Math 300 D - Winter 2014
Midterm Exam
January 29, 2014
Answers

1. Let A,B,and C be sets. Verify the following identities by showing that that the statement x € "the
left hand set” is equivalent to the statement x € "the right hand set”. Give a justification for each
step (e.g., definition of union, DeMorgan’s law, distributive law, etc.)

(@ AN(BU(ANB))=ANB

z€AN(BU(ANB))

sreAN(reBVvre ANB) (def. of N, V)
sreAN(zreBV(xre ANz € B)) (def. of N)
sreANzeB (absorption law)
<z e (ANB) (def. of N)

b) (AnB)\(BNC)=(AnB)\C

re(ANB)\(BNCO)

sreANBANzgEgBNC (def. of \)
sSreANxeEBAN-(zreBAzel) (def. of N, &)
sreANzeBAN(xg BV gl) (DeMorgan’s law)
sreAN(zreBAN(xg BVxgl)) (associative laws)
sSreAN(xeBANxgB)V(re BAx g (O)) (distibution laws)
sreAN(zreBAx g O) (tautology laws)
SxeANzeB) ANz gl (associative laws)
sre(ANB)\C (def. of N, \)



2. Let A,B,C and D be sets. Verify the following identity by showing that that the statement x €
“the left hand set” is equivalent to the statement x € “the right hand set”. Give a justification for
each step (e.g., definition of union, DeMorgan’s law, distributive law, etc.)

(AUB)\ (B\A)\A=2

e (AUB)\(B\A)\ A

S (e AUBANzEB\A) ANz g A (def. of \)
SrxeAveeB)AN-(zreBAxg ANz g A (def. of N,\)
SreAveeB)N(zgBVreA)Nx g A (DeMorgan’s law)
S(reAV(eeBAxgB) Nx g A (distrubtive laws)
sSreANx g A (contradiction laws)
Sred

In the last step, we use the fact that all contradictions are equivalent.

3. Simplify the following expressions as much as possible. You should show a sequence of equivalent
expressions connecting the original expression with your final one, and give a justification for each
step (e.g., DeMorgan’s law, distributive law, etc.)

@ PV(=PA(PVQ))

PV (=PA(PVQ))

< (PV-P)AN(PV(PVQ)) (distributive laws)
& PV(PVQ) (tautology laws)
< PVQ (idempotent laws)

(b) (=P A(QVP))V (PV-Q)

(=PA(QVP)V(PV-Q)
S (nPANQ)V (mPAP))V(PV-Q) (distributive law)
& (-PAQ)V(PV-Q) (contradiction law)
& (PAQ)VP)V-Q (associative law)
S ((-PVP)AN(QVP))V-Q (distributive law)
& (QVP)V-Q (tautology law)
)

& tautology (associative/commutative/tautology laws



4. Simplify the following expressions as much as possible. You should show a sequence of equivalent
expressions connecting the original expression with your final one, and give a justification for each
step (e.g., DeMorgan’s law, distributive law, etc.)

@ P+ (Q—= (PVR))

P+ (Q— (PVR))

S(P—=(Q—=(PVR))AN({(Q = (PVR))—P) (def. of +)
& (PV(-QVPVR)N((=-QV(PVR))VP) (conditional laws)
< (QAN-(PVR))VP) (tautology and DeMorgan’s laws)
< (QAN-RAN-P)VP (DeMorgan’s and commutative laws)
< (PV(QA—-R))A(PV—P) (distributive and commutative laws)
< PV (QAN-R) (tautology laws)

(b) (PA-Q) = (P —= Q)

(PA=Q) = (P — Q)

s a(PA-Q)V (-PVQ) (conditional laws)
< -PVQRV-PVQ (DeMorgan’s laws)
< -PVQ (idempotent and commutative laws)

5. Express the following using only the connectives — and A:

(P+< Q) VR
(P+< Q)VR
S(P-Q)N(Q—P)VR (def. of )
S ("PVQ)AN(-QV P))VR (conditional laws)
& (=(=(PA=Q)AN=(QA—-P))A-R) (DeMorgan’s laws)

6. For aset A, let P(A) be the power set of A. Write out the set given by the expression
P({1,2,3}) NP({2,3,4}).

P({1,2,3}) N P({2,3,4}) = {2, {2}, {3}, {2,3}}.



