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1. Theorem: Suppose x and a are integers and a > 0.

For any integer y, define |y| by

|y| =

{
y if y ≥ 0,
−y if y < 0.

Then |ax| = a|x|.
Proof: Suppose x and a are integers and a > 0.

By the Trichotomy Law, x > 0, x < 0 or x > 0.

Suppose x > 0.

Then |x| = x, and a|x| = ax by Substitution of Equals.

Also, ax > 0 by EPI 10 and 1, so |ax| = ax.

Hence, by Symmetry and Transitivity of Equals, |ax| = a|x|.
Suppose x = 0.

Then |x| = |0| = 0 and a|x| = 0 by EPI 1.

Also, ax = 0 by EPI 1 and so |ax| = 0.

Hence, by Symmetry and Transitivity of Equals, |ax| = a|x|.
Suppoe x < 0.

Then |x| = −x and a|x| = a(−x) by Subsitution of Equals.

Also, ax < a · 0 by EPI 10, so ax < 0 by EPI 1.

So, |ax| = −(ax).
By EPI 3, −(ax) = (−1)ax.

Also, a(−x) = a(−1)x = (−1)ax by Commutativity and EPI 3.

Thus, by Symmetry and Transitivity of Equals, |ax| = a|x|.
Therefore, in all cases, |ax| = a|x|.�



2. Theorem: Let A,B and C be sets.

Suppose A ∪ C ⊆ B ∪ C.

Then A \ C ⊆ B.

Proof: Let A,B and C be sets.

Suppose A ∪ C ⊆ B ∪ C.

Suppose x ∈ A \ C.

Then x ∈ A and x 6∈ C.

Then x ∈ A ∪ C, and so x ∈ B ∪ C.

So x ∈ B or x ∈ C.

Since x 6∈ C, x ∈ B.

Thus, x ∈ A \ C implies x ∈ B,

A \ C ⊆ B. �



3. Theorem: Let A,B and C be sets.

Suppose A ⊆ B ∪ C and B ⊆ A ∪ C.

Then A ∪B ∪ C = C ∪ (A ∩B).

Proof:

Let A,B and C be sets.

Suppose A ⊆ B ∪ C and B ⊆ A ∪ C.

Suppose x ∈ A ∪B ∪ C.

Then x ∈ A or x ∈ B or x ∈ C.

Suppose x ∈ C.

Then x ∈ C ∪ (A ∩B).

Suppose x ∈ A.

Then x ∈ B ∪ C (since A ⊆ B ∪ C).

So x ∈ B or x ∈ C.

Suppose x ∈ C.

Then x ∈ C ∪ (A ∩B).

Suppose x ∈ B.

Then x ∈ A ∩B, so x ∈ C ∪ (A ∩B).

Suppose x ∈ B.

Then x ∈ A ∪ C (since B ⊆ A ∪ C).

So x ∈ A or x ∈ C.

Suppose x ∈ C.

Then x ∈ C ∪ (A ∩B).

Suppose x ∈ A.

Then x ∈ A ∩B, so x ∈ C ∪ (A ∩B).

Hence, x ∈ A ∪B ∪ C implies x ∈ C ∪ (A ∩B), so A ∪B ∪ C ⊆ C ∪ (A ∩B).

Suppose x ∈ C ∪ (A ∩B).

Then x ∈ C or x ∈ A ∩B.

Suppose x ∈ C.

Then x ∈ A ∪B ∪ C.

Suppose x ∈ A ∩B.

Then x ∈ A, so x ∈ A ∪B ∪ C.

Hence, x ∈ C ∪ (A ∩B) implies x ∈ A ∪B ∪ C, so C ∪ (A ∩B) ⊆ A ∪B ∪ C.

Thus, A ∪B ∪ C = C ∪ (A ∩B). �



4. Theorem: Let a and b be integers. Then a2 = b2 if and only if a = b or a = −b.
Proof: Let a and b be integers.

Then (a− b)(a+ b) = (a− b)a+ (a− b)b by the Distributive axiom.

Also, (a− b)a+ (a− b)b = a2 − ba+ ab+ (−b)b by the Distributive axiom.

Then, by Commutativity and EPI 3, a2 − ba+ ab+ (−b)(b) = a2 − ba+ ba− b2.

By the Additive Inverses axiom, a2−ba+ba−b2 = a2−b2, and so by Transitivity of Equals,
(a− b)(a+ b) = a2 − b2.

Suppose a2 = b2.

Then a2−b2 = 0 (by the Additive Inverses axiom), and so (a−b)(a+b) = 0 by Transitivity
of Equals.

By EPI 6, a− b = 0 or a+ b = 0.

Hence, a = b or a = −b by the Additive Inverses axiom and Substitution of Equals.

So a2 = b2 implies a = b or a = −b.

Suppose a = b.

Then a2 = ba by Substitution of Equals.

Also, ab = b2 by Substitution of Equals.

Hence, a2 = b2 by Commutativity and Transitivity of Equals.

Suppose a = −b.
Then a2 = −ba by Substitution of Equals.

Also, a(−b) = (−b)2 by Substitution of equals.

We have (−b)2 = (−b)(−b) = b2 by EPI 5.

Also, a(−b) = a(−1)b = (−1)ab = (−1)ba = −ab by Commutativity and EPI 3.

Hence, by Transitivity of Equals, a2 = b2.

Thus, a2 = b2 iff a = b or a = −b. �


