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Abstract. A new class of matrix support functionals is presented which establish a connection
between optimal value functions for quadratic optimization problems, the matrix-fractional function,
the pseudo-matrix-fractional function, the nuclear norm, and multitask learning. The support func-
tion is based on the graph of the product of a matrix with its transpose. Closed form expressions
for the support functional and its subdifferential are derived. In particular, the support functional is
shown to be continuously differentiable on the interior of its domain, and a formula for the derivative
is given when it exists.
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1. Introduction. One of the first topics studied in an elementary course on
optimization is that of optimizing a quadratic function over an affine set:

(1.1) min
u∈Rn

1

2
uTV u− xTu s.t. Au = b,

where (x, V,A, b) ∈ Rn × Sn ×Rp×n ×Rp, with Sn the linear space of real symmetric
n × n matrices. A complete characterization of the set of solutions and the optimal
value are easily obtained (see Theorem 3.2 below) without the aid of calculus. Less
well studied are the properties of the optimal value function

(1.2) v(x, V ) := inf
u∈Rn

{
1

2
uTV u− xTu | Au = b

}
,

for given (A, b) ∈ Rp×n × Rp with b ∈ rgeA. The variational properties of v, and
its extensions, are easily derived as a consequence of the more general results of this
paper. In particular, we show that v is a concave function and, more specifically, it
is the negative of a convex support functional on Rn × Sn. In addition, we show −v
equals the (pseudo-)matrix-fractional function when (A, b) = (0, 0) [4, 7, 9, 16, 17]
(see section 5.2).

The central object of study is the support functional σD(A,B) : E → R̄ := R ∪
{±∞} given by

(1.3) σD(A,B)(X,V ) := sup {〈(X,V ), (U,W )〉 | (U,W ) ∈ D(A,B)} ,
where E := Rn×m × Sn, rgeB ⊂ rgeA, and

(1.4) D(A,B) :=

{(
Y,−1

2
Y Y T

)
∈ E

∣∣ Y ∈ R
n×m : AY = B

}
.
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1136 JAMES V. BURKE AND TIM HOHEISEL

Here, we use the Frobenius inner product for matrix spaces (see section 2.2). The
set D(A,B) is the graph of the mapping Y 	→ − 1

2Y Y T over the affine manifold
{Y | AY = B }. This mapping is a common transformation in numerous applications
in statistics and semidefinite programming (e.g., see [3, 4]). In section 4, we obtain
a closed form expression for σD(A,B) in terms of X,V,A, and B, a description of its
domain and its interior, a characterization of the closed convex hull of the set D(A,B),
and a characterization of the convex subdifferential ∂σD(A,B). In particular, we show
that σD(A,B) is differentiable on the interior of its domain and provide a formula for
the derivative. By taking m = 1, we obtain the representation

v = −σD(A,b),

where v is the optimal value function defined in (1.2) (see Theorem 5.1). In addition,
we find that σD(0,0) is precisely the pseudo-matrix-fractional function studied in [4, 7,
9, 16, 17]. The pseudo-matrix-fractional function coincides with the matrix-fractional
function when V is positive definite (see Theorem 5.3).

Our derivation of the subdifferential ∂σD(A,B) makes use of techniques from non-
convex, nonsmooth variational analysis. For this reason, our study begins in sec-
tion 2 by recalling the necessary background material from convex and nonsmooth
variational analysis [5, 19] as well as matrix analysis [15]. In section 3, we review
the elementary results concerning the problem (1.1) reformulating them in a manner
more suitable for our study. These results are the key to our analysis. The core
results of the paper are presented in section 4 where we develop the properties of the
support functional σD(A,B). In section 5 we present three applications of the results
of section 4. The first of these is the representation of the optimal value function
v described above. The second is the application to the matrix-fractional function
and its generalizations. The final application establishes an interesting relationship
between σD(A,B) and both the nuclear norm and its square. In particular, we recover
the relationship discussed in [16] used to obtain smooth approximations to the nu-
clear norm in optimization, as well as the relationship in [1, 2] used to obtain a convex
representation for the multitask learning problem.

Notation: The support of a vector d ∈ Rp is the index set

supp d := {i ∈ {1, . . . , p} | di 
= 0} .
The unit simplex in Rp is given by

Δp :=

{
λ ∈ R

p | λi ≥ 0 (i = 1, . . . , p),

p∑
i=1

λi = 1

}
,

while the unit sphere in Rp is the set

Sp−1 := {x ∈ R
p | ‖x‖2 = 1} .

For a set B ⊂ Rp its orthogonal complement is defined by

B⊥ :=
{
x ∈ R

p
∣∣ xT b = 0 ∀b ∈ B

}
.

Its linear hull or span is the set

spanB :=

{
x ∈ R

p

∣∣∣∣∣ ∃n ∈ N, bi ∈ B ,αi ∈ R (i = 1, . . . , n) : x =

n∑
i=1

αib
i

}
.
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INVERSE PROBLEMS, REGULARIZATION, AND LEARNING 1137

For two sets A,B ⊂ Rn their Minkowski sum is the set

A+B := {a+ b | a ∈ A, b ∈ B } .

Moreover, if A = {a} is a singleton, we loosely write a +B := {a} + B. In addition,
for sets Ai ⊂ R

ni (i = 1, . . . , p) we write Xp
i=1 Ai for their Cartesian product.

2. Preliminaries.

2.1. Tools for variational analysis in Euclidean space. Let (E , 〈·, ·〉) be a
Euclidean space, i.e., a finite-dimensional real inner product space. We denote the
norm on E induced by the inner product 〈·, ·〉 by ‖·‖, i.e., ‖x‖ :=

√〈x, x〉 for all x ∈ E .
In particular, we equip E = Rn with the standard scalar product giving ‖ · ‖ = ‖ · ‖2.

For an extended real-valued function f : E → R its epigraph is the set

epi f := {(x, α) ∈ E × R | f(x) ≤ α},

and its domain is the set

dom f := {x ∈ R
n | f(x) < +∞}.

The notion of the epigraph allows for very handy definitions for a number of properties
of extended real-valued functions. A function f : E → R is called lower semicontinuous
(lsc) (or closed) if epi f is a closed set, and upper semicontinuous if −f is lsc. The
lower semicontinuous hull of f , denoted cl f , is the function whose epigraph is given
by cl (epi f). The function f is said to be convex if epi f is a convex set, and concave
if −f is convex. Morever, f is said to be proper if dom f 
= ∅ and f > −∞.

The (convex) indicator function of a set C ⊂ E , δC : E → R ∪ {+∞}, is given by

δC(x) :=

{
0 if x ∈ C,

+∞ if x /∈ C.

The indicator function δC is convex if and only if C is convex, and δC is lsc if and
only if C is closed. The set C is a cone if λC ⊂ C for all λ ≥ 0. It is a convex cone
if, in addition, C + C ⊂ C.

The (convex) subdifferential of a function f : E → R at a point x̄ ∈ dom f is the
set

∂f(x̄) := {v ∈ E | f(x) ≥ f(x̄) + 〈v, x− x̄〉 ∀x ∈ E }

with dom∂f := {x̄ | ∂f(x̄) 
= ∅}. The (convex) conjugate f∗ : E → R of f is defined
by

f∗(y) := sup
x∈dom f

{〈x, y〉 − f(x)}.

We call a function f : E → R positively homogeneous if

0 ∈ dom f and f(λv) = λf(v) ∀v ∈ E and λ > 0.

If, in addition,

f(v + w) ≤ f(v) + f(w) ∀v, w ∈ E ,
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1138 JAMES V. BURKE AND TIM HOHEISEL

we say that h is sublinear. Note that f is positively homogeneous if and only if epi f
is a cone, in which case either f(0) = 0 or f(0) = −∞. Moreover, h is sublinear if
and only if it is convex and positively homogeneous, which holds if and only if epi f
is a convex cone [19, Ex. 3.19].

For C ⊂ E , its convex hull is defined to be the set

convC :=
⋂

{D ⊂ E | C ⊂ D, D convex} .

By Carathéodory’s theorem (e.g., see [5, section 2.3, Ex. 5]), we can represent convC
as

convC =

{
x ∈ E

∣∣∣∣∣ ∃λ ∈ Δκ+1, c1, . . . , cκ+1 ∈ C : x =

κ+1∑
i=1

λici

}
,

where κ := dim E . Furthermore, the closed convex hull of C is the closure of the
convex hull of C, i.e.,

convC := cl (convC).

The function

σC(v) := δ∗C(v) = sup
w∈C

〈v, w〉

is called the support functional for C, which is always sublinear (hence convex), lsc,
and proper when C is nonempty (cf., e.g., [5, section 4.2, Ex. 9]), and the biconjugacy
theorem [5, Thm. 4.2.1] gives

(2.1) σ∗
C = δconvC .

Given a set C ⊂ E the regular normal cone of C at x̄ ∈ C is the set

N̂C(x̄) :=

{
d ∈ E

∣∣∣∣ lim inf
x→C x̄

〈d, x− x̄〉
‖x− x̄‖ ≤ 0

}
,

and the limiting normal cone of C at x̄ ∈ C is the set

NC(x̄) :=
{
v ∈ E

∣∣∣ ∃{xk ∈ C} → x̄, vk ∈ N̂C(x
k) : vk → v

}
,

i.e., the limiting normal cone is the outer limit of the regular normal cone in the sense
of Painlevé–Kuratowski; cf. [19, Def. 5.4].

We call a closed set C ⊂ E (Clarke) regular at a point x̄ ∈ C if NC(x̄) = N̂C(x̄).
If this holds true for every point x̄ ∈ C, we simply say C is (Clarke) regular. In
particular, every closed convex set D ⊂ E is regular and

ND(x̄) = {v ∈ E | 〈v, x− x̄〉 ≤ 0 ∀x ∈ D} = ∂δD(x̄) ∀x̄ ∈ D.

2.2. Tools from matrix analysis. A general reference for the material in
this section is [15]. For a matrix A ∈ Rp×m we denote the ith column vector
(i = 1, . . . ,m) by ai ∈ Rp, i.e., A = [a1, . . . , am]. The range of A is the set rgeA :=
{Ax ∈ Rp | x ∈ Rm } = span {a1, . . . , am}, and the kernel or null space is kerA :=
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INVERSE PROBLEMS, REGULARIZATION, AND LEARNING 1139

{x ∈ Rm | Ax = 0} . The following basic subspace relationships are elementary and
used freely throughout:

kerA =
(
rgeAT

)⊥
and rgeA = (kerAT )⊥.

The trace of a square matrix M ∈ Rn×n is the sum of all diagonal elements, and we
write tr (M) =

∑n
i=1 mii . If λ1(M), . . . , λn(M) are the eigenvalues of M , counting

multiplicities, then tr (M) =
∑n

i=1 λi(M).
The singular value decomposition (SVD) of A ∈ Rp×m is a factorization of the

form A = U Σ̂QT , where U ∈ Rp×p and Q ∈ Rm×m are orthogonal and the only
nonzero entries of the matrix Σ̂ ∈ Rp×m are Σ̂ii > 0 for i = 1, 2, . . . , k := rankA.
These nonzero entries, σ1(A) ≥ σ2(A) ≥ · · · ≥ σk(A), are called the singular values of
A, and they equal the square roots of the nonzero eigenvalues of ATA (or, equivalently,
AAT ). The reduced SVD is the factorization A = U1ΣQ

T
1 , where Σ ∈ Rk×k is the

nonsingular square diagonal matrix of singular values, U1 ∈ Rp×k consists of the first
k columns of U , and Q1 ∈ R

k×m consists of the first k columns of Q. The remaining
columns of both U and Q can be given any desired but commensurate left-right
ordering. The singular values can be used to define a family of norms on Rp×m called
the Schatten norms. Of particular interest to us is the nuclear norm (or Schatten
1-norm) defined by ‖A‖� = trΣ.

For A ∈ Rp×n, the matrix S is called the Moore–Penrose pseudoinverse of A if
and only if

(2.2) SA = (SA)T , AS = (AS)T , ASA = A, and SAS = S.

We denote the Moore–Penrose pseudoinverse by A† (cf. [13, p. 139] or [18, Chap. 2]).
It is straightforward to show that A† = Q1Σ

−1UT
1 , where A = U1ΣQ

T
1 is the reduced

SVD for A. In particular, A†A and AA† are the orthogonal projections onto rgeAT

and rgeA, respectively. Consequently, given b ∈ rgeA, we have

{x ∈ R
n | Ax = b} = A†b+ kerA,

which is of particular importance in our study.
For two matrices A ∈ Rr×s, B ∈ Rp×q, we define their Kronecker product by

A⊗B :=

⎛⎜⎝ a11B · · · a1sB
...

...
...

ar1B · · · arsB

⎞⎟⎠ .

The space of real symmetric matrices of dimension p × p is denoted by Sp. The
subset of symmetric positive semidefinite matrices is denoted by S

p
+, and the subset

of symmetric positive definite matrices is S
p
++. In addition, we use the following

notation:

S � T :⇐⇒ S − T ∈ S
p
+

and

S � T :⇐⇒ S − T ∈ S
p
++.

Whenever we consider a matrix (sub-)space of the form E ⊂ Rr×s we equip it
with the inner product 〈·, ·〉 : E → R defined by

〈A,B〉 := tr (ATB),
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1140 JAMES V. BURKE AND TIM HOHEISEL

which makes E a Euclidean space. The induced norm is called the Frobenius norm.
This procedure is also adopted for matrix product spaces. In particular, the space
E := Rn×m × Sn is equipped with the inner product 〈·, ·〉 : E → R, defined by

〈(X,V ), (Y,W )〉 := tr (XTY ) + tr (VW )

yielding a Euclidean space (of dimension κ := mn + n(n+1)
2 ) with induced norm

‖ · ‖ : E → R given by

‖(X,V )‖ =
√

tr (XTX) + tr (V 2) =
√
‖X‖2F + ‖V ‖2F ,

where ‖ · ‖F denotes the Frobenius norm on the respective space.

3. Optimization of quadratic functions. We now recall the elementary prop-
erties of the optimization problem (1.1) and its associated optimal value function (1.2).

Lemma 3.1 (solvabilty of equality constrained QPs). For (x, V,A, b) ∈ Rn ×
S
n ×R

p×n ×R
p consider the quadratic optimization problem (1.1). Then (1.1) has a

solution if and only if the following three conditions hold:
(i) b ∈ rgeA (i.e., (1.1) is feasible);
(ii) x ∈ rge

[
V AT

]
;

(iii) uTV u ≥ 0 ∀u ∈ kerA.
If, however, b ∈ rgeA, but (ii) or (iii) are violated, we have v(x, V,A, b) = −∞.

Proof. This is a standard result. It is an immediate consequence of [14, Exercise 5,
p. 17]. For a detailed proof see [6, section 4.3].

In what follows, we use the following notation:

V �kerA 0 :⇐⇒ uTV u ≥ 0 ∀u ∈ kerA

and

V �kerA 0 :⇐⇒ uTV u > 0 ∀u ∈ kerA \ {0}.

A complete description of the optimal value function v defined in (1.2) is given in our
next result. This is the foundation on which our discussion of the support functional
σD(A,B) is based.

Theorem 3.2. At (x, V ), the optimal value function v in (1.2) is given by⎧⎪⎪⎨⎪⎪⎩
− 1

2

(
x
b

)T (
V AT

A 0

)† (
x
b

)
if

(
x
b

)
∈ rge

(
V AT

A 0

)
, V �kerA 0,

−∞ if b ∈ rgeA ∧ (x /∈ rge [V AT ] ∨ V 
�kerA 0),
+∞ if b /∈ rgeA.

Proof. First, if b /∈ rgeA, then (1.1) is infeasible, hence, v(V, x,A, b) = +∞ by
convention. Second, if b ∈ rgeA, Lemma 3.1 tells us that if x /∈ rge [V AT ] or V is not
positive semidefinite on kerA, we have v(V, x,A, b) = −∞. Hence, we need only show
the expression for v when ( xb ) ∈ rge

(
V AT

A 0

)
(i.e., b ∈ rgeA and x ∈ rge [V AT ] ) and

V is positive semidefinite on kerA. Again, Lemma 3.1 tells us that, in this case, a
solution to (1.1) exists. The first-order necessary optimality conditions at

ū ∈ argmin
u∈Rn

{
1

2
uTV u− xTu s.t. Au = b

}

= ∅
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INVERSE PROBLEMS, REGULARIZATION, AND LEARNING 1141

are that there exists ȳ ∈ Rp for which(
V AT

A 0

)(
ū

ȳ

)
=

(
x

b

)
or, equivalently, (

ū

ȳ

)
∈

(
V AT

A 0

)† (
x

b

)
+ ker

(
V AT

A 0

)
.

Plugging such a pair
(
ū
ȳ

)
into the objective function yields

1

2
ūTV ū− xT ū =

1

2
ūT (V ū− x︸ ︷︷ ︸

=−AT ȳ

)− 1

2
xT ū

= −1

2
ūTAT︸ ︷︷ ︸
=bT

ȳ − 1

2
xT ū

= −1

2

(
x

b

)T(
ū

ȳ

)
= −1

2

(
x

b

)T (
V AT

A 0

)† (
x

b

)T

,

where the last equation is due to the fact that(
x

b

)
∈ rge

(
V AT

A 0

)
=

(
ker

(
V AT

A 0

))⊥
.

Since all such points yield the same optimal value, this concludes the proof.
The matrix

(3.1) M(V ) :=

(
V AT

A 0

)
in the foregoing theorem plays a pivotal role in our analysis. The next result sheds
some light on properties of M(V ) which is often referred to as a bordered matrix in
the literature [8, 10, 18].

Proposition 3.3 (Finsler’s lemma and bordered matrices). Let A ∈ Rp×n and
V ∈ S

n. Then

V �kerA 0 ⇐⇒ ∃ε > 0 : V + εATA � 0.

Moreover, the bordered matrix M(V ) is invertible if and only if rankA = p and
V �kerA 0 in which case its inverse M(V )−1 is given by(

P (PTV P )−1PT
(
I − P (PTV P )−1PTV

)
A†

(A†)T
(
I − V P (PTV P )−1PT

)
(A†)T

(
V P (PTV P )−1PTV − V

)
A†

)
,

where P ∈ Rn×(n−p) is any matrix whose columns form an orthonormal basis of
kerA.

Proof. For the first statement see, e.g., [8, Thm. 2] and for the characterization
of the invertibility of M(V ) see, e.g., [8, Thm. 7]. The inversion formula can be found
in [10, Thm. 1] and is easily verified by direct matrix multiplication.

Remark 3.4. A general formula for the pseudoinverse M(V )† can be found in [18,
p. 58].
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1142 JAMES V. BURKE AND TIM HOHEISEL

The first statement in Proposition 3.3 is referred to in the literature as Finsler’s
lemma and originally goes back to [11].

Corollary 3.5. Let A ∈ Rp×n and V ∈ Sn. Then the following hold:
(a) V �kerA 0 =⇒ rge [V AT ] = Rn.
(b) V �kerA 0 ⇐⇒ [V �kerA 0] ∧ [∃U ⊂ R

p : kerM(V ) = {0}n × U ], in
which case U = kerAT .

Proof.
(a) Let x ∈ Rn. Due to Finsler’s Lemma, there exists ε > 0 and r ∈ Rn such that

(V + εATA)r = x. Putting s := εAr gives [V AT ]
(
r
s

)
= V r + εATAr = x,

which proves (a).
(b) “⇒:” Let

(
x
y

) ∈ kerM(V ), i.e.,

V x+AT y = 0 and Ax = 0.

Multiplying the first condition by xT yields xTV x = 0. By assumption, as x ∈
kerA, we get x = 0. Hence, y ∈ kerAT , and thus kerM(V ) = {0}n× kerAT .
The condition V �kerA 0 holds trivially.

“⇐:” Let x ∈ kerA \ {0}. By assumption kerM(V ) = {0}n × U , and so
(
x
y

)
/∈

kerM(V ) for all y ∈ Rp. Thus, since Ax = 0, we must have V x + AT y 
= 0 for all
y ∈ Rp or, equivalently, V x /∈ rgeAT = (kerA)⊥. Hence, there exists x̂ ∈ kerA such
that 0 < x̂TV x. We now compute that, for all ε > 0, we have

0 ≤ (εx̂− x)TV (εx̂− x) = ε2x̂TV x̂− 2εx̂TV x+ xTV x,

as εx̂− x ∈ kerA and V �kerA 0 by assumption. Rearranging the terms and dividing
by ε > 0 yields

0 < 2x̂TV x− εx̂TV x̂ ≤ xTV x

ε

for all ε sufficiently small. Consequently, xTV x > 0.

4. The class of matrix support functionals σD(A,B). We are finally posi-
tioned to develop the properties of the support functional σD(A,B) defined in (1.3),
where A ∈ Rp×n and B ∈ Rp×m are such that rgeB ⊂ rgeA. We begin by estab-
lishing a closed form expression for σD(A,B). The key fact used in this derivation is
Theorem 3.2.

Theorem 4.1. Let A ∈ Rp×n and B ∈ Rp×m such that rgeB ⊂ rgeA and let
D(A,B) be given by (1.4). Then

σD(A,B)(X,V ) =

{
1
2 tr

((
X
B

)T
M(V )†

(
X
B

))
if rge

(
X
B

) ⊂ rgeM(V ), V �kerA 0,

+∞ else.

In particular,

domσD(A,B)=dom ∂σD(A,B)=

{
(X,V ) ∈ E

∣∣∣∣ rge(XB
)

⊂ rgeM(V ), V �kerA 0

}
with this set being closed. Moreover, we have

int (domσD(A,B)) = {(X,V ) ∈ E | V �kerA 0} .
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Proof. By direct computation,

σD(A,B)(X,V )= sup
(U,W )∈D(A,B)

〈(X,V ), (U,W )〉

= sup
U : AU=B

{
tr (XTU)− 1

2
tr (UUTV )

}
= sup

U : AU=B

{
tr (XTU)− 1

2
tr

(
m∑
i=1

ui(ui)TV

)}

= sup
U : AU=B

{
m∑
i=1

(xi)Tui − 1

2
(ui)TV ui

}

= −
m∑
i=1

{
inf

u: Au=bi

1

2
uTV u− (xi)Tu

}
(4.1)

=

m∑
i=1

{
1
2

(
xi

bi

)T
M(V )†

(
xi

bi

)
if

(
xi

bi

) ∈ rgeM(V ), V �kerA 0,
+∞ else

=

⎧⎪⎨⎪⎩
1

2
tr

((
X

B

)T

M(V )†
(
X

B

))
if rge

(
X

B

)
⊂rgeM(V ), V �kerA 0,

+∞ else.

Here, the sixth equation exploits Theorem 3.2. This establishes the representation for
σD(A,B) as well as for its domain. In addition, since

∂σD(A,B)(X,V ) = arg max {〈(X,V ), (U,W )〉 | (U,W ) ∈ D(A,B)} ,

Theorem 3.2 also yields the equivalence domσD(A,B) = dom∂σD(A,B).
In order to see that domσD(A,B) is closed, let {(Xk, Vk) ∈ domσD(A,B)} → (V,X).

In particular, rgeXk ⊂ rge [Vk AT ] and Vk �kerA 0. These properties are preserved
by passing to the limit, hence (X,V ) ∈ domσD(A,B), i.e., domσD(A,B) is closed.

It remains to prove the expression for int (domσD(A,B)). First we show O :=
{(X,V ) ∈ E | V �kerA 0} is open. For this purpose, let (X,V ) ∈ O. Suppose q :=
rankA and let P ∈ Rn×(n−q) be such that its columns form a basis of kerA so that
PTV P is positive definite. Using the fact that Sn++ = intSn+ (e.g., see [5, Chap. 1,
Ex. 1]), there exists an ε > 0 such that

‖W − V ‖ ≤ ε ⇒ PTWP � 0 ∀W ∈ S
n.

Hence, Bε(X,V ) ⊂ O so that O is open.
Next, we show that O ⊂ domσD(A,B). Again let (X,V ) ∈ O, so that V �kerA 0.

By Corollary 3.5, rge [V AT ] = Rn and so rgeX ⊂ rge [V AT ]. Hence (X,V ) ∈
domσD(A,B) yielding O ⊂ domσD(A,B). Since O is open and O ⊂ domσD(A,B), we
have O ⊂ int (domσD(A,B)).

We now show the reverse inclusion. Let (X,V ) ∈ domσD(A,B) \ O. Hence V
is positive semidefinite, but not positive definite on kerA. Therefore, there exists
x ∈ kerA \ {0} such that xTV x = 0 . Define

Vk := V − 1

k
I ∈ S

n (k ∈ N).
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Then, for all k ∈ N, xTVkx = − ‖x‖2

k < 0 , so that (X,Vk) /∈ domσD(A,B) for all

k ∈ N while (X,Vk) → (X,V ). Hence (X,V ) ∈ bd
(
domσD(A,B)

)
, that is, (X,V ) /∈

int (domσD(A,B)). Consequently, O ⊃ int (domσD(A,B)).
Our next goal is to compute the subdifferential of σD(A,B). For this purpose, we

make use of an alternative representation of the closed convex hull of D(A,B). Set

(4.2) F(A,B) :=

{
(d, Z) ∈ R

κ+1 × R
n×m(κ+1)

∣∣∣∣∣ d ≥ 0, ‖d‖ = 1,

AZi = diB (i = 1, . . . , κ+ 1)

}
,

where, for (d, Z) ∈ F(A,B), we interpret Z as a block matrix of the form

Z = [Z1, . . . , Zκ+1], Zi ∈ R
n×m (i = 1, . . . , κ+ 1).

Lemma 4.2. For the set D(A,B) defined in (1.4), we have
(4.3)

convD(A,B) =

{(
Z(d⊗ Im),−1

2
ZZT

)
| (d, Z) ∈ F(A,B) : Zi = 0 (i /∈ supp d)

}
.

Proof. Recall that dimE = κ, hence, by Carathéodory’s theorem (see section 2.1),
every element of convD(A,B) can be represented as a convex combination of no more
than κ+ 1 elements of D(A,B).

In order to see the ⊂-inclusion, let (Y,− 1
2W ) ∈ convD(A,B). Then there exist

Yi ∈ Rn×m with AYi = B (i = 1, . . . , κ+ 1) and λ ∈ Δκ+1 such that

Y =

κ+1∑
i=1

λiYi and W =

κ+1∑
i=1

λiYiY
T
i .

For i = 1, . . . , κ+ 1 define di :=
√
λi and Zi :=

√
λiYi. With Z = [Z1, Z2, . . . , Zκ+1]

and d = (d1, . . . , dκ+1)
T , we have

‖d‖2 =

κ+1∑
i=1

λi = 1 and AZi = diB (i = 1, . . . , κ+ 1).

That is,

(d, Z) ∈ F(A,B) and Zi = 0 (i /∈ supp d).

Moreover, it follows that

Z(d⊗ Im) =

κ+1∑
i=1

diZi =

κ+1∑
i=1

λiYi = Y

and

ZZT =

κ+1∑
i=1

ZiZ
T
i =

κ+1∑
i=1

λiYiY
T
i = W.

Hence, convD(A,B) is contained in the set on the right-hand side of (4.3).
To show the reverse inclusion, suppose that (Z(d ⊗ Im),− 1

2ZZT ) is an element
of the set on the right-hand side of (4.3), and define

λi := d2i and Yi :=

{
1
di
Zi if i ∈ supp d,

A†B else,
(i = 1, . . . , κ+ 1).
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Then, in particular, λ ∈ Δκ+1 and AYi = AA†B = B for all i = 1, . . . , κ+ 1. Finally,
we have

κ+1∑
i=1

λiYi =
∑

i∈supp d

diZi =

κ+1∑
i=1

diZi = Z(d⊗ Im)

and

κ+1∑
i=1

λiYiY
T
i =

∑
i∈supp d

ZiZ
T
i =

κ+1∑
i=1

ZiZ
T
i ,

where we exploit the fact that Zi = 0 if i /∈ supp d. Hence(
Z(d⊗ Im),−1

2
ZZT

)
∈ convD(A,B)

which concludes the proof.
Next, we compute the closed convex hull of D(A,B).
Proposition 4.3. For the set D(A,B) defined in (1.4), we have

(4.4) convD(A,B) =

{(
Z(d⊗ Im),−1

2
ZZT

)
| (d, Z) ∈ F(A,B)

}
.

Proof. The ⊂-inclusion follows as soon as we establish that the set on the right-
hand side is closed (as it obviously contains convD(A,B)). For this purpose, suppose
(W,− 1

2H) ∈ E is such that there is a sequence {(Zk(d
k⊗Im),− 1

2ZkZ
T
k )} → (W,− 1

2H)
with (dk, Zk) ∈ F(A,B) for all k ∈ N. Let UkΣkQ

T
k = Zk be the SVD of Zk

with UT
k Uk = In and QT

kQk = Im(κ+1) for all k ∈ N. For each k ∈ N, define

Σ̂k ∈ Rn×n to be the nonnegative diagonal matrix comprised of the first n columns
of Σk. Note that the diagonal of Σ̂k contains all of the nonzero singular values of
Zk. Since UkΣ̂

2
kU

T
k = ZkZ

T
k → H with Uk orthogonal, it must be the case that

{Σk} is bounded. Hence, with no loss in generality, there exist (U,Q,Σ, d) ∈ Rn×n ×
R

m(κ+1)×m(κ+1)×R
n×m
+ ×R

(κ+1)
+ with U and Q orthogonal, Σ diagonal, and ‖d‖2 = 1

such that (Uk, Qk,Σk, d
k) → (U,Q,Σ, d).

In particular, it holds that Zk → Z := UΣQT , ZZT = H , W = Z(d⊗ Im), and,
clearly, AZi = diB for all i = 1, . . . , κ+ 1. This shows that (W,− 1

2H) is an element
of the set on the right-hand side of (4.4) and so this set is closed.

To prove the reverse inclusion, let (d, Z) ∈ F(A,B). We are done once we find
a sequence {(dk, Zk) ∈ F(A,B)} → (d, Z) such that Zk

i = 0 if dki = 0. To this end,
define the index set

Q := {i ∈ {1, . . . , κ+ 1} | di = 0, Zi 
= 0} ,
and put q := |Q|. If q = 0 (i.e., Q = ∅), the definitions dk := d and Zk := Z for all
k ∈ N will suffice.

Otherwise, choose i0 ∈ supp d (which is nonempty, as ‖d‖ = 1). Then define

dki :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if di = 0, Zi = 0,√

2k−1
q

di0

k if i ∈ Q,
k−1
k di0 if i = i0,

di if i ∈ supp d \ {i0}
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and

Zk
i :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Zi if di = 0, Zi = 0,

dkiA
†B + Zi if i ∈ Q,

dk
i0

di0
Zi0 if i = i0,

Zi if i ∈ supp d \ {i0}.

Then dk → d and Zk → Z. Also, we have AZk
i = dkiB for all i = 1, . . . , κ + 1, and

Zk
i = Zi = 0 if dki = 0. In addition,

‖dk‖2 =
∑
i∈Q

2k − 1

qk2
d2i0 +

(k − 1)2

k2
d2i0 +

∑
i∈supp d\{i0}

d2i

=
2k − 1

k2
d2i0 +

(k − 1)2

k2
d2i0 +

∑
i∈supp d\{i0}

d2i

= d2i0 +
∑

i∈supp d\{i0}
d2i

=
∑

i∈supp d

d2i

= ‖d‖2
= 1.

This shows that {(dk, Zk) ∈ convD(A,B)} → (d, Z), which gives the desired inclusion
concluding the proof.

As a simple consequence of the biconjugacy relationship in (2.1), we obtain the
following corollary.

Corollary 4.4. For A ∈ Rp×n and B ∈ Rp×m with rgeB ∈ rgeA, the conjugate
of the support functional σD(A,B) for the set D(A,B) from (1.4) is given by

σ∗
D(A,B) = δconvD(A,B),

where convD(A,B) is provided by Proposition 4.3.
To describe the subdifferential of σD(A,B), we first compute the normal cone of the

set F(A,B) defined in (4.2). Our approach uses the following preparatory lemmas.
Lemma 4.5. Let F := F(0, 0) be defined through (4.2) and let (d, Z) ∈ F . Then

NF(d, Z) =

[
spand+

κ+1

X
i=1

{ {0} if di > 0,
R− if di = 0,

]
× {0},

and F is regular.
Proof. Let (d, Z) ∈ F =

(Sκ ∩ R
κ+1
+

) × Rn×m(κ+1). Due to [19, Prop. 6.41], we
have

NF(d, Z) = NSκ∩R
κ+1
+

(d)×NRn×m(κ+1)(Z).

Clearly, NRn×m(κ+1)(Z) = {0}, and by invoking [19, Ex. 6.8], we find that Sκ is regular
with

NSκ(d) = spand.
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Again by [19, Prop. 6.41] in conjunction with [19, Ex. 6.10], we have

N
R

κ+1
+

(d) =
κ+1

X
i=1

N[0,∞)(di) =
κ+1

X
i=1

{ {0} if di > 0,
R−, if di = 0.

In particular, by considering each component of d ∈ Sκ ∩ R
κ+1
+ separately, we have

the following implication:

[v ∈ NSκ(d), w ∈ N
R

κ+1
+

(d) : v + w = 0] =⇒ v = w = 0.

The desired expression for NSκ∩R
κ+1
+

now follows from [19, Thm. 6.42], since Sκ is

regular (being a smooth manifold) and so is Rκ+1
+ (as a convex set). This result also

tells us that Sκ ∩ R
κ+1
+ is regular; hence F is also regular (cf. [19, Prop. 6.41]).

Lemma 4.6. For A ∈ Rp×n and B ∈ Rp×m consider the linear operator J :
R

κ+1 × R
n×m(κ+1) → R

p×m(κ+1) defined by

J(d, Z) := (AZ1 − d1B, . . . , AZκ+1 − dκ+1B) .

The adjoint J∗ : Rp×m(κ+1) → Rκ+1×Rn×m(κ+1) (w.r.t. the inner products introduced
on matrix product spaces in section 2.2) is given by

J∗(W ) =

⎡⎢⎣−
⎛⎜⎝ tr (BTW1)

...
tr (BTWκ+1)

⎞⎟⎠ ,
[
ATW1, . . . , A

TWκ+1

]⎤⎥⎦ .

Proof. Let (d, Z) ∈ R
κ+1 × R

n×m(κ+1) and W ∈ R
p×m(κ+1) where d ∈ R

κ+1,
Z = [Z1, . . . , Zκ+1] with Zi ∈ Rn×m, i = 1, . . . , κ+1, and W = [W1, . . . , Wκ+1] with
Wi ∈ Rp×m, i = 1, . . . , κ+ 1. Then

〈W, J(d, Z)〉 =
κ+1∑
i=1

tr
(
WT

i (AZi − diB)
)

=

κ+1∑
i=1

tr
(
(ATWi)

TZi

)− κ+1∑
i=1

ditr (B
TWi)

=
〈(

− (〈B, W1〉 , . . . , 〈B, Wκ+1〉)T , [ATW1, . . . , A
TWκ+1]

)
, (d, Z)

〉
,

which proves the result.
We now establish a normal cone formula for the set F(A,B).
Proposition 4.7. Let A ∈ Rp×n and B ∈ Rp×m such that rgeB ⊂ rgeA. Then

NF(A,B)(d, Z) = NF(d, Z) + rgeJ∗ ∀(d, Z) ∈ F(A,B),

with F and J given by Lemmas 4.5 and 4.6, respectively.
Proof. We first note that

F(A,B) = F ∩ kerJ.

Moreover, F is regular by Lemma 4.5 and so is kerJ as a subspace. The assertion
will follow from [19, Thm. 6.42] as soon as we establish the implication

(4.5) (r, R) + (s, S) = 0 ⇒ (r, R) = (s, S) = 0
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for all (r, R) ∈ NF (d, Z) and (s, S) ∈ NkerT (d, Z). For these purposes, first note
that NkerJ (d, Z) = rgeJ∗; see [19, Ex. 6.8]. Now, let (r, R) ∈ NF(d, Z) and (s, S) ∈
NkerT (d, Z) such that (r, R)+(s, S) = 0: By the representation of J∗ from Lemma 4.6,
we know that there exists W ∈ Rp×m(κ+1) such that

s = −

⎛⎜⎝ tr (BTW1)
...

tr (BTWκ+1)

⎞⎟⎠ and S =
[
ATW1, . . . , A

TWκ+1

]
.

Moreover, from the representation of NF(d, Z) from Lemma 4.5 we know that R = 0,
hence S = 0, i.e., ATWi = 0 for all i = 1, . . . , κ+ 1. This, in turn, implies that

rgeWi ⊂ kerAT ⊂ kerBT ∀i = 1, . . . , κ+ 1,

thus BTWi = 0 for all i = 1, . . . , κ+1 . This immediately implies s = 0, hence r = 0,
which proves the implication in (4.5). This concludes the proof.

A formula for the subdifferential ∂σD(A,B) follows.
Theorem 4.8. Let A ∈ Rp×n and B ∈ Rp×m such that rgeB ⊂ rgeA. Then, for

all (X,V ) ∈ domσD(A,B), the subdifferential of σD(A,B) at (X,V ) is given by⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(

κ+1∑
i=1

d̄iZ̄i,−1

2

κ+1∑
i=1

Z̄iZ̄
T
i

) ∣∣∣∣∣∣∣∣∣∣∣

(
Z̄i

W̄i

)
= d̄iM(V )†

(
X

B

)
+

(
N1i

N2i

)
, i=1, 2, . . . , κ+ 1

for some W̄ ,N2 ∈ R
p×m(κ+1), N1 ∈ R

n×m(κ+1),

with (d̄, Z̄) ∈ F(A,B) and rge

(
N1

N2

)
⊂ kerM(V )

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

Moreover, σD(A,B) is continuously differentiable on int (domσD(A,B)).

Proof. Let (X,V ) ∈ domσD(A,B), i.e., rge
(
X
B

) ⊂ rgeM(V ) and V is positive
semidefinite on kerA. Then

(Ȳ , W̄ ) ∈ ∂σD(A,B)(X,V )

⇔ (Ȳ , W̄ ) ∈ convD(A,B) and (X,V ) ∈ NconvD(A,B)(Ȳ , W̄ )

⇔ (Ȳ , W̄ ) ∈ convD(A,B) and

0 ≥ 〈(X,V ), (Y,W )− (Ȳ , W̄ )〉 ∀(Y,W ) ∈ convD(A,B)

⇔ ∃(d̄, Z̄) ∈ F(A,B) : Ȳ =

κ+1∑
i=1

d̄iZ̄i, W̄ = −1

2

κ+1∑
i=1

Z̄iZ̄
T
i and

0 ≥
κ+1∑
i=1

tr
(
XT (diZi − d̄iZ̄i)

)− 1

2

κ+1∑
i=1

tr
(
V (ZiZ

T
i −Z̄iZ̄

T
i )

) ∀ (d, Z) ∈ F(A,B)

⇔ ∃(d̄, Z̄) ∈ argmin
(d,Z)∈F(A,B)

f(d, Z) : Ȳ =

κ+1∑
i=1

d̄iZ̄i, W̄ = −1

2

κ+1∑
i=1

Z̄iZ̄
T
i ,

where f : Rκ+1 × Rn×m(κ+1) → R is defined by

f(d, V ) :=
1

2

κ+1∑
i=1

tr (ZT
i V Zi)−

κ+1∑
i=1

ditr (X
TZi).

Here, the first equivalence uses [19, Cor. 8.25], and the third one exploits the descrip-
tion of convD(A,B) from Proposition 4.3.
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INVERSE PROBLEMS, REGULARIZATION, AND LEARNING 1149

The necessary optimality conditions for (d̄, Z̄) to be a minimizer of f over F(A,B)
are

(4.6) 0 ∈ f ′(d̄, Z̄) +NF(A,B)(d̄, Z̄) with (d̄, Z̄) ∈ F(A,B),

which, invoking Proposition 4.7 (as well as Lemmas 4.5 and 4.6), reads

(4.7)

∃μ̄ ∈ R, W̄ ∈ Rp×m(κ+1) : d̄itr
((

X
B

)T ( Z̄i

W̄i

))
= μ̄d̄i (d̄i > 0),

tr
((

X
B

)T ( Z̄i

W̄i

)) ≤ 0 (d̄i = 0),

M(V )
(
Z̄i

W̄i

)
= d̄i

(
X
B

)
(i = 1, . . . , κ+ 1),

d ∈ Sκ ∩ R
κ+1
+ .

The third condition gives

(4.8)

(
Z̄i

W̄i

)
= d̄iM(V )†

(
X

B

)
+

(
N1i

N2i

)
with rge

(
N1i

N2i

)
⊂ kerM(V )

for some N1i ∈ Rn×m and N2i ∈ Rp×m (i = 1, . . . , κ+1). In particular, as kerM(V ) ⊂
ker

(
X
B

)T
, we get

tr

((
X

B

)T(
Z̄i

W̄i

))
= d̄itr

((
X

B

)T

M(V )†
(
X

B

))
(i = 1, . . . , κ+ 1),

which tells us that the first condition in (4.7) is generically fulfilled with

μ̄ := tr

((
X

B

)T

M(V )†
(
X

B

))
.

Moreover, if d̄i = 0, we get from the third condition in (4.7) that

rge

(
Z̄i

W̄i

)
⊂ kerM(V ) ⊂ ker

(
X

B

)
=

(
rge

(
X

B

)T
)⊥

and, hence,

tr

((
X

B

)T(
Z̄i

W̄i

))
= 0 ∀i : d̄i = 0,

i.e., the second condition in (4.7) is also generically fulfilled. This means that the set
of all critical points of f over F(A,B) is given by

C :=
{
(d̄, Z̄) ∈ F(A,B)

∣∣∣∣∃ W̄ ∈ R
p×m(κ+1) : rge

(
Z̄i

W̄i

)
⊂ d̄iM(V )†

(
X

B

)
+kerM(V )

}
.

Now, we pick an arbitrary critical point (d̄, Z̄) ∈ C and plug it into the objective
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1150 JAMES V. BURKE AND TIM HOHEISEL

function f . This gives

f(d̄, Z̄) =
1

2

κ+1∑
i=1

tr (Z̄i(V Z̄i − d̄iX︸ ︷︷ ︸
=−AT W̄i

))− 1

2

κ+1∑
i=1

d̄itr
(
XT Z̄i

)

= −1

2

κ+1∑
i=1

tr ((AZ̄i︸︷︷︸
=d̄iB

)T W̄i)− 1

2

κ+1∑
i=1

d̄itr
(
XT Z̄i

)

= −1

2

κ+1∑
i=1

d̄i
[
tr (BT W̄i) + tr (Z̄T

i X)
]

= −1

2

κ+1∑
i=1

tr

((
X

B

)T(
Z̄i

W̄i

))

= −1

2

κ+1∑
i=1

d̄i
2
tr

((
X

B

)T

M(V )†
(
X

B

))

= −1

2
tr

((
X

B

)T

M(V )†
(
X

B

))
.

Hence, every critical point has the same function value. Theorem 4.1 tells us that
∂σD(A,B)(X,V ) 
= ∅ for (X,V ) ∈ domσD(A,B). In view of the chain of equivalences
at the beginning of this proof, we know that there is a minimizer of f over F(A,B),
which is in particular a critical point. Therefore, all critical points are minimizers of
f over F(A,B), and the expression for the subdifferential follows.

Next note that the largest possible set within which σD(A,B) is continuously dif-
ferentiable is int (domσD(A,B)). Moreover, recall that a proper lsc convex function
is continuously differentiable at a point in the interior of its domain if and only if
the subdifferential at that point is a singleton equal to the gradient (cf., e.g., [19,
Thm. 9.18]). Furthermore, we have the following chain of equivalences:

∂σD(A,B)(V,X) is a singleton ⇐⇒ ∃ U ⊂ R
p : kerM(V ) = {0}n × U

⇐⇒ V �kerA 0

⇐⇒ (X,V ) ∈ int
(
domσD(A,B)

)
.

Here, the first equivalence is obtained from the representation of ∂σD(A,B) that was
proven above. The second equivalence is due to Corollary 3.5(b), bearing in mind
that (X,V ) ∈ domσD(A,B), hence V �kerA 0. The third equivalence simply uses the
representation of int (domσD(A,B)) given in Theorem 4.1.

Corollary 4.9. Let A ∈ Rp×n and B ∈ Rp×m be such that rgeB ⊂ rgeA and
rankA = p. Then σD(A,B) is continuously differentiable on int (domσD(A,B)) with

σ′
D(A,B)(X,V ) =

(
Y (X,V ),−1

2
Y (X,V )Y (X,V )T

)
∀ (X,V ) ∈ int (domσD(A,B)),

where

Y (X,V ) := A†B + P (PTV P )−1PT [X − V A†B]

and P ∈ Rn×(n−p) is such that its columns form an orthonormal basis of kerA.
Proof. Apply the inversion formula in Proposition 3.3 to the subdifferential

of σD(A,B) from Theorem 4.8, bearing in mind that
∑κ+1

i=1 d̄i
2

= 1 for (d̄, Z̄) ∈
F(A,B).
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5. Applications.

5.1. The optimal value function v. Equation (4.1) in the proof of Theo-
rem 4.1 tells us that the optimal value function v defined in (1.2) satisfies v =
−σD(A,b). As a consequence we have the following theorem.

Theorem 5.1. Let v : Rn × Sn → R̄ be the optimal value function for the
constrained quadratic optimization problem

v(x, V ) := inf
u∈Rn

{
1

2
uTV u− xTu | Au = b

}
,

where A ∈ Rp×n and b ∈ Rp are such that b ∈ rgeA. Then

v(x, V ) = −σD(A,b)(x, V )(5.1)

=

{
− 1

2

(
x
b

)T
M(V )†

(
x
b

)
if V �kerA 0,

(
x
b

) ∈ rgeM(V ),

−∞ else.

That is, v is concave and upper semicontinuous. In addition,

dom v = dom ∂v =

{
(x, V ) ∈ R

n × S
n

∣∣∣∣ (xb
)

∈ rgeM(V ) and V �kerA 0

}
,

where ∂v is the concave subdifferential of v. The function v is continuously differen-
tiable on

int (dom v) =

{
(x, V ) ∈ R

n × S
n

∣∣∣∣ (xb
)

∈ rgeM(V ) and V �kerA 0

}
and, if rankA = p, then for all (x, V ) ∈ int (dom v), v′(x, V ) = (−y, 12yy

T ) with

y = A†b + P (PTV P )−1(x − V A†b) and P ∈ Rn×(n−p) is any matrix whose columns
form an orthonormal basis for kerA.

Remark 5.2. Theorem 5.1 refers to the concave subdifferential of a concave func-
tion φ which is given by ∂φ(ū) := {g | φ(u) ≤ φ(ū) + 〈g, u− ū〉 ∀u} = −∂(−φ)(ū),
where ∂(−φ) is the convex subdifferential of the convex function −φ.

Proof. The equivalence (5.1) is an immediate consequence of (4.1). Conse-
quently, the remaining statements in the theorem follow from Theorem 4.1 and Corol-
lary 4.9.

5.2. The matrix-fractional function and its generalization. Consider the
function γ : E → R ∪ {+∞} given by

(5.2) γ(X,V ) :=

{
1
2 tr

(
XTV †X

)
if V � 0, rgeX ⊂ rgeV,

+∞ else.

For the case m = 1 (recall that E = Rn×m × Sn), this function has been investigated
under the moniker pseudo-matrix-fractional function [9, Ex. 3.5.0.0.2]. The matrix-
fractional function has recently found use as a smoother for the nuclear norm (cf. [16]
and Corollary 5.8 below) as well as a tool in reformulating multitask learning problems
as convex programs (cf. [2, Prop. 4.1] and Proposition 5.10 below)

We refer to γ as the generalized matrix-fractional function when m > 1. It is
related to the general fractional-quadratic matrix inequality introduced in [3, p. 155].
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1152 JAMES V. BURKE AND TIM HOHEISEL

Theorem 4.1 tells us that γ is the support functional σD(0,0). This yields a series
of immediate consequences.

Theorem 5.3. The function γ defined in (5.2) is the support functional of the
set D := D(0, 0) defined by (1.4), i.e, γ = σD. In particular, γ is sublinear (hence
convex) and lsc. Moreover,

domγ = dom∂γ = {(X,V ) ∈ E | V � 0, rgeX ⊂ rgeV } ,

which is closed with

int (dom γ) = {(X,V ) ∈ E | V � 0} .

In addition, for (X,V ) ∈ domγ, we have

∂γ(X,V ) =

⎧⎪⎨⎪⎩
(

κ+1∑
i=1

d̄iZ̄i,−1

2

κ+1∑
i=1

Z̄iZ̄
T
i

) ∣∣∣∣∣∣∣
(d̄, Z̄) ∈ F , N ∈ R

n×m(κ+1)

with rgeN ⊂ kerV

such that Z̄i = d̄iV
†X +Ni

⎫⎪⎬⎪⎭ ,

and γ is continuously differentiable exactly on int (domγ) with

γ′(X,V ) =

[
V −1X, −1

2
V −1XXTV −1

]
∀(X,V ) ∈ int (dom γ).

Proof. Set A = 0 and B = 0 in Theorems 4.1 and 4.8, respectively, to get all
assertions other than the explicit formula for the derivative. In order to prove the
latter, let (X,V ) ∈ int (dom γ). In particular, this implies that kerV = {0} and
V † = V −1. Hence, for d̄ ∈ Sκ ∩ R

κ+1
+ and Z̄i = d̄iV

−1X , we have

κ+1∑
i=1

d̄i(d̄iV
−1X) = V −1X

and

−1

2

κ+1∑
i=1

(d̄iV
−1X)(d̄iV

−1X)T = −1

2
V −1XXTV −1.

Therefore,

∂γ(X,V ) =

{(
V −1X,−1

2
V −1XXTV −1

)}
= {γ′(X,V )},

which concludes the proof.
Next we consider the function φ : E → R ∪ {+∞} defined by

(5.3) φ(X,V ) :=

{
1
2 tr (X

TV −1X) if V � 0,
+∞ else.

Clearly, this function is closely related to the function γ defined above with domφ =
Rn×m × Sn++ = int (dom γ) and γ|domφ = φ|domφ. In the case where m = 1, φ is
called the matrix-fractional function; e.g., see [4, Ex. 3.4] or [9, Ex. 3.6.0.0.2]. In the
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remainder of this section, we show that γ = clφ. We begin with the following well-
known result which can be found for example in [4, App. A.5.5] or [12, Thm. 16.1]
with the latter containing a proof.

Lemma 5.4 (Schur complement). Let S ∈ Sn, T ∈ Sm, R ∈ Rn×m. Then(
S R
RT T

)
� 0 ⇐⇒ [S � 0, rgeR ⊂ rgeS, T −RTS†R � 0].

Proposition 5.5. For the functions γ from (5.2) and φ from (5.3) we have

(a) epi γ =

{
(X,V, α)| ∃Y ∈ Sm :

(
V X
XT Y

)
� 0, 1

2 tr (Y ) ≤ α

}
,

(b) epiφ =

{
(X,V, α)| ∃Y ∈ S

m :

(
V X
XT Y

)
� 0, V � 0, 1

2 tr (Y ) ≤ α

}
.

Moreover, epi γ = cl (epiφ) or, equivalently, γ = clφ. Therefore, epiφ is a convex
cone, i.e., φ is sublinear.

Remark 5.6. An immediate consequence of part (a) of this proposition is that
epi γ is semidefinite representable; e.g., see [3, p. 144].

Proof.
(a) First note that

(5.4) Y � XTV †X ⇒ tr (Y ) ≥ tr (XTV †X).

We have

(X,V, α) ∈ epi γ

⇔ V � 0, rgeX ⊂ rgeV,
1

2
tr (XTV †X) ≤ α

⇔ ∃Y ∈ S
m : V � 0, rgeX ⊂ rgeV, Y � XTV †X,

1

2
tr (Y ) ≤ α

⇔ ∃Y ∈ S
m :

(
V X
XT Y

)
� 0,

1

2
tr (Y ) ≤ α,

where the second equivalence follows from (5.4) and the fact that we may
take Y = XTV †X , and the final equivalence follows from Lemma 5.4.

(b) Proceed analogously to (a) with the additional condition that V � 0 in each
step.

In order to show that cl (epiφ) = epi γ, we first note that, as γ is lsc, epi γ is
closed. Moreover, since obviously epiφ ⊂ epi γ, the inclusion cl (epiφ) ⊂ epi γ follows
immediately.

In order to see the converse inclusion, let (X,V, α) ∈ epi γ. Now, set Vk :=
V + 1

k In � 0 and put αk := α+γ(X,Vk)−γ(X,V ) for all k ∈ N. Then, by definition,
we have

αk = α+ γ(X,Vk)− γ(X,V ) ≥ γ(X,Vk) = φ(X,Vk),

i.e., (X,Vk, αk) ∈ epiφ for all k ∈ N. Clearly, Vk → V with Vk nonsingular, and so
V −1
k → V + (e.g., see [18, p. 153]). Consequently, φ(X,Vk) = γ(X,Vk) → φ(X,Vk)

so that αk → α. Therefore, (X,Vk, αk) → (X,V, α), and so epi γ = cl (epiφ), i.e.,
γ = clφ.

Also, since γ is a support functional (by Theorem 5.3), in particular, sublinear
and lsc, epi γ is a closed, convex cone. Moreover, as

epiφ = epi γ ∩ K,
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with K := Rn×m × Sn++ × R being a convex cone, epiφ is a convex cone. Hence, φ is
also sublinear.

5.3. The relationship between σD(A,B) and the nuclear norm. There
is a fascinating relationship between σD(A,B) and the nuclear norm which was first
suggested to us by results in [16] for the case (A,B) = (0, 0) where it is used to smooth
the nuclear norm. The key idea is to consider optimization problems of the form

(5.5) min
V ∈Sn

〈
V, Ŵ

〉
+ σD(A,B)(X,V ),

where X ∈ Rn×m and Ŵ ∈ Sn are given and fixed. In this section we consider one
possible choice for the matrix Ŵ (described below).

To begin with, let X ∈ Rn×m, A ∈ Rp×n, and B ∈ Rp×m be given with rgeB ⊂
rgeA and m ≥ n. Set k := dim (kerA), and define P ∈ Rn×k to be any matrix whose
columns form an orthonormal basis for kerA so that PPT is the orthogonal projection
onto kerA. Let PPTX have SVD
(5.6)

[U1, U2, U3]

⎡⎣ Σ 0t×(k−t) 0t×(n−k) 0t×(m−n)

0(k−t)×t 0(k−t)×(k−t) 0(k−t)×(n−k) 0(k−t)×(m−n)

0(n−k)×t 0(n−k)×(k−t) 0(n−k)×(n−k) 0(n−k)×(m−n)

⎤⎦
⎡⎢⎢⎣
QT

1

QT
2

QT
3

QT
4

⎤⎥⎥⎦ = U1ΣQ
T
1 ,

where t := rank (PPTX), Σ := diag(σ1, σ2, . . . , σt) with σ1, σ2, . . . , σt the singular
values of PPTX , U := [U1, U2, U3] and Q := [Q1, Q2, Q3, Q4] are orthogonal, and

Û := [U1, U2] is chosen so that its columns form an orthonormal basis for the kernel

of A. Set P̂ := Û ÛT , so that

(5.7) PPT = P̂ P̂T = U1U
T
1 + U2U

T
2 .

Finally, define

(5.8) Ŵ :=
1

2
(A†B + Û Q̂T )(A†B + Û Q̂T )T ,

where Q̂ := [Q1, Q2]. The matrix Û Q̂T establishes an isometry between the k-

dimensional subspaces kerA and rge Q̂, where kerA = rge Û = rgeP . We have
the following result.

Theorem 5.7. Let X, A, B, P, Σ, U, Q, and Ŵ be as above with m ≥ n. Then
the optimal value in (5.5) is

(5.9)
〈
X, A†B

〉
+

∥∥PPTX
∥∥
�
,

and is attained at the matrix V̂ := U1ΣU1. In particular, if rgeX ⊂ kerA, then the
optimal value is ‖X‖�, while, on the other hand, if rgeX ⊂ rgeAT = (kerA)⊥, then
the optimal value is

〈
X, A†B

〉
.

Proof. We begin by showing that the matrix V̂ := U1ΣU
T
1 solves (5.5). For this

it is helpful to keep in mind certain key relationships between the matrices defined
above. First, recall that AA† is the orthogonal projection onto rgeA and A†A is the
orthogonal projection onto rgeAT , i.e., A†A = I−PPT . Moreover, rgeA† = (kerA)⊥

which, in particular, implies that PTA† = 0, UT
1 A† = 0, and UT

2 A† = 0. In addition,

we use the fact that V̂ † = U1Σ
−1UT

1 (see discussion following (2.2)), as well as the
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relations V̂ = PPT V̂ PPT and V̂ † = PPT V̂ †PPT which follow from the equivalence
U1 = PPTU1.

We claim that

M(V̂ )† = K :=

[
V̂ † A†

(A†)T 0

]
.

By (2.2), we need to show that

(5.10) M(V̂ )KM(V̂ ) = M(V̂ ) and KM(V̂ )K = K

and

(5.11) (M(V̂ )K)T = M(V̂ )K and (KM(V̂ ))T = KM(V̂ ).

First observe that

M(V̂ )K =

[
U1ΣU

T
1 U1Σ

−1UT
1 +AT (A†)T U1ΣU

T
1 A†

AU1ΣU
T
1 AA†

]
=

[
U1U

T
1 +A†A 0
0 AA†

]
=

[
I − U2U

T
2 0

0 AA†

]
and

KM(V̂ ) =

[
U1Σ

−1UT
1 U1ΣU

T
1 +A†A U1Σ

−1UT
1 A†

(A†)TU1Σ
−1UT

1 (A†)TAT

]
=

[
U1U

T
1 +A†A 0
0 AA†

]
=

[
I − U2U

T
2 0

0 AA†

]
.

This establishes (5.11). To see (5.10), write

KM(V̂ )K =

[
U1Σ

−1UT
1 (I − U2U

T
2 ) A†AA†

(A†)T (I − U2U
T
2 ) 0

]
=

[
V̂ † A†

(A†)T 0

]
= K

and

M(V̂ )KM(V̂ ) =

[
(I − U2U

T
2 )V̂ (I − U2U

T
2 )AT

AA†A 0

]
=

[
V̂ AT

A 0

]
= M(V̂ ).
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Since the problem (5.5) is convex, one need only show that V̂ satisfies the first-order

necessary condition for optimality, i.e., 0 ∈ Ŵ + ∂V σD(A,B)(X, V̂ ). By Theorem 4.8
and [19, Cor. 10.11], these conditions read

(5.12)

∃ W̄ ∈ R
p×m(κ+1), (d̄, Z̄) ∈ F(A,B), and(

N̄1

N̄2

)
∈ R

n×m(κ+1) × R
p×m(κ+1) with rge

(
N̄1

N̄2

)
⊂ kerM(V )

such that

(5.13)

(
Z̄i

W̄i

)
= d̄iM(V )†

(
X

B

)
+

(
N̄1i

N̄2i

)
(i = 1, 2, . . . , κ+ 1)

and

(5.14) (A†B + ÛQ̂T )(A†B + Û Q̂T )T =

κ+1∑
i=1

Z̄iZ̄
T
i .

We now construct a suitable W̄ , (d̄, Z̄), and
(
N̄1

N̄2

)
. Set

d̄1 = 1, d̄i = 0,

(
N11

N21

)
:=

(
U2Q

T
2

0

)
,

(
N1i

N2i

)
:=

(
0

0

)
(i = 2, 3, . . . , κ+ 1),

and define
(
Z̄
W̄

)
using (5.13). This gives(

Z̄1

W̄1

)
= M(V )†

(
X

B

)
+

(
U2Q

T
2

0

)
=

(
V̂ †X +A†B + U2Q

T
2

(A†)TX

)
=

(
A†B + ÛQ̂T

(A†)TX

)
and (

Z̄i

W̄i

)
=

(
0

0

)
(i = 2, 3, . . . , κ+ 1).

In particular, this implies that (5.14) holds. Clearly, 0 ≤ d̄ and
∥∥d̄∥∥ = 1 and AZ̄1 =

AA†B = B, so that (d̄, Z̄) ∈ F(A,B) and (5.12) is satisfied. Hence V̂ is indeed a
solution to (5.5).

We now compute the optimal value in (5.5). This is given by〈
Ŷ , X

〉
+

〈
Ŵ , V̂

〉
+

1

2
tr

((
X

B

)T

M(V̂ )†
(
X

B

))
.

We have 〈
Ŵ , V̂

〉
=

1

2
tr

(
(A†B + Û Q̂T )(A†B + Û Q̂T )TU1ΣU

T
1

)
=

1

2
tr

(
(A†B + Û Q̂T )(BT (A†)TU1ΣU

T
1 +Q1ΣU

T
1 )

)
=

1

2
tr

(
(A†B + Û Q̂T )Q1ΣU

T
1

)
=

1

2

[
tr

(
A†BQ1ΣU

T
1

)
+ tr

(
U1ΣU

T
1

)]
=

1

2
tr

(
UT
1 A†BQ1Σ

)
+

1

2
tr (Σ)

=
1

2

∥∥PPTX
∥∥
�
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and

tr

((
X

B

)T

M(V̂ )†
(
X

B

))
= tr

((
X

B

)T(
V̂ †X +A†B
(A†)TX

))
= tr (XT V̂ †X) + 2tr (XTA†B)

= tr (XTPPT V̂ †PPTX) + 2tr (XTA†B)

= tr (Q1ΣQ
T
1 ) + 2tr (XTA†B)

=
∥∥PPTX

∥∥
�
+ 2tr (XT (I − PPT )A†B)

=
∥∥PPTX

∥∥
�
+ 2tr (XTA†B) .

Hence the optimal value is given by (5.9) when Ŷ := 0. Finally, note that if rgeX ⊂
kerA, then PPTX = X so

〈
X, A†B

〉
=

〈
PPTX, A†B

〉
=

〈
X, PPTA†B

〉
= 0.

By applying Theorem 5.7 to γ = σD(0,0) with Ŵ = 1
2I, we obtain the following

result.
Corollary 5.8 (see [16, Lemma 1]). Let X ∈ R

n×m with m ≥ n, and let
γ : E → R ∪ {+∞} be defined in (5.2). Then

‖X‖� = min
V ∈Sn

1

2
tr (V ) + γ(X,V )

with the minimum value attained at V̂ := U1ΣU
T
1 , where X = U1ΣQ

T
1 is the reduced

SVD for X.
This representation of the nuclear norm is used in [16] as a means to introduce

a smoothing term for optimization problems involving a nuclear norm regularizer.
Indeed, Theorem 5.3 shows that, on the interior of its domain, γ is a smooth function
with an easily computed derivative. Using the more general formulation developed
here, it is possible to derive smoothers for more general types of regularizers. We
illustrate one such possibility in the following corollary.

Corollary 5.9. Let X ∈ Rp×p and let P ∈ Rp×k be any matrix having orthonor-
mal columns. Define A := I −PPT and B := λ(I −PPT )X. With this specification,

the matrix Ŵ in (5.8) is given by Ŵ = 1
2 (I + B)(I + B)T and the optimal value in

(5.5) with Ŷ := 0 is

λ
∥∥(I − PPT )X

∥∥2
F
+

∥∥PPTX
∥∥
�
.

Proof. Simply observe that A† = A and A†B = λB, and apply Theorem 5.7 with
n = p = m.

Another interesting relationship appears in the multitask learning literature [1, 2]
which relates the pseudo-matrix-fractional function γ to the square of the nuclear
norm. This result provides an interesting counterpoint to Corollary 5.9.

Proposition 5.10. Let X ∈ Rn×m be nonzero, and let γ : E → R ∪ {+∞} be
defined in (5.2). Then

1

2
‖X‖2� = min {γ(X,V ) | V ∈ S

n and tr (V ) ≤ 1} ,

with the minimum value attained at V̂ := ‖X‖−1
� U1ΣU

T
1 , where X = U1ΣQ

T
1 is the

reduced SVD for X.
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Proof. By convexity, V̂ solves the minimization problem above if and only if there
is a μ ≥ 0 such that −μI ∈ 2∂V γ(X, V̂ ), where γ = σD(0,0). By Theorem 4.8, this

can be demonstrated by constructing V̂ ∈ Sn and a matrix N ∈ Rn×m such that
rgeN ⊂ ker V̂ , rgeX ⊂ rge V̂ , and μI = (V̂ †X+N)(V̂ †X+N)T (here we take d̄1 = 1
and d̄i = 0, i = 2, . . . , κ+ 1). The basis for our construction is the SVD of X :

X = [U1, U2]

[
Σ 0
0 0

]
[W1, W2]

T = U1ΣW
T
1 ,

where Σ = diag(σ1, . . . , σk) with σi > 0, i = 1, . . . , k. Suppose V̂ = U1Σ̂U
T
1 and

N = U2Σ̃W
T
2 , where Σ̂ = diag(σ̂1, . . . , σ̂k) and Σ̃ = diag(σ̃1, . . . , σ̃n−k) with σ̂i >

0, i = 1, . . . , k. Then rgeN ⊂ ker V̂ and rgeX ⊂ rge V̂ . We must choose Σ̂ and Σ̃ so
that

μI = (V̂ †X +N)(V̂ †X +N)T

= U1Σ̂
−2Σ2U1 + U2Σ̃

2U2.

This implies that Σ̃ = μIn−k and Σ̂−2Σ2 = μIk or, equivalently, σi =
√
μσ̂i, i =

1, . . . , k. By summing over i and assuming that tr (V̂ ) = 1, we find that μ = ‖X‖2�.
Since the optimality conditions hold for V̂ = ‖X‖−1

� Σ and N = ‖X‖2� U2W
T
2 , we have

obtained the solution to the optimization problem. Plugging this solution into the
objective gives the optimal value γ(X, V̂ ) = 1

2 tr (XV̂ †X) = 1
2 ‖X‖2� .

In the context of multitask learning, one uses the SVD X = UDWT and writes
A = UTX so that

‖X‖2� =

[
k∑

i=1

σi

]2

=

[
k∑

i=1

‖Ai·‖2
]2

= ‖A‖22,1 ,

where k = min{n,m} and Ai· is the ith row of A, i = 1, . . . ,m.

6. Final remarks. We have introduced a new class of support functionals σD(A,B),
where

D(A,B) =

{(
Y,−1

2
Y Y T

)
| AY = B

}
.

It is shown that these support functionals have a natural connection to the optimal
value function for quadratics over affine manifolds. Connections are also made to
the matrix-fractional function and the pseudo-matrix-fractional function as well as
their generalizations. It is remarkable that all of these objects can be represented
by the support functional of D(A,B) for an appropriate choice of A and B. These
support functional representations had not previously been observed. In addition,
we have computed the closed convex hull of D(A,B) which allowed us to compute
the subdifferential of σD(A,B). This computation made use of nontrivial techniques
from nonconvex variational analysis. Finally, we obtained a general representation
theorem that can be used to give an alternative representation for the nuclear norm,
its square, and related regularizers in matrix optimization. These representations are
particularly useful in that they can be used to develop smoothers for the regularization
terms.
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