Math 125G - Spring 2002
First Mid-Term Exam Solutions

1
1. Is 5332 Inx — Za:2 an antiderivative of xInx 7 Explain.

1 1
The derivative of §x2 Inx — Zﬁ is xInz (details left to the reader, must be shown

for credit), so, yes, 5332 Inx — Z:ﬁ an antiderivative of x In x.

2. Suppose f"(z) =2+ €, f/(0) =3 and f(0) = 2. Find f(x).
Since f"(z) = 2+ €%, f'(x) = /(2 +¢e")dr = 2x + ¢* + C. Using the fact that
f'(0) = 3, we have f'(0) =0+e’+C =1+C =3,50 C =2, ie., f'(x) = 2x+e*+2.
From this, we get f(z) = /(Qx +e" +2)dr = 2* + e’ + 2z + D, where D is an

arbitrary constant. Using the fact that f(0) = 2, we have 2 = f(0) =0+1+0+ D,
so D = 1. Hence, f(x) =1+ 2z + 22 + €*.

3. Use the midpoint rule with n = 3 to approximate the integral
6
/ In(sinz + 3) dz.
0

Cutting the interval [0, 6] into three equal subintervals, we find these subintervals
have length 2 and have centers 1, 3 and 5. Hence the midpoint rule approximation
is

2 (In(sin 1 + 3) + In(sin 3 + 3) + In(sin 5 + 3)) = 6.40782354841865609....

Note that your answer should have at least 4 correct digits, so be sure to use as
many digits throughout your calculations as you can (8 is sufficient).

4. Solve the following equation for m:
1 z 0 1
/ f(x)dx—2/ f(2x)dx—/ f(x)dx:m/ f(z)dx
0 0 1 0
1

The third integral is equal to — / f(z)dz, so the left hand expression simplifies to
0

2/01 f(x)dx—2/0% f(2x) dx.



Letting u = 2z, so that du = 2dx, we have

1

3 1 /1 1 /!
/()f(?x)dxzi/o f(u)du:§/0 f(x)dx
Hence,

1
0

2/01f(x)dx—2/0%f(2x)dx:2/ f(x)dx—/olf(x)dx:/()lf(x)dx
and so m = 1.

5. Find the derivative of each of the following functions.

2

(@g@):Lz$Mﬁ+3ﬂﬁ
g (z) = sin(z* + 32°)2x

3lnvd
v

(b) h(z) = |

sin v

R (xz) = 0 (note that h(z) is a constant).

6. Evaluate the following integrals:

@y/ Gy

2+ 1

Letting u = 22 + 1, so du = 2xdx, we have

T tdu 1 1, 1, .,
/x2+1dx: 27:§ln\u\+C:§ln|x +1\+C:§ln(x +1)+C.
1
w)/(z—@%m
—1
Letting u = 2 — z, so du = —dx, we have

1 7

1 3
/ (2—x)6dx:—/ u6du:/u6du:u—
-1 3 1 7
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7. Find the area of the region bounded by the curves y = 22 — % and y = % — z2,

We first have to find the intersection of the two curves. Setting them equal to each

other we have z2 —3 = 2 —2? ie. 222 =2,ie. 2?2 =1,s0 2 = —1 and z = 1. Noting



that at = 0 3 — 2% > 2% — 3, we find the arcas between the curves by evaluating

29
the integral

/1(1—xQ—(xQ—g))dxz/_ll(2—2x2)dx

. Let p > 1. Suppose the region in the first quadrant bounded by y = x and y = «”
is %)tated about the z-axis to create a solid of revolution. If the volume of the solid
is 5 find p.

If x=2Pthenx=0o0rx =1, and 2P < x for 0 < x < 1 so the volume of this solid
of revolution is given by

1

1 T T T T
2 _ NN dp = —gp3 — —— 2l — T _
/o(m m(@?)’) dv 3" 2p+1x o 3 2p+1

For this to be equal to %, we must have

1.e.

so 2p + 1 = 6, and hence p = %



