M308 Sample Problems for Final (A)
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(layLet A=|2 4 7 and b= 8
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Form the augmented matrix, use ERO’s to transfrom to RREF, and find all solutions to
Axr =b.

T
1 21 -1 1 To 1
(2) A= 2 41 -4 -3 r=| x3 d=10
-1 -2 1 5} 5) Ty 3

Ts

(2a) Find all solutions of Az = 0.
(2b) Find all solutions of Az = d.

(2¢) Is there a vector b for which Az = b has no solution z? If so, find one.

(3a) Given a set {vy,..., v} of vectors in R", and another vector w, how can you decide if
w is a linear combination of vy, ... v7

Answer: See (3b) and (3c)

(3b) In particular, let v; = (1,3,2), v; = (2,1,-1), w = (3,—1,—4) . Is w a linear
combination of vy and vy?

Solution: Let A be the matrix whose columns are vy, v. Then

1 2| 3 1 2 3 1 213 1 0|-—1
[Alw]=13 1|=1 |~ |0 =5|—=10 |~ |0 1|2 |~ |0 1| 2
2 —1| 4 0 —5|-10 0 0|0 0 0| O
The third row of 0’s shows that there is a solution to vix, + voxs = w, namely xy = —1 and

To =2,80 —v1+ 209 =w,

(3¢c) u=(2,6,2) . Is u a linear combination of v; and vy?

1 212 1 2 3 1 2 3
[A|u} =13 116 |~ 1|0 =5 0]l ~1]10 =5 0
2 —1|2 0 —5| -2 0 0] —2

The last row is inconsistent, so u is not a linear combination of v; and v,.



(4a) What is the definition that a set of vectors vy, vs, ... v, are linearly dependent?

Answer: There are constants cq, ..., cg, not all 0, so that vicy + veco + ... v = 0

(4b) What is the definition that a set of vectors vy, vs,. .. vy are linearly independent?

Answer: If vicq +voco + ... vpc, =0, then all ¢; must be 0.

(5a) If {vy,...,vx} is a set of vectors in R", how can you tell if they are linearly dependent
or linearly independent?

(5b) In particular, are v; = [1,3,2], vo = [1,—1,2], v3 = [1,7, 2] linearly independent?

Solution: Let A be the matrix whose columns are vy, vy,v3. A = Then

N W
|

DO = =
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, so the vectors v, vy and vz are linearly dependent.

SO =
O = O
S O N

(5¢) In particular, are wy = [1,3,2], wy = [1, —1, 2], w3 = [1, 7, 2] linearly independent?

1 1 2
Solution: Let A be the matrix whose columns are wy, wy,w3. A= | 3 —1 6 | Then
2 2 2
1 0 2
A~ 10 1 0 [, so the vectors wy, we and ws are linearly in dependent.
0 0 1
(6a) What is the definition that a set of vectors vy, vs, ... v, span a vector space W?
Answer: Every vector in V is a linear combination of vy, vs, ... v,,.
(6b) Given a set {vy,...,v} of vectors in R", and another vector w, how can you tell if
w € span (vy,...vg)?
(6c) v1 =(1,3,2), v = (2,1,—1), and w = (3, —1,—4) . Is w € span (v, v2)?
(7a) What is the definition that a set of vectors vy, vg, ... v, are a basis for W7
(7b) Suppose vy, ..., v span a vector space V. How do you find a basis for VV? How can

you find a subset of vy,..., v, that is basis for V7

(7c) V is spanned by v; = (1,1,2), vo = (2,1, —1), v3 = (3,1, —4). Find a basis for V.

(8a) What is the definition of the nullspace of a matrix A?



(8b) What is the definition of the rowspace of a matrix A?
(8¢c) What is the definition of the columnspace of a matrix A?

(8d) A is a9 by 13 matrix; A reduces to a matrix in RREF with 2 zero rows. What are the
dimensions of the nullspace, rowspace and columnspace of A7

12316 5
(9a) A=|1 2 3 2 9 7 | Find a basis for the rowspace of A
246198
123033
Solution: A reducesto R=|0 0 0 1 3 2
00 0O0O0O0

(9a) A basis for ROW, consists of the two non-zero rows of R.
(9b) Find a basis for the nullspace of A.

[ —3 ] [ —3 [ —3 7 [ —2 7]
0 0 0 1
A basis for Ny is v; = _g , Uy = _g , U3 = (1] , Uy = 8 7
0 1 0 0
| 1] | 0 [ 0 ] L 0

(9¢) Find a basis for the columnspace of A.

(9d) (Harder) Find a subset of the columns which form basis for the columnspace of A.

Solution: The first and fourth columns of A are a basis for C;. Why?

1 2 -4
(10) Find the inverse of the matrix A= | —1 —1 5
2 7 -4

(11) A 3 x 3 matrix A reduces to the identity by the following row operations:
1) Add 2R, to R;
2) Add —3R; to Rj
3) Multiply R3 by 1/2
4) Add —R3 to R
5) Add —3R; to Ry
(11a) What is A~1?

[\

(11b) Find the solution to Ax = | 4



(12) Let v = (2,—1) and w = (7,4). Find a number ¢ so that w — cv is perpendicular to v.
(13) Let v; = [1,0,1], wve = [2,2,1] and w = [2,3,5]. Let V be the plane spanned by
v1, 2. Find a vector v in V and a vector y L V so that w = vz +y.

Solution We want v3 = v1¢; + v9cy so that vicy + vecy — w is perpendicular to V.

C1

1 2
Let A= | 0 2 | . We must solve AT (A { } — w) = 0. That is
1 1

C2

AT A { €1 } — ATw.

Co

2 3 c 7 L
{3 9][02]:{15} The solutionis ¢; = 2, co = 1, s0v3 = [4,2,3] and y = [-2,1, 2].

(13) What 2 by 2 matrix A rotates every vector in the plane counterclockwise by 45°7

Sol A{ll % dA[O] - A 7Y
olution: = an = , SO =
VLY oLy g 7

(14a) Let A be an n x n matrix. Give two different ways to calculate det A?

Answer: (i) Use ERO’s Ey, Es, ..., Es to reduce A to an upper triangular matrix, keeping

track of the multipliers m; - mgy ... ms. Then det A =m"'-my"...m;L

(i) Pick any one row or column, and expand by cofactors. For example, using the first row,

det A = a1 det(MH) — 12 det(M12) + ...+ (—1)1+"a1n det(MLn

(14b) Calculate det A for A =

— N N

-3 © O
—_

U1 O Ut

(15) A= { 3 le } Find two eigenvalues \;, Ay and corresponding eigenvectors vy, vs.

(16) Let T be the linear transformation from R? to R? given by the formula:

Tlx,y,z] = [4x+y+ 2z, —x + 2y — 3z].  Find the matrix of T" with respect to the standard
basis.
-1 2 =3

AnswerA:[ 41 1}.



(Complex) Compute each of the following (Answer in the form x + iy):

(1a) (V2 —i) —i(1 —V2i) Answer —2i
1+20 22—
(1b) T4 + 5 Answer ——
5) 1
1 A 1
O s T s Ty Hswer ot

(1d) (1 —q)* Answer —4



