [2, Prop. 4.1] and Proposition 5.10 below)

We refer to v as the generalized matria-fractional function when m > 1. It is
related to the general fractional-quadratic matriz inequality introduced in [3, p. 155].
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Theorem 4.1 tells us that v is the support functional op(gy. This yields a series
of immediate consequences.

THEOREM 5.3. The function v defined in (5.2) is the support functional of the
set D :=D(0,0) defined by (1.4), i.e, v = op. In particular, v is sublinear (hence
convez) and lsc. Moreover,

dom~y =domdy={(X,V)€eE |V =0, rgeX CrgeV },
which is closed with
int (dom~v) ={(X,V)eE |V >0}.
In addition, for (X,V) € dom~, we have

r+1 B 1 k+1 (CZ, Z) € ]:7 N e Rnxm(NJrl)
(X, V) = (Z d; Z;, -3 ZiZ.T> with rge N C ker V ,
’ ' such that Z; = d;VIX + N;

and 7y is continuously differentiable exactly on int (dom~y) with
1
Y(X,V) = [V—lx, —§V—1XXTV—1} Y(X,V) € int (dom 7).

Proof. Set A = 0 and B = 0 in Theorems 4.1 and 4.8, respectively, to get all
assertions other than the explicit formula for the derivative. In order to prove the
latter, let (X,V) € int(dom+). In particular, this implies that ker V = {0} and
VT =V~L Hence, for d € S, NRY™ and Z; = d;V "' X, we have

rk+1 o
Y di(dVTX)=VT'X
i=1

and
1 _ 1
-3 S (dVTIX)dVTIX)T = —§V‘1XXTV_1.
=1
Therefore,
(X, V) = {(le, —%lexTvl) } ={y(X,V)},
which concludes the proof. O

Next we consider the function ¢ : E — R U {+o0} defined by

%tr (XTV_lX) if V=0,
+o0o  else.

(5.3) (X, V) = {

Clearly, this function is closely related to the function v defined above with dom ¢ =
R™*™ % ST, = int (dom~) and Ygom ¢ = P|dom¢- In the case where m = 1, ¢ is
called the matrix-fractional function; e.g., see [4, Ex. 3.4] or [9, Ex. 3.6.0.0.2]. In the
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remainder of this section, we show that v = cl¢. We begin with the following well-
known result which can be found for example in [4, App. A.5.5] or [12, Thm. 16.1]
with the latter containing a proof.

LEMMA 5.4 (Schur complement). Let S € S*,T € S™, R € R"™*™. Then

(;T J;)to <~ [§=0, rgeRcCrgeS, T —RTSTR>0|.

PROPOSITION 5.5. For the functions ’y fmm (5.2) and ¢ from (5.3) we have
(a) epi"y:{(X,V,oz)ElYeSm : ( YTy ) =0, 2tr (Y <oc},
vV X
XT vy

Moreover, epiy = cl(epi¢) or, equivalently, v = cl¢. Therefore, epi ¢ is a convex
cone, i.e., ¢ is sublinear.

Remark 5.6. An immediate consequence of part (a) of this proposition is that
epivy is semidefinite representable; e.g., see [3, p. 144].

Proof.

(a) First note that

(5.4) Y = XTVIX = tr (V) > tr (XTVTX).
We have
(X,V,a) € epiy

(b) epi(b:{(X,V,oz)ElYeSm : )EO,V>-O, %tr(Y)ga}.

1
V=0, rgeX CrgeV, Str (XTViX)<a

1
&3y eS™: V=0,rgeX CrgeV, Y = XTVIX, 5tr(Y) <a

<3JYy eSS ( )‘(/T ); ) =0, %tr(Y)Soz,
where the second equivalence follows from (5.4) and the fact that we may
take Y = XTVTX, and the final equivalence follows from Lemma 5.4.

(b) Proceed analogously to (a) with the additional condition that V' > 0 in each

step.

In order to show that cl(epi¢) = epivy, we first note that, as « is lsc, epi~y is
closed. Moreover, since obviously epi¢ C epi~y, the inclusion cl (epi ¢) C epi~y follows
immediately.

In order to see the converse inclusion, let (X,V,«a) € epiy. Now, set Vi :=
V4L # 1, = 0 and put oy := a+v(X, Vi) —7(X, V) for all k € N. Then, by definition,
we have

A = a+'7(X7 Vk) —’Y(X, V) > 7(X7 Vk) = (b(X, Vk)v

ie., (X, Vi,ar) € epi¢ for all k € N. Clearly, Vi, — V with V, nonsingular, and so
V.ol = VT (e.g., see [18, p. 153]). Consequently, ¢(X, Vi) = v(X, Vi) — ¢(X, Vi)
so that o — «. Therefore, (X, Vi, ar) — (X,V,a), and so epiy = cl(epi¢), i.e
v =cl¢.

Also, since ~ is a support functional (by Theorem 5.3), in particular, sublinear
and lsc, epi~y is a closed, convex cone. Moreover, as

epi¢p =epiyNK,
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with IC:= R"*™ x §7 , x R being a convex cone, epi¢ is a convex cone. Hence, ¢ is
also sublinear. a

5.3. The relationship between opa,p) and the nuclear norm. There
is a fascinating relationship between op(4,p) and the nuclear norm which was first
suggested to us by results in [16] for the case (A4, B) = (0,0) where it is used to smooth
the nuclear norm. The key idea is to consider optimization problems of the form

(5.5) min (V. W) +0p(a,5 (X, V),

where X € R™™ and W € S" are given and fixed. In this section we consider one
possible choice for the matrix W (described below).

To begin with, let X € R"™™ A € RP*"™ and B € RP*™ be given with rge B C
rge A and m > n. Set k := dim (ker A), and define P € R"** to be any matrix whose
columns form an orthonormal basis for ker A so that PP is the orthogonal projection
onto ker A. Let PPT X have SVD
(5.6)

QT
)Y Ot x (k—1) Ot x (n—k) Ot x (m—n) T

[U1,U,Us] | Oe—tyxt  Oe—tyx (k=) Oth—t)x(n—k)  O(k—t)x (m—n) Q%‘ =U13Q7,
Om—ryxt Om—r)yxk—t) Om—tk)yx(n-k) Om—k)x(m-n) QiT

where t := rank (PPTX), ¥ := diag(o1,09,...,0:) with 01,09,...,0; the singular
values of PPTX, U := [Uy,Us,Us] and Q := [Q1,Q2,Q3, Q4] are orthogonal, and
U := [Uy,Us] is chosen so that its columns form an orthonormal basis for the kernel

~

of A. Set P :=UUT, so that
(5.7) pPT = PPT =, UT + U,UY .
Finally, define

(5.8) W:=-(A'B+UQT)(A'B+UQ")T,

N | =

where @ = [Q1,Q2]. The matrix U @T establishes an isometry between the k-
dimensional subspaces ker A and rge @, where ker A = rgeﬁ = rge P. We have
the following result. .

THEOREM 5.7. Let X, A, B, P, ¥,U, Q, and W be as above with m > n. Then
the optimal value in (5.5) is

(5.9) (X, ATB) + [|PPTX], ,

and is attained at the matriz V = U1XU;. In particular, if rge X C ker A, then the
optimal value is || X||,, while, on the other hand, if rge X C rge AT = (ker A)*, then
the optimal value is <X, ATB>.

Proof. We begin by showing that the matrix V= U1 XU solves (5.5). For this
it is helpful to keep in mind certain key relationships between the matrices defined
above. First, recall that AAT is the orthogonal projection onto rge A and AT A is the
orthogonal projection onto rge AT, i.e., ATA = I— PPT. Moreover, rge AT = (ker A)*
which, in particular, implies that PT AT = 0, U] AT = 0, and U AT = 0. In addition,
we use the fact that VI = Uy Y71UT (see discussion following (2.2)), as well as the
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relations V = PPTVPPT and V = PPTVTPPT which follow from the equivalence
U, = PPTU,.
We claim that

[ 4
By (2.2), we need to show that
(5.10) M(V)KM(V)=M(V) and KM(V)K =K
and
(5.11) (MWYK)T = M(V)K and (KM(WV)T = KM(V).

First observe that
[ xufu s=tul + AT(ANT U, sUf At
AULSUT AAT

- _UlUlT-l-ATA 0
0 AAT

[1-U,UF 0 ]

M(V)K =

0 AAT

and
(o> tulosut + ATA U UL AT
| @AhTu -t (ANT AT
[UUl +ATA 0
I 0 AAT
[1-UUF 0

0 AAT|”

This establishes (5.11). To see (5.10), write

~ —1ygT(r — T T T
KM(V)K:[UlE UT(I — U,UT) AAA}

(AN = U:UY) 0

and

<

(I =UUV (I =UsUy)AT
AATA 0

]

M(V)KM(V) = [

A 0
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Since the problem (5.5) is convex, one need only show that V satisfies the first-order
necessary condition for optimality, i.e., 0 € W + Ovop(a,p)(X,V). By Theorem 4.8
and [19, Cor. 10.11], these conditions read

IW e RP*™HD (4 Z) € F(A,B), and

5.12 N N
(5.12) 1) e Rrxmlstl) s RPXmtD) with rge (') € ker M(V)
N2 N2
such that
Z; - X Ny .
613 () =) () + (§) (=12
and
R R k41
(5.14) (ATB+UQ")A'B+UQ"" =Y z:Z].

i=1

We now construct a suitable W, (d, Z), and (%) Set

. - N1y U2Q% Ny; 0 )
dy =1, d; =0, = , = =2,3,..., 1),
! ’ 0 (N21> < 0 No; 0 (i 1)

and define (%) using (5.13). This gives

() = ()« (57) - () - ()

(VZV) - <8) (i=2.3,....k+1).

In particular, this implies that (5.14) holds. Clearly, 0 < d and ||d|| = 1 and AZ; =

AA'B = B, so that (d,Z) € F(A, B) and (5.12) is satisfied. Hence V is indeed a
solution to (5.5).
We now compute the optimal value in (5.5). This is given by

(7. X)+ (W, 7)+ %tr <(‘;§> Cu) (g)) .

and

We have

Bl
\</>
I

tr ((ATB +UQT)AB + ﬁ@T)TUlEUlT)

tr (478 +0Q")(B" (4N 0207 + QusuT))

tr ((ATB +UQTQxUT )

NN~ DN =N -

= [tr (ATBQ2UY) + tr (U SUY )]

1 1
St (U ATBQ:1%) + St (%)

— 2 |pPrx|
2 *
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(G () -+ (G) (6557
—tr (XTVTX) + 2tr (XTA'B)
= tr (XTPPTVIPPTX) + 2tr (XT A B)
=tr (Q12QT) + 2tr (XTATB)
= ||PPTX|, +2tr (X"(I — PPT)ATB)
= |[|[PPTX]||, +2tr (XTATB) .

and

Hence the optimal value is given by (5.9) when Y := 0. Finally, note that if rge X C
ker A, then PPTX = X so (X, ATB) = (PPTX, A'B) = (X, PPTA'B) =0. O
By applying Theorem 5.7 to v = op(g,0) with W = 1, we obtain the following
result.
COROLLARY 5.8 (see [16, Lemma 1]). Let X € R™™ ™ with m > n, and let
v:E = RU{+oc0} be defined in (5.2). Then

1

with the minimum value attained at V := U1 SUL, where X = Ui XQT is the reduced
SVD for X.

This representation of the nuclear norm is used in [16] as a means to introduce
a smoothing term for optimization problems involving a nuclear norm regularizer.
Indeed, Theorem 5.3 shows that, on the interior of its domain, =y is a smooth function
with an easily computed derivative. Using the more general formulation developed
here, it is possible to derive smoothers for more general types of regularizers. We
illustrate one such possibility in the following corollary.

COROLLARY 5.9. Let X € RP*P and let P € RP*¥ be any matriz having orthonor-
mal columns. Define A =1 — PPT and B := \(I — PPT)X. With this specification,
the matriz W in (5.8) is given by W = LI+ B)(I+ B)T and the optimal value in
(5.5) with ¥ =0 is

M| - PPTYX|% + | PPTX], .

Proof. Simply observe that AT = A and ATB = AB, and apply Theorem 5.7 with
n=p=m. O

Another interesting relationship appears in the multitask learning literature [1, 2]
which relates the pseudo-matrix-fractional function v to the square of the nuclear
norm. This result provides an interesting counterpoint to Corollary 5.9.

PROPOSITION 5.10. Let X € R™ ™ be nonzero, and let v : E — R U {400} be
defined in (5.2). Then

1
3 [ X]> = min {y(X,V) |V eS" and tr(V) <1},

with the minimum value attained at V = | X||_ U SUT, where X = UySQT is the
reduced SVD for X.
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Proof. By convexity, V solves the minimization problem above if and only if there
is a g > 0 such that —ul € 20y~v(X, V) where v = 0p(,0). By Theorem 4.8, this
can be demonstrated by constructing V € S" and a matrix N € R"*™ guch that
rge N C ker V, rge X C rgeV, and ul = (VIX+N)(VIX+N)7 (here we take d; = 1
and d; =0, i =2,...,k+ 1). The basis for our construction is the SVD of X:

X 0

X =[Uy, Uy [0 0

] Wy, Wo|T = U, =W,

where Y= diag(al,..;, o) with o; > 0, i = 1,...,k. Suppose Vo= Ulf]UlT and

= UQZW2 , where ¥ = dlag(al,.. ,0r) and E = diag(61,...,0,—%) with &; >
0 i=1,...,k. Thenrge N C ker V and rge X C rgeV We must choose ¥ and 3 so
that

pl = (VX + N)(VIX 4+ N)T
= U1 272%2U, 4 Us 22U,

This implies that Y = wl,—r and $2y2 = ply or, equivalently, o; = /oy, i =
1,...,k. By summing over i and assuming that tr (V) = 1, we find that p = ||X||i
Since the optimality conditions hold for V = ||X||;1 Yand N = ||X||z Us W' we have
obtained the solution to the optimization problem. Plugging this solution into the
objective gives the optimal value v(X, V) = Ltr (XVIX) =1 |X|?. O

In the context of multitask learning, one uses the SVD X = UDW7 and writes
A=UTX so that

k 2 k 2
2 2
X1, = lz O’i] =D 1Al =1A4l5,
i=1 i=1
where k = min{n, m} and A;. is the ith row of 4, i =1,...,m

6. Final remarks. We have introduced a new class of support functionals op(4,p),
where

D(A,B) = {(Y,—%YYT> | AY = B}.

It is shown that these support functionals have a natural connection to the optimal
value function for quadratics over affine manifolds. Connections are also made to
the matrix-fractional function and the pseudo-matrix-fractional function as well as
their generalizations. It is remarkable that all of these objects can be represented
by the support functional of D(A, B) for an appropriate choice of A and B. These
support functional representations had not previously been observed. In addition,
we have computed the closed convex hull of D(A, B) which allowed us to compute
the subdifferential of op(4 ). This computation made use of nontrivial techniques
from nonconvex variational analysis. Finally, we obtained a general representation
theorem that can be used to give an alternative representation for the nuclear norm,
its square, and related regularizers in matrix optimization. These representations are
particularly useful in that they can be used to develop smoothers for the regularization
terms.
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