M309 Test #3a  Dec 13, 2006 with Solutions
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(1a) Let A = [ -

] Find the solution to 2’ = Az, with z(0) = [ ! ]
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Solution: det l 9 _9_\
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For the eigenvalue \; = —1, the eigenvector is & = [ 9 ]

For the eigenvalue Ay = +2, the eigenvector is A\ = l ? ]

The general solution is 1 =C] 1 et +Cy 2 et
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(1b) The trajectory starts in I, then goes to II, and finally goes into III, where it remains.
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(1c) When ¢ = 1000, l 1 ] - l



(2) The temperature in rod of length 7 satisfies the heat equation w; = 4u,,. The tem-
perature at each end is fixed at 0, and its initial temperature is u(z,0) = sinz + sin 3z for
0 <z < 7. Find the temperature u(z,t) for all 0 < x <7, and all ¢t > 0.

Solution:  u(z,t) =sinz - e *! + sin 3z - 307

(3) u(x,y) satisfies Laplace’s Equation ., + u,, = 0 in the square 0 <z <7, 0 <y <,
and u(x,y) satisfies the boundary conditions:

u(0,y) = for 0 <y <,
u(m,y) = Sln2y for0<y<m . . :
u(z, 0) = for0<z<n Find the solution u(z,y) for all (z,y) in the square.
u(z, m) = for0 <z <.
Solution:  u(z,y) = sinh 2z - sin 2y

sinh 27

(4a) f(z) = o, for 0 < 2 < 7. Extend f(x) as an odd function of period 27. Calculate the
Fourier Series for f(x).

Solution: This is a Fourier Sine Series, so all a,, =0. Forn >1,

™ rcosnr sinnzl”® =T if n is odd
b, =2 | xsinnzdr = | — + = 5
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(4b) Solution:  Parseval’s equality for f(x) is / f(z)*dx = 7r< i bi)
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¥’ =x(1.125 — z — 0.5y)

5) The populations of two species satisfy:
(5) The pop p y{y,:y(_Hz)

(5a) Find all critical points of the system.
(5b) For each critical point, find the eigenvalues of the approximate linear system.

(5¢) Classify each critical point as to type and stability.

Solution: The critical points are A = (0,0), B = (1.125,0), C' = (1,0.5).

/
(A) At (0,0), the approx. linear system is [ Z, ] = [ 1'128 f 2 ],

The eigenvalues are 1.125, and —1, one positive, one negative, so (0,0), is a saddle point
(unstable).

_ | —1.125u — .5625v
(B) At (1.125,0), the approx. linear system is [ o ] = [ 0 + 125 ]

The eigenvalues are —1.125, and +0.125, one positive, one negative, so (1.125,0) is a saddle
point (unstable).

) . u, —u — 0.5v
(C) At (1,0.25), the approx linear system is l o ] = l 2Bu + 0 ]

The eigenvalues are , both negative, so (1,0.25),is a stable node.

—-1=+£+0.5
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(5d) Plot enough of the direction field to determine the behavior of the solution (x(t),y(t))
as t — oo of the trajectory which starts at (2, 1).
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(6) The position of a string of length 7 satisfies the wave equation u; = 9u,,. The string is
initially motionless, the ends are fixed at 0, and its initial position is

< ™
u(z,0) = { z, for 2 ST<% Pind the position u(x,t) for all 0 < z < m, and ¢t > 0.
m—ux, for F<w<m
Solution: First find the Fourier Sine Series for f(z) = u(z,0).
by, = 2/ f(z)sinnzxdx = 2(/2 x sin nxdx +/ (m—x) sinn)xd:c)
0 0 g

For n even, the two integrals are equal, but with opposite signs, bor, = 0

For n odd, the two integrals are equal, with same sign. Therefore, for n odd:

an:2/Wf(x)sinnxdx:4/§xsinnxdx:4 - 5
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The signis +1if n=1,5, ....
The signis —1ifn=3,7, ....

Therefore, f(x) = - > msm(%‘ + 1)z
k=0

4 k=00 -1 k
The solution of the wave equation is  u(z,t) = = > (2(/€—|—)1)2 sin(2k+1)x cos((2k+1)-3-t)
T k=0



