Math 300 E - Winter 2019
Midterm Exam Number Two

February 27, 2019
Answers

1. Let A and B be sets. Prove that P(A\ B) C P(A) \ P(B).

Proof: Let A and B be sets.

Suppose S € P(A\ B).
Then S C A\ B.
Suppose z € S.

Thenz € Aand z ¢ B.

So z € Simplies z € A, and hence S C A.
Thus, S € P(A).
Since = € S does not imply = € B, we conclude that S ¢ B,so S € P(B).
Hence, S € P(A) \ P(B).

Thus, S € P(A\ B) implies S € P(A) \ P(B),andso P(A\ B) C P(A)\ P(B). &



2. Let F and G be non-empty families (i.e., sets of sets). Prove that (F) N (N G) = (FUG).
Proof: Let 7 and G be non-empty families.
Suppose z € (N F)N(NG).
Thenz € (Fand z € G.
Suppose S € F UG (we are trying to show that zisin () (F UG).)
Then S € For S eg.
If S € F,thenx € S, since x € [ F.
If S € g, thenz € S,sincex € G.
Hence, z € S.
So S € FUGimpliesz € S,andsoz € [ (FUG)
Thus, z € (N F) N (N G) implies z € () (F UG), and hence (((F) N (N G) C N (FUG).

Now, suppose z € (| (FUG).
Suppose S € F.
Then S € FUG,sox € Ssincez € () (FUG).
Hence, S € F implies z € S, and so = € () F.
Suppose S € G.
Then S € FUG,sox € Ssincex € [ (FUG).
Hence, S € G implies z € S, and so z € [\ G.
So,z € (NF)N(NG).
Thus, z € ((FUG) implies z € (N F) N ((G), and hence " (FUG) C (NF)N(N9).
Therefore, (N F)N(NG) =N (FUG).R



3. Let A, B and C be sets. Prove that AUC C BUCiff A\C C B\ C.
Proof: Let A, B, and C be sets.
Suppose AUC C BUC.
Suppose z € A\ C.
Thenz € Aand z ¢ C.
Thenz € AUC,andsoxz € BUC.
Thatis,z € Borxz € C.
But,z € C,sox € B.
Hence, z € B\ C.
Thus, z € A\ C'impliesz € B\ C,so A\ C C B\ C.
Thus, AUC C BUC implies A\ C C B\ C.

Now, suppose A\ C C B\ C.
Suppose z € AU C.
Thenx € Aorx € C.
IfzeC,thenx € BUC.
Suppose =z & C.
Thenz € A,sox € A\ C.
Hence, x € B\ C,and so x € B, and thus z € BUC.
Thus, x € AU C impliesz € BUC,so AUC C BUC.
Thus, A\ C C B\ C implies AUC C BUC.

Hence, AUC C BUCIiff AN\CCB\C. R



4. Use induction to prove that, for all integers n > 0,

1 3 1
32 2.3
=0
: ‘“ < 1 3 1 4
Proof: For all integers n > 0, let P(n) be the statement F=3 7.5
1=0
We proceed by induction.
Base Case: Let n = 0.
Then .
1 11 31 .3 1 3 1
Sa=Ya-m=i=i-1=i-m1-
P 3! — 33 2 2 2 23 2 2.3
So P(0) is true.
Induction Step: Suppose P (k) is true for some k € Zx.
Then
k1 k
1 1 1
Z 3 - 3k+1 + Z §
1=0 =0
131
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Hence, P(k + 1) is true.

Thus, P(n) implies P(n + 1), and since P(0) is true, by induction P(n) is true for all
integersn > 0. &



5. Let R C R x R be defined by
(x,y) € Riffr —y € Zorx+y € Z.

Is R an equivalence relation? Support your answer with a proof.

Answer: R is an equivalence relation.

Proof: Suppose R is the relation defined above.

Reflexivity: Suppose = € R.
Thenz —x=0¢€Z,so (z,z) € R.

Hence, € R implies (z,z) € R, and so R is reflexive.

Symmetry: Suppose (z,y) € R.
Thenx —y € Zorxz+yeZ.
If x — y is an integer, then y — x = (—1)(z — y) is an integer.
If x + y is an integer, then y + = = = + y is an integer.
Hence,y —x € Zory+x € Z,and so (y,z) € R.

Thus, (z,y) € R implies (y,z) € R, and so R is symmetric.

Transitivity: Suppose (z,y) € Rand (y, 2) € R.
Thenx+y€Zorx—y€eZ,andy+z2 € Zory — z € Z.
Suppose z +y € Z.

Thenyt+ze€Z,ande+y— (y+z)=x+zs0x+zcZ
Thatis,z +z€ Zorxz — z € Z.
Suppose v —y € Z.
Theny+z€Zandor —y+(ytz)=z+tz,s0rtz€Z
Thatisz +z2€ Zorx —z € Z.
Hence,z+z€ Zorz —z € 7Z,s0 (x,2) € R.
Thus, (z,y) € Rand (y, z) € R then (z,y) € R, and so R is transitive.

Since R is reflexive, symmetric, and transitive, R is an equivalence relation. l



