M146 Assignment VI Due Thurs May 4, 2006
Overdetermined Systems, Least Squares Fit
Section 43 (page 482) 1, 3,9, 13, 15
Suppose A is an m X n matrix and bis a m x 1 column. If m > n, the system Az = b is

called overdetermined. There may be no exact solution. The method of best Least Squares
Fit is to find x which minimizes the length of Ax — b.

e The equations for z are (A” - A) -z = A" -b., These are called the “Normal Equations.”
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(Ex 1) Ais a column: A = | 2 and b= | 7 |. We want the value of = that
5 8

minimizes the length of the vector Az —b. This will be the value of x that makes the vector
Ax — b perpendicular to the vector A. This happens when

AT (Az —b) =0
AT Az — AT b=0
AT A2 =AT .}

AT A=(1-142-2+45-5)=30; c=AT -b=(1-6+2-7+5-8=60.

The “normal equation” AT -A.-z = AT.b becomes 30 =60; z = 2.

1
Let L be the line through the origin in the direction of | 2 |. The point on L closest to
5
6 1 2 1 6 -2
7 is 21-2= 4 |. The vectorof errorsis K= | 2 |-2—| 7 |=| -3
8 5 10 5 8 2
—T1 -+ Ty = —2
(Ex 2) Find the “best” solution to: 0 + 22 = 6
Ty + 31‘2 = 8
-1 1 -2
Here A is the 3 x 2 matrix A = 0 2 and b= 6 |. We want the vector
1 3 8

T = [ il ] that makes the vector Axz — b perpendicular to the plane containing the columns
2

of A. Thatis A" . (Az —b) =0 whichis AT -A.-2=A"-b



-1 1
-1 0 1 2 2
1 2 3 { | 3 } 2 14
101 —2 10
= T . frg B N —
and ¢=A"-b [ 1 2 3 1 6 l 24 ]
The normal equations are [ 2 2 S 1 = l 1 1 The solution is [ 1 1 = [ 3 1

2 14 | | 2

The vector of errors is E =

(Ex 3)) Find the equation of the form y = b + mt which best fits the data:

tl o] 2|4
y 1294249

b + Om = 29
We want b and m so that b + 2m = 4.2 . This is an overdetermined system.
b + 4m = 49

4.9

10 2.9 b
1 2], y=142|. Wewantz = [m] that minimizes the vector Az — y.
1 4

10 2.9
T, |1 1 1} |3 6 _gar. |11 1] 12
AA_[024 1421_320’”(16_’49_024 3’3_28'

. 3 6 b 12 . b 3
The normal equations are: [ 3 20 ] . l m ] = l 93 ] . The solution is l m ] = [ 0.5 ]

3 2.9 0.1
41 —142 | =| —02
D 4.9 0.1

The “best” line is y = 3 + 0.5t. The vector of errors is F =




(Ex 4)) Find the equation of the form y = Ae* which best fits the data:

tl 1247
y| 12|14 [ 2241

Take logarithms of the y values to get

t 1 2 4 7
w | 2.48 ] 2.64 | 3.09 | 3.70

We want the line w = b+ mt¢ which best fits this data.

b + 1m = 248
b + 2m = 2.64 . .
We want b and m so that b o+ dm — 3.09° which is overdetermined.
b + ™Tm = 3.70
11 2.48
Here A = b2 , W= 2.64 . Want x = b that minimizes the vector Ax — w.
1 4 3.09 m
17 3.70
11
11 11 1 2 4 14
T' p— pr—
AT-4 [0247] 1 4 l14 70]’ and
17
2.48 7
1 111 2.64 11.91
AT ., — . =
c=ATw [1247] 3.09 [46.02]'
3.70 |
: 4 14 b 11.9
The normal equations are l 14 70 . l m} = l46'0 ]
2.3

The solution is [ ng ] = [ ], (numbers rounded off).

0.2

The “best” line is w = 2.3 + 0.2t The exponential is y = e?3e*?" = 10"



M146 Sample Quiz #06 for Thursday, May 4, 2006
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(1) Let C = | 2 |. Find the point on the line z = Ct closest to the point b= | 4
5 7
1 3 3
(2) A= |2 2 |; b= 4 |. Find the best (least squares) solution to Az =b
5 1 7

(3) The following data were obtained for the length y in centimeters of a human fetus
versus the age ¢ in weeks. Find a linear function y = b + mt which best fits the data.

Age t]121]20 28|40
Length y | 10 | 25 | 38 | 53

(4) Radioactive sample Y is decaying exponentially. The data shows the amount (y in
grams) of Y at times (¢ in days). Find an exponential function y = Ae" which best fits the
data.

t| 0 |1 23 |4]|5
y | 100 | 82 | 67 | 55 | 45 | 37

(5) The table shows the length-weight relation for Pacific halibut. Find an power function
W = aL? which best fits the data.

L 105] 10 |15]20] 25
W 113]104 | 35| 82 | 163




(6) The velocity of an enzymatic reaction with Michaelis-Menton kinetics is given by

vls) = 1 isﬁs

Inverting this gives the Lineweaver-Burke equation:

1 11
1118
vooas  «
. . 1 1 )
With the change of variables — = w and — =wu, this becomes:
v s
1
w=—u-+ é
a a

Find the Michaelis-Menton equation which best fits the data:

s 1 25| 5 10 20
v|41]61]93]129|17.1




