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1. Introduction. Variational analysis, a subject that has been vigorously developing for the past
40 years, has proven itself to be extremely effective at describing nonsmooth phenomenon. The Clarke
subdifferential (or generalized gradient) and the limiting subdifferential of a function are the earliest
and most widely used constructions of the subject. A key distinction between these two notions is
that, in contrast to the limiting subdifferential, the Clarke subdifferential is always convex. From a
computational point of view, convexity of the Clarke subdifferential is a great virtue. To illustrate, by
the classical Rademacher theorem, a locally Lipschitz continuous function f on an open subset U of R"
is differentiable almost everywhere on U, in the sense of Lebesgue measure. Clarke, in [5], showed that
for such functions, the Clarke subdifferential admits the simple presentation

0.f(Z) = conv{liﬁm Vf(x):x; 3 Z}, (LipR)

where Z is any point of U and (2 is any full measure subset of U. Such a formula holds great computational
promise since gradients are often cheap to compute. For example, utilizing , Burke, Lewis, and
Overton developed an effective computational scheme for approximating the Clarke subdifferential by
sampling gradients [3], and, motivated by this idea, developed a robust optimization algorithm [4].

The authors of [3] further extended Clarke’s result to the class of finite-valued, continuous functions
f: U — R, defined on an open subset U of R"™, that are absolutely continuous on lines, and are direction-
ally Lipschitzian; the latter means that the Clarke normal cone to the epigraph of f is pointed. Under
these assumptions on f, the authors derived the representation

d.f(z) = () clconv (v f(@n 35(5)))7 (ACLR)

6>0
where Bjs(Z) is an open ball of radius ¢ around Z and  is any full measure subset of U, and they
extended their computational scheme to this more general setting. One can easily see that this formula
generalizes Clarke’s result, since locally Lipschitz functions are absolutely continuous on lines, and for
such functions reduces to . Pointedness of the Clarke normal cone is a common theoretical
assumption. For instance, closed convex sets with nonempty interior have this property. Some results

related to (ACLRJ) appear in [7].

In optimization theory, one is often interested in extended real-valued functions (functions that are
allowed to take on the value 4+00), so as to model constraints, for instance. Results above are not
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applicable in such instances. An early predecessor of (LipR|) and (ACLRJ|) does rectify this problem,
at least when convexity is present. Rockafellar [27, Theorem 25.6] showed that for any closed convex
function f: R™ — R U {400}, whose domain dom f has a nonempty interior, the convex subdifferential
has the form

0f(z) = conv{lim Vf(z;): z; = T} + Naom #(Z), (CoR)
11— 00
where Z is any point in the domain of f and Ngom f(Z) is the normal cone to the domain of f at Z.

Our goal is to provide an intuitive and geometric proof of a representation formula unifying ,
(ACLR])), and (CoR)). To do so, we will impose a certain structural assumption on the functions f that we
consider. Namely, we will assume that the domain of f can be locally “stratified” into a finite collection
of smooth manifolds, so that f is smooth on each such manifold. Many functions of practical importance
in optimization and in nonsmooth analysis possess this property. All semi-algebraic functions (those
functions whose graphs can be described as a union of finitely many sets, each defined by finitely many
polynomial inequalities), and more generally, tame functions fall within this class [I§]. We will show
(Theorem that for a directionally Lipschitzian, stratifiable function f: R™ — R U {400}, that is
continuous on its domain (for simplicity), the Clarke subdifferential admits the intuitive form

.f (%) = conv { lim Vf(x;) : 2; 5 &} + coco { lim 6;Vf(z;) : & =5 T} + Nioun 1(2), (1)
1— 00 71— 00
ti\LO

or equivalently,
9.f(@) = () clconv (Vf(Q N B(;(f))) + NS 1(2),
6>0

where ) is any dense subset of dom f and coco denotes the convex conical hull. (In contrast to the
aforementioned results, we do not require 2 to have full-measure).

This is significant both from theoretical and computational perspectives. Proofs of (LipR)) and (ACLR))
are based largely on Fubini’s theorem and analysis of directional derivatives, and though the arguments
are elegant, they do not shed light on the geometry driving such representations to hold. Similarly, Rock-
afellar’s argument of relies heavily on the well-oiled machinery of convex analysis. Consequently, a
simple unified geometric argument is extremely desirable. From a practical point of view, representation
decouples the behavior of the function from the geometry of the domain; consequently, when the
domain is a simple set (polyhedral perhaps) and the behavior of the function on the interior of the do-
main is complex, our result provides a convenient method of calculating the Clarke subdifferential purely
in terms of limits of gradients and the normal cone to the domain — information that is often readily
available. Furthermore, using , the functions we consider in the current paper become amenable to
the techniques developed in [3].

Whereas deals with pointwise estimation of the Clarke subdifferential, our second result addresses
the geometry of subdifferential graphs, as a whole. In particular, we consider the size of subdifferential
graphs, a feature that may have important algorithmic applications. For instance, Robinson [26] 25] shows
computational promise for functions defined on R™ whose subdifferential graphs are locally homeomor-
phic to an open subset of R™. Due to the results of Minty [20] and Poliquin-Rockafellar [24], Robinson’s
techniques are applicable for convex, and more generally, for “prox-regular” functions. Trying to un-
derstand the size of subdifferential graphs in the absence of convexity (or monotonicity), the authors in
[11] were led to consider the semi-algebraic setting. The authors proved that the limiting subdifferential
graph of a closed, proper, semi-algebraic function on R™ has wuniform local dimension n. Applications
to sensitivity analysis were also discussed. We show how the techniques developed in the current paper
drastically simplify the proof of this striking fact. Remarkably, this dimensional uniformity does not hold
for the Clarke subdifferential graph.

The rest of the paper is organized as follows. In Section [2] we establish notation and recall some
basic facts from variational analysis. In Section [3] we derive a characterization formula for the Clarke
subdifferential of a directionally Lipschitzian, stratifiable function that possesses a certain continuity
property on its domain, and in Section [4] we relate our results to the gradient sampling framework. In
Section [5 we prove the theorem concerning the local dimension of semi-algebraic subdifferential graphs.
We have designed this last section to be entirely independent from the previous ones (except for Section7
since it does require a short foray into semi-algebraic geometry.
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2. Preliminary results. In this section, we summarize some of the fundamental tools used in
variational analysis and nonsmooth optimization. We refer the reader to the monographs Borwein-Zhu
[2], Clarke-Ledyaev-Stern-Wolenski [6], Mordukhovich [21], Penot [22], and Rockafellar-Wets [29], for
more details. Unless otherwise stated, we follow the terminology and notation of [29].

The functions we consider will take their values in the extended real line R := RU {—00,00}. We say
that an extended-real-valued function is proper if it is never —oc and is not always +oo. For a function
f: R"™ = R, the domain of f is

dom f:={zx € R": f(z) < o0},
and the epigraph of f is
epi f:={(z,r) eR" xR :r> f(z)}.

Throughout this work, we will only use Euclidean norms. Hence for a point € R™, the symbol ||
will denote the standard Fuclidean norm of x. Unless we state otherwise, the topology on R™ that we
consider is induced by this norm. Given a set Q C R"”, the notation x; < % will mean that the sequence
x; converges to T and all the points z; lie in Q. We let “o(|z — Z|) for z € @ be shorthand for a function

that satisfies o(ll%}j‘) —5 0 whenever ¢ 3 7 with z + .

A function f: R® — R is locally Lipschitz continuous around a point Z relative to a set Q C R™
containing z, if f(Z) is finite and there exists a a real number & € [0, +00) with
(2) = F()] < Kle — g, for all 2,y € Q near 7.

If there exists an open neighborhood @ of Z so that the above conditions hold, then we simply say that
f is locally Lipschitz continuous at z.

A set-valued mapping F' from R™ to R™, denoted by F': R® = R™, is a mapping from R" to the
power set of R™. Hence for each point x € R", F(x) is a subset of R™. For a set-valued mapping
F: R"™ = R™, the domain of F is

dom F := {z € R": F(x) # 0},
and the graph of F is
gph F:={(z,y) e R" xR™ :y € F(x)}.
The outer limit of F at T is

Limsup F(z) :== {v € R™ : Jz; — &, Jv; — v with v; € F(a;)}.
T—T
The mapping F is locally bounded near T if the image F(V) C R™ is bounded, for some neighborhood V'
of T. The following definition extends the classical notion of continuity to set-valued mappings.

DEFINITION 2.1 (CONTINUITY) Consider a set-valued mapping F': R®™ = R™ and a point Z € R".

(i) F is outer semicontinuous at T if for any sequence of points z; € R™ converging to T and any
sequence of vectors v; € F(z;) converging to 9, we must have v € F(Z).

(ii) F is inner semicontinuous at T if for any sequence of points z; converging to Z and any vector
v € F(Z), there exist vectors v; € F(x;) converging to .

If both properties hold, then we say that F is continuous at .

We let int Q, cl @, conv @, and coco ), denote the interior, closure, convex hull, and convex conical
hull of a set @, respectively. A cone @ is said to be pointed if it contains no lines. An open ball of
radius 7 around a point Z € R" will be denoted by B,.(Z). We let B and B be the open and closed unit
balls, respectively. The following is a standard result on preservation of continuity of set-valued mappings
under a pointwise convex conical hull operation. We provide a proof for completeness.

LEMMA 2.2 (PRESERVATION OF CONTINUITY) Consider a set-valued mapping G: R™ = R™ that is
outer-semicontinuous at a point T € R™. Suppose G is locally bounded near T, the set coco G(T) is
pointed, and 0 ¢ G(z). Then the mapping

x +— F(z) := coco G(x)

s outer-semicontinuous at T.
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Proor. Cousider a sequence (z;,v;) — (Z,0), with v; € F(x;) for each index i. By Carathéodory’s

theorem, we deduce
m

_ i,
Vi = E /\jyja
Jj=1

for some multipliers )\;- > 0 and vectors y; € G(x;), where j =1,...,m.
Restricting to a subsequence, we may assume that there exist nonzero vectors y; € G(Z) satisfying

y; = lim y;-, for each index j.
1—00
Notice that in the light of the assumption 0 ¢ G(Z), none of the vectors y; are zero. We claim that the
sequence of multipliers A} is bounded. Indeed suppose this is not the case and let m; := max; Aj. Then
up to a subsequence, there exist multipliers A;, not all zero, such that

i m
—L — )\jasi— o0, and 0 = g AV,
m; =

contradicting the fact that F(Z) is pointed. We conclude that the multipliers A’ are bounded.

Then up to a subsequence, we have

U= z‘liglozl)\jyj = ZlAjyj € F(z),
j= j=

for some real numbers A; > 0. We conclude that F' is outer-semicontinuous at z. O

The distance of a point = to a set @ is

do(@) i= inf |z ~ ],

and the projection of x onto @ is
Po(z) ={y € Q: |z —y| =dgo(x)}.
We now consider normal cones, which are fundamental objects in variational geometry.

DEFINITION 2.3 (PROXIMAL NORMALS) Consider a set @ C R™ and a point Z € Q. The prozimal
normal cone to Q) at T, denoted Ng(f), consists of all v € R™ satisfying z € Po(Z + %v) for some r > 0.

Geometrically, a vector v # 0 is a proximal normal to @) at T precisely when there exists a ball touching
Q) at T such that v points from Z towards the center of the ball. Furthermore, this condition amounts to

(v,2 —7) <Oz —z|*) asx — Zin Q.
Relaxing the inequality above, one obtains the following notion.

DEFINITION 2.4 (FRECHET NORMALS) Consider a set Q C R™ and a point € Q. The Frechét normal
cone to @ at Z, denoted Ng(Z), consists of all vectors v € R™ such that

v,z —Z) <o(lx —Z|) asz— T in Q.

Note that both Ng(f) and NQ(:E) are convex cones, while NQ(CE) is also closed. Evidently, the set-

valued mapping = +— NQ($) is generally not outer-semicontinuous, and hence is not robust relative to
perturbations in x. To assure this desirable property will hold, the following definition is introduced.

DEFINITION 2.5 (LIMITING NORMALS) Consider a set @ C R™ and a point Z € Q. The limiting normal

cone to @ at T, denoted Ng(Z), consists of all vectors v € R™ such that there are sequences x; 2) Z and
v; = v with v; € Ng(z;).
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The limiting normal cone, as defined above, consists of limits of Frechét normals. In fact, the same
object arises if we only take limits of proximal normals [29, Exercise 6.18]. Convexifying the limiting
normal cone leads to the following definition.

DEFINITION 2.6 (CLARKE NORMALS) Consider a set @ C R™ and a point Z € Q. The Clarke normal
cone to QQ at T is
Ng(z) := cleonv No(Z).

Given any set @@ C R™ and a mapping F': Q — @, where é C R™, we say that [ is CP-smooth (p>2)
if for each point € @, there is a neighborhood U of  and a CP mapping F': R™ — R™ that agrees
with F on Q NU. Henceforth, to simplify notation, the word smooth will mean C2-smooth.

DEFINITION 2.7 (SMOOTH MANIFOLDS) We say that a set M in R™ is a C2-submanifold of dimension
r if for each point T € M, there is an open neighborhood U around T and a mapping F: R" — R"™"
that is C2-smooth with VF(Z) of full rank, satisfying M NU = {z € U : F(z) = 0}.

A good reference on smooth manifold theory is [19].

THEOREM 2.8 [29, Ezample 6.8] Consider a C?-manifold M C R™. Then at every point x € M, the
normal cone Ny(x) is equal to the normal space to M at x, in the sense of differential geometry.

In fact, the following stronger characterization holds.
THEOREM 2.9 (PROX-NORMAL NEIGHBORHOOD) Consider a C?-manifold M C R™ and a point T € M.
Then there exists an open neighborhood U of X, such that
(i) the projection map Pys is single-valued on U,
(ii) for any two points x € M NU and v € U, the equivalence,
vex+ Ny(x) & = Pyv),
holds.
Following the notation of [I4], we call the set U that is guaranteed to exist by Theorem a proz-

normal neighborhood of M at . For more details about Theorem see [29] Exercise 13.38], [0}
Proposition 1.9]. We should note that the theorem above holds for all “prox-regular” sets M [24].

Armed with the aforementioned facts from variational geometry, we can study variational properties

of functions via their subdifferential mappings.

DEFINITION 2.10 (SUBDIFFERENTIALS) Consider a function f: R® — R and a point # € R", with f(z)
finite. The limiting subdifferential of f at T is defined by

0f(x) ={veR": (v,~1) € Nepi (2, f(2))}-

Proximal, Frechét, and Clarke subdifferentials are defined analogously.

For Z such that f(Z) is not finite, we follow the convention that dp f(z) = 0f(z) = 8f(z) = d.f(z) = 0.
The subdifferentials defined above fail to capture the horizontal normals to the epigraph. Hence to

obtain a more complete picture, we consider the following.

DEFINITION 2.11 (HORIZON SUBDIFFERENTIAL) For a function f: R™ — R that is finite at a point z,
the horizon subdifferential is given by

0 1(@) = {v € R" : (v,0) € Nugi (2, f(2))}.
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For a set Q C R", we define g: R" — R to be a function that is 0 on Q and 400 elsewhere. We call
dq the indicator function of Q. Then for a point Z, we have Ng(Z) = 00¢(Z), with analogous statements
holding for the other subdifferentials.

Often, we will work with discontinuous functions f: R® — R. For such functions, it is useful to
consider f-attentive convergence of a sequence z; to a point z, denoted x; 7> Z. In this notation we have

:cl?:f <~ z; —» z and f(z;) = f(Z).

If in addition we have a set @ C R", then z; Q) Z will mean that x; converges f-attentively to  and

the points x; all lie in @. It is immediate that the mappings 0 f and 0°° f are outer-semicontinuous with
respect to f-attentive convergence x 7 z.

Consider a function f: R® — R that is locally lower semi-continuous at a point Z, with f(z) finite.
Then f is locally Lipschitz continuous around Z if and only if the horizon subdifferential is trivial, that
is the condition 0% f(z) = {0} holds [29, Theorem 9.13]. Weakening the latter condition to requiring
0% f(Z) to simply be pointed, we arrive at the following central notion [29, Exercise 9.42].

DEFINITION 2.12 (EPI-LIPSCHITZIAN SETS AND DIRECTIONALLY LIPSCHITZIAN FUNCTIONS)

(i) A set Q C R™ is epi-Lipschitzian at one of its points Z if @ is locally closed at Z and the normal
cone Nq(Z) is pointed.

(i) A function f: R® — R, that is finite at @, is directionally Lipschitzian at z if f is locally
lower-semicontinuous at Z and the cone 9°° f(Z) is pointed.

Rockafellar [28, Section 4] proved that an epi-Lipschitzian set in R™, up to a rotation, locally coincides
with an epigraph of a Lipschitz continuous function defined on R®~!. We should further note that the
Clarke normal cone mapping of an epi-Lipschitzian set is outer-semicontinuous [6, Proposition 6.8].

It is easy to see that a function f: R™ — R is directionally Lipschitzian at Z if and only if the epigraph
epi f is epi-Lipschitzian at (Z, f(Z)). Furthermore, for a set @ that is locally closed at Z, the limiting
normal cone Ng(Z) is pointed if and only if the Clarke normal cone N§ (%) is pointed [29, Exercise 9.42].

Consider the two functions
filx) =2 and fo(x)= {

defined on the real line. Clearly both f; and f> are directionally Lipschitzian, and have the same deriva-
tives at each point of differentiability. However 0. f1(0) # 0. f2(0). Roughly speaking, this situation arises
because some normal cones to the epigraph of a function f, namely at points (x,r) with r > f(z), may
not correspond to any subdifferential. Consequently, if we have any hope of deriving a characterization
of the Clarke subdifferential purely in terms of gradients and the normal cone to the domain, we must
eliminate the situation above. Evidently, assumption of continuity of the function on the domain would
do the trick. However, such an assumption would immediately eliminate many interesting convex func-
tions from consideration. Rather than doing so, we identify a new condition, which arises naturally as a
byproduct of our arguments. At the risk of sounding extravagant, we give this property a name.

T ifx <0
z+1 ifxz>0

DEFINITION 2.13 (VERTICAL CONTINUITY) We say that a function f: R™ — R is vertically continuous
at a point = € dom f if the equation

Limsup Nepif(xar) = Ndomf(j) X {0}7 (2)
=T, r— f(T)

r>f(x)
holds.

To put this condition in perspective, we record the following observations.

PROPOSITION 2.14 (PROPERTIES OF VERTICALLY CONTINUOUS FUNCTIONS) Consider a proper func-
tion f: R™ — R that is locally lower-semicontinuous at a point T, with f(Z) finite.
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(i) Suppose that whenever a pair (x,r) € epi f, with r > f(x), is near (Z, f(Z)) we have
Nepi f(x,7) = Ngom () x {0}.
Then f is vertically continuous at T.

(i) Suppose that T lies in the interior of dom f and that f is vertically continuous at T. Then f is
continuous at T, in the usual sense.

(#ii) Suppose that f is continuous on a neighborhood of T, relative to the domain of f. Then f is
vertically continuous at all points of dom f near .

(iv) If f is converz, then f is vertically continuous at every point T in dom f.

(v) Suppose that f is “amenable” at T in the sense of [23]; that is, f is finite at T and there exists
a neighborhood V of T so that f can be written as a composition f = go F, for a C' mapping
F:V — R™ and a proper, lower-semicontinuous, convex function g: R™ — R, so that the
qualification condition

Naom ¢(F (%)) Nker VF(z)* = {0}, 3)

1s satisfied. Then [ is vertically continuous at T.

Proor. Claim is immediate from outer-semicontinuity of the normal cone map Nyom f-

To see suppose that f is vertically continuous at Z € intdom f. Since the normal cone to the

domain of f at Z consists of the zero vector, we deduce Neyi 7 (Z, f(Z) + 1) = {0}, for all sufficiently large

integers n. By [29, Exercise 6.19], we deduce that each such point (Z, f(Z) + =) lies in the interior of the
epigraph epi f. Consequently for any sequence x; — Z, we have

. _ 1
limsup f(z;) < f(Z) + —,
i—00 n
for all large indices n. Letting n tend to infinity, we deduce that f is upper-semicontinuous at . The

result follows.

To see suppose that f is continuous at z € dom f, relative to the domain of f. Then for any real
r > f(x) there exists an € > 0 so that the epigraph epi f coincides with the product set, dom f x [r—e, r+¢],
locally around (z,r). In fact, this follows just from upper-semicontinuity of f at z, relative to dom f. We
deduce Nepi ¢(,7) = Naom ¢(x) x {0}. The result follows by

To see|(iv)} consider a pair (Z,r) with r > f(Z) and observe

(v,@) € Nepi £(Z,7) <= ((v, @), (Z,7)) > ((v, ), (2", 7")) for all (a',r") € epi f

<= o =0and v € Nyom #(Z).
Appealing to (i), we obtain the result.

The proof of follows from a standard nonsmooth chain rule. We outline the argument below.
Without loss of generality, we can assume that the representation f = g o F holds on all of R™. Observe

epi f = {(z,7) e R" ™' : G(x,r) € epig},
for the mapping G: R**! — R™*! defined by G(z,7) = (F(x),r). We would like to use the chain
rule appearing in [29, Theorem 6.14] to compute the normal cone to epi f. To this end, consider a pair
(x,7) € epi f and a vector (y, @) € Nepi ¢(G(z,r)). We have
0=VG(z,r)"(y,a) <= a=0and VF(z)'y =0

<=y € Naom4(F(z)) and VF(z)*y =0

—y=0,
where the last equivalence follows from the qualification condition . Applying the chain rule [29]

Theorem 6.14], we deduce
Nepi f(2,7) = VG (2,7)" Nepi o (G(, 7)),

for all pairs (z,7) € epi f. In particular, if we have r > f(x), or equivalently r > g(F(x)), we deduce
Nepi (,7) = VF(2)" Naom 4 (F()) x {0}
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The right hand side coincides with Ngom 7(x) x {0} by [23] Theorem 3.3]. The result follows by appealing
to[(1)] O

As can be seen from the proposition above, vertical continuity bridges the gap between continuity of
the function on the interior of the domain and continuity on the whole domain, and hence the name.
In summary, all convex and amenable functions have this property, as do functions that are continuous
on their domains. An illustrative example is provided by the proper, lower semi-continuous, convex
(directionally Lipschitzian) function f on R?, defined by

y?/2x ifx >0
flz,y)=<¢ 0 ife=0,y=0
o0 otherwise

This function is discontinuous at the origin, despite being vertically continuous there.

In the sequel, we will need the following basic result.

PROPOSITION 2.15 Consider a set M C R"™ and a function f: R™ — R that is finite-valued and smooth
on M. Then, at any point = € M, we have

0f(z) € Vg(z) + Nar(z),

where g: R™ — R is any smooth function agreeing with f on M on a neighborhood of T.

PROOF. Define a function h : R® — R agreeing with f on M and equalling plus infinity elsewhere.
It is standard to check that the chain of inclusions,

Of(z) € Oh(z) = 0(g(-) + 6u (")) (Z) C Vg(z) + N (2),
holds. O

3. Characterization of the Clarke Subdifferential. Directionally Lipschitzian functions play
an important role in optimization and are close relatives of locally Lipschitz functions [3] [29]. Indeed,
Rockafellar showed that epi-Lipschitzian sets, up to a change of coordinates, are epigraphs of Lipschitz
functions [28, Section 4].

As was mentioned in the introduction, a key feature of Clarke’s construction is that the Clarke subdif-
ferential of a locally Lipschitz function f, on R™, can be described purely in terms of gradient information.
It is then reasonable to hope that the same property holds for continuous directionally Lipschitzian func-
tions, but this is too good to be true. Though such functions are differentiable almost everywhere [I],
their gradients may fail to generate the entire Clarke subdifferential. A simple example is furnished by the
classical ternary Cantor function — a nondecreasing, continuous, and therefore directionally Lipschitzian
function, with zero derivative at each point of differentiability. The Clarke subdifferential of this function
does not identically consist of the zero vector [2 Exercise 3.5.5], and consequently cannot be recovered
from classical derivatives. This example notwithstanding, one does not expect the Cantor function to
arise often in practice.

Nonsmoothness arises naturally in many applications, but not pathologically so. On the contrary,
nonsmoothness is usually highly structured. Often such structure manifests itself through existence of
a stratification. In the current work, we consider so-called stratifiable functions. Roughly speaking,
domains of such function can be decomposed into smooth manifolds (called strata), which fit together in
a “regular” way, and so that the function is smooth on each such stratum. In particular, this rich class
of functions includes all semi-algebraic, and more generally, all o-minimally defined functions. See for
example [30]. We now make this notion precise.

DEFINITION 3.1 (LOCALLY FINITE STRATIFICATIONS) Consider a set @ in R™. A locally finite stratifi-
cation of Q) is a partition of @ into disjoint manifolds M; (called strata) satisfying

¢ (frontier condition) for each index i, the the closure of M; in @ is the union of some M;’s, and
¢ (local finiteness) each point © € @ has a neighborhood that intersects only finitely many strata.

We say that a set QQ C R is stratifiable if it admits a locally finite stratification.



Drusvyatskiy, Ioffe, and Lewis: Clarke subgradients for directionally Lipschitzian stratifiable functions 9
Mathematics of Operations Research xx(x), pp. xxx—xxx, (©200x INFORMS

Observe that due to the frontier condition, a stratum M; intersects the closure of another stratum M;
if and only if the inclusion M; C cl M, holds. Consequently, given a locally finite stratification of a set @
into manifolds {M;}, we can impose a natural partial order on the strata, namely

M; < Mj < M; C Cle.

A good example to keep in mind is the partition of a convex polyhedron into its open faces.

DEFINITION 3.2 (STRATIFIABLE FUNCTIONS) A function f: R™ — R is stratifiable if there exists a lo-
cally finite stratification of dom f so that f is smooth on each stratum.

The following result nicely illustrates the geometric insight one obtains by working with stratifications
explicitly.

PROPOSITION 3.3 (DENSE DIFFERENTIABILITY) Consider a proper stratifiable function f: R™ — R that
is directionally Lipschitzian at all points of dom f near T, and let 2 be any dense subset of dom f. Then
the set QNdom V f is dense in the domain of f, in the f-attentive sense, locally near Z.

ProoOF. Consider a locally finite stratification of dom f into manifolds M; so that f is smooth on
each stratum. Suppose for the sake of contradiction that there exists a point x € dom f arbitrarily close
to T and an f-attentive neighborhood V = {y € R" : l[y—z| < ¢, |f(y) — f(z)| < §} so that V NQ does not
intersect any strata of dimension n. Shrinking V', we may assume that V intersects only finitely many
strata, say {M;} for j € J := {1,...,k}, and that the inclusion = € cl M; holds for each index j € J.
Notice that since f is continuous on each stratum, the set V' is a union of open subsets of the strata M;
for j € J.

Now among the strata M; with j € J, choose a stratum M that is maximal with respect to the partial
order <. Clearly, we have

M nNeclM; =0, for each j € J with M; # M.

Now let y be any point of V' N M and observe that there exists a neighborhood Y of y so that the
functions f and f+ dps coincide on Y N M. We deduce that 9f(y) is a nontrivial affine subspace. (Indeed
in terms of any smooth function g: R™ — R agreeing with f on Y N M, we have 0f(y) = 9(g+dm)(y) =
Vg(y) + Na(y).) Since f is directionally Lipschitzian at all points in dom f near Z, and in particular at
y, we have arrived at a contradiction. Thus 2 Ndom V f is dense (in the f-attentive sense) in the domain
of f, near Z. O

In this section, we will derive a characterization formula for the Clarke subdifferential of a stratifiable,
vertically continuous, directionally Lipschitzian function f: R™ — R . This formula will only depend on
the gradients of f and on the normal cone to the domain. It is important to note that the characterization
formula, we obtain, is independent of any particular stratification of dom f; one only needs to know that
f is stratifiable in order to apply our result. The argument we present is entirely constructive and is
motivated by the following fact.

PROPOSITION 3.4 Consider a closed, convex cone Q C R™, which is neither R™ nor a half-space. Then
the equality,

Q@ = coco (bd Q).
holds.

Hence in light of Proposition [3.4] in order to obtain a representation formula for the Clarke subdif-
ferential, it is sufficient to study the (relative) boundary structure of the Clarke normal cone. This is
precisely the route we take.

1The idea to study the boundary structure of the Clarke normal cone in order to establish a convenient representation
for the Clarke subdifferential is by no means new. For instance the same idea was used by Rockaffelar to establish the
representation formula for the convex subdifferential [27, Theorem 25.6]. While working on this paper, the authors became
aware that the same strategy was also used to prove a representation formula for the subdifferential of finite-valued,
continuous functions whose epigraph has positive reach [I3] Theorem 4.9], [7, Theorem 2|. In particular, Proposition
also appears as |7, Proposition 3].
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LEMMA 3.5 (FRECHET ACCESSIBILITY) Consider a closed set Q C R™, a C2-manifold M C Q, and a
point T € M. Recall that the inclusion No (&) C Nas(Z) holds. Suppose that a vector © € Ng(z) lies in
the boundary of Ng (%), relative to the linear space Nuf(%). Then there exists a sequence (zi,v;) — (T, 7),
with v; € Ng(zi), and so that all points x; lie outside of M.

PRrROOF. Choose a vector @ € Nj/(Z) in such a way so as to guarantee
o+ tw ¢ No(T), forallt> 0.
Consider the vectors
y(t) == T + t(v + tw), (4)
and observe y(t) ¢ T + NQ(E) for every t > 0. Consider a selection of the projection operator,
z(t) € Po(y(t)).
Clearly, y(t) — Z and z(t) — Z, as t — 0. Observe

y(t) — (1)

€ Nj(a()).

x(t) # 7, (5)
for every t.

We claim that the points z(t) all lie outside of M for all sufficiently small ¢ > 0. Indeed, if this were not
the case, then for sufficiently small ¢, the points 2(t) and y(¢) would lie in the prox-normal neighborhood
of M near Z, and we would deduce

x(t) = Pu(y(t)) =z,
contradicting .

Thus all that is left is to show the convergence, M — ». To this end, observe that from li we
have

Nz
) -2 )t Z S (6)
Hence it suffices to argue M — 0. By definition of x(t), we have
ly(t) — 2| = [(y(t) — T) + (T — z(1))]. (7)
Squaring and simplifying the inequality above, we obtain
<y(t)—:f7x(t)—f>Zl‘m(t)ffr' ()
t t 2 t

From @ and , we deduce that the vectors wiﬂf are bounded as ¢t — 0. Consider any limit point
v € R™. Taking the limit in , we obtain

_ 1
@) 2 5hl* )
Since v is a Frechét normal, we deduce
(5, 2(t) - 7) < o(|a(t) - ).

It immediately follows that
(,7) <0,
and in light of @, we obtain v = 0. Hence

as we claimed. O

REMARK 3.6 We note, in passing, that an analogue of Lemma (with an identical proof) holds when
M is simply “prox-regular”, in the sense of [24], around Z. In particular, the lemma is valid when M is
a convex set.
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The combination of Lemma [3.5 and Proposition [3.4] yields dividends even in the simplest case when
the manifold M of Lemma [3.5]is a singleton set. We should emphasize that in the following proposition,
we do not even assume that the function in question is directionally Lipschitzian or stratifiable.

PROPOSITION 3.7 (ISOLATED SINGULARITY) Consider a continuous function f: U — R, defined on an
open set U C R™. Suppose that f is differentiable on U \ {Z} for some point T € U, and that 0f(Z) # 0.
Then
O.f(z) =cl (conv{vlim Vf(x;):x; = &} +cocof{lim ;Vf(z;): x; — :E}),
71— 00 Z;J(OOO
under the convention that conv () = {0}.

PROOF. Define the two sets
E = {Zlg(r)lo Vi(z):z, — 2}, H:= {lll)rgome(xz) txp — T},
;10
and consider the epigraph @ := epi f and the singleton set M := {(Z, f(Z))}.
By Lemma [3.5| and continuity of f, we have
bd Ng (7, f(7)) C coco (E x {~1}) U (H x {0}). (10)
CASE 1. Suppose NQ(E, f(Z)) is not equal to R™ x [0, —00). Then from Proposition and , we

deduce
N§(z, f(z)) = cleoco (E x {—1}) U (H x {0}). (11)

From , we see that an inclusion (v, —1) € N§(, f(2)) holds if and only if for every e > 0, there
exist vectors y; € E'U H, and real numbers \; > 0, for 1 <14¢ < n + 1, satisfying

‘U—( ST hiwit+ > )\iyi) <€
i:y; €EE iy, €H

1= >\
1y, €EE

Thus 9.f(Z) = cl(conv E 4 coco H), as we claimed.

CaAseE 2. Now suppose NQ(E:,f(i)) = R" x [0,—00). Then from 1’ we deduce H = R"™ and
9.f(Z) = R™ = conv E + coco H, under the convention conv () = {0}. O

As an illustration, consider the following simple example.

EXAMPLE 3.8 Consider the function f(z,y) := /o*+y% on R2. Clearly f is differentiable on R? \
{(0,0)}. The gradient has the form

Vf(x,y)Z(murlyz)s/zx< Z)

= 8

From Proposition |3.7] we obtain
O.f(z) =cl (conv{lim Vf(x;):x; = &} + coco{lim ;Vf(z;): x; — 9’6}),
i—00 z;ﬁ)o
Observe that the vectors V f(z,0) are equal to (£1,0), and the vectors 24/|y|V f(0,Ly) are equal to
(0, £1), whenever x # 0 # y. Thus we obtain
[—1,1] x {0} C conv { lim Vf(z;):z; — Z}.
11— 00

{0} x R C coco{ lim ;Vf(zx;): x; — T}.
10
Consequently, the inclusion
[-1,1] x R C 0.f(0,0)
holds. The absolute value of the first coordinate of V f(x,y) is always bounded by 1, which implies the
reverse inclusion above. Thus we have exact equality 9.f(0,0) = [-1,1] x R.
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We record the following observation for ease of reference.

COROLLARY 3.9 Consider a closed, conver cone @ C R™ with nonempty interior. Suppose that bd Q is
contained in a proper linear subspace. Then Q is either all of R™ or a half-space.

PROOF. Clearly if @ were neither R" or a half-space, then by Proposition [3.4] we would deduce that
Q@ = coco (bd Q) has empty interior, which is a contradiction. O

Armed with Proposition [3.4] and Lemma we can now prove the main result of this section with
ease.

THEOREM 3.10 (CHARACTERIZATION) Consider a proper, stratifiable function f: R™ — R that is finite
at T. Suppose that f is vertically continuous and directionally Lipschitzian at all points of dom f near Z.
Then for any dense subset Q C dom f, we have

(Vf(@i),-1) o

Nccpif(i, f(@)) = coco { Zlggo NI DX 7) :E} + (Ngomf(i) X {0}) (12)

Consequently, the Clarke subdifferential admits the presentation

dcf(Z) = conv { lim Vf(z;): z; 2, z} 4 coco{ lim ;V f(z;) : z; 4, T} + Niom ().
i—00 f 1;1%0 f

PrOOF. We first prove |) Observe that since f is vertically continuous at z, we have N§ f(gf) X
{0} C N&,; ¢(%, f(2)), and hence the inclusion “O” holds. Therefore we must establish the reverse
inclusion. To this effect, intersecting the domain of f with a small open ball around z, we may assume
that f is directionally Lipschitzian and vertically continuous at each point z € dom f. For notational
convenience, for a vector v € R", let o := =1 Define the set-valued mapping

F(zx) := coco ({zlii?o Vf(xz;): x; % z} U (Ndom r(z) N B) x {0})7 (13)

1
By Proposition , the set {lim; oo Vf(2;) : a; % x} is nonempty. Furthermore, from the established

inclusion “D>”, we see that Nyom f(2) is pointed and hence the set coco Ngom f(z) is closed for all z €
dom f. Consequently, we deduce

F(x) = coco {lim Vf(x:) : s < 2} + (Nom (2) x {0),

Combining with Lemma [2.2] we see that F' is outer-semicontinuous with respect to f-attentive
convergence.

Now consider a stratification of dom f into manifolds {M;} having the property that f is smooth on
each stratum M;. Restricting the domain of f, we may assume that the stratification {M;} consists of
only finitely many sets. We prove the theorem by induction on the dimension of the strata M; in which
the point Z lies.

Clearly, the result holds for all strata of dimension n, since f is smooth on such strata and €2 is dense
in dom f. As an inductive hypothesis, suppose that the claim holds for all strata that are strictly greater
in the partial order < than a certain stratum M and let  be an arbitrary point of M.

Since f is smooth on M, we deduce that gph f | 27 is @ smooth manifold. Then by Lemma for every
vector 0 # v € b Nepi £(Z, f(Z)), there exists a sequence (x7,71,v;) — (&, f(T),v), with v; € Neps £ (21,71)
and (x;,7) ¢ gph f| A Suppose that there exists a subsequence satisfying r; # f(;) for each index I.
Then since f is vertically continuous at Z, we obtain

v = llim v; C Limsup Nepi #(21,71) C Naom £(Z) x {0} C F(Z).

—0o0 l—00

On the other hand, if r; = f(x;) for all large indices 4, then restricting to a subsequence, we may assume
that all the points z; lie in a a stratum M’ with M’ = M. The inductive hypothesis and f-attentive
outer-semicontinuity of F' yield the inclusion v € F(Z).
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Thus we have established the inclusion,
rb Nepi £(Z, f(Z)) C F(%).
Since 9% f (&) is pointed, we deduce that the cone Nepi #(Z) is neither a linear subspace nor a half-subspace.
Consequently by Lemma [2.2] we deduce
Nepi (%, f(T)) = cocorb Neyi £ (Z, £(Z)) C F(%). (14)
In fact, we have shown that holds for all points Z € M.

Finally consider a limiting normal v € Ngp f(ﬁc) Then there exists a sequence (x;,r;,v;) —
(z, f(z),v), with v; € Nepif(a, 7). It follows from , the inductive hypothesis, and f-attentive
outer-semicontinuity of F' that the inclusion v € F(Z) holds. Thus the induction is complete, as is the

proof of .

To finish the proof of the theorem, define the two sets

E:={lim Vf(z;): @i >z}, H:={lim ;Vf(z;): 2 >z} (15)
i—00 f 7,;1000 f
Observe
! y Q
coco { lim Vf(z;) : x; - z} = coco (E x {—1}) U (H x {0}).
11— 00

Thus an inclusion (v, —1) € N§(z, f(Z)) holds if and only if there exist vectors y; € U H and
Yy € Ngomf(f), and real numbers \; > 0, for 1 < i <n + 1, satisfying

v= Y Nvit Y. Aivi+y,
iy, €E iy, €H
1= > X
iy €EE
The result follows. U

REMARK 3.11 We note that none of the assumptions of Theorem [3.10] are vacuous. The result easily
fails if f is not vertically continuous (e.g. a discontinuous piecewise linear function), or when f not
stratifiable (e.g. Cantor function), or when f is not directionally Lipschitzian (see [3, Section 7]). Func-
tions satisfying the assumptions of Theorem [3.10} on the other hand, are common, specifically within the
class of continuous, semi-algebraic, directionally Lipschitzian functions (e.g. f(x) = \/max{z,0}). Such
functions are becoming popular ingredients in penalty functions in some machine learning applications.
Further applicability is illustrated by Corollary

REMARK 3.12 We remark in passing that a characterization in a similar spirit to Theorem for the
limiting subdifferential f (to the best of our knowledge) seems to be out of reach. Indeed we can not
distinguish the limits of gradients of the two function || - || and —|| - || at points tending to the origin, even
though the limiting subdifferentials of these functions are very different at zero.

Recovering representation (ACLR)) of the introduction, in the setting of stratifiable functions, is now
an easy task.

COROLLARY 3.13 Consider a proper, stratifiable function f: R™ — R, that is finite at Z. Suppose that f
is directionally Lipschitzian at all points of dom f near T, and is continuous near T relative to the domain
of f. Then we have

O.f(z) = m clconv (Vf(Q N B5(£))) + Niom £(7),
6>0
where ) is any dense subset of dom f.

PROOF.  Since the cone Ng, f(a_c, f(&)) is pointed, one can easily verify, much along the lines of
Lemma [2.2] that the equation

ﬂ clcoco { V@), 1) :x € QN Bs(z)} = coco { lim (V) —1) LY z},

550 VI+ V()] iwoo /T4 [V f(z;)]
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holds. The result follows by an application of Theorem [3.10] We leave the details to the reader. O

Our next goal is to recover the representation of the convex subdifferential of the introduction
in the stratifiable setting. In fact, we will consider the more general case of amenable functions. Before
proceeding, recall that a proper, lower-semicontinuous, convex function is directionally Lipschitzian at
some point if and only if its domain has nonempty interior. A completely analogous situation occurs for
amenable functions.

LEMMA 3.14 Consider a function f: R™ — R that is amenable at . Let V be a neighborhood of T
so that f can be written as a composition f = go F, for a C! mapping F: V. — R™ and a proper,
lower-semicontinuous, convex function g: R™ — R, so that the qualification condition

Naom ¢(F (%)) Nker VF(z)* = {0},
is satisfied. Then there exists a neighborhood U of T so that

(i) F(UNintdom f) C int dom g,
(ii) U N F~1(int dom g) C int dom f.

Furthermore f is directionally Lipschitzian at T if and only if T lies in cl (int dom f).

PROOF. Let us first recall a few useful formulas. To this end, [23, Theorem 3.3] shows that there
exists a neighborhood U of z so that for all points z € U Ndom f, we have
{0} = Naom ¢(F(z)) Nker VF(x)*, (16)
0f(z) = VF(x)*0g(F(x)), (17)
Naom f(2) = VF(2)" Naom ¢(F(x)). (18)
Furthermore a computation in the proof of Proposition m (item shows that for any z € U Ndom f
and any r > f(z), we have

Nepi f(x,7) = VF(2)" Naom o (F(2)) x {0}. (19)

Observe for any = € U Nint dom f, we have
0 = Naom f(2) = VF(2)" Naom ¢ (F(x)),
and consequently Ngom 4(F(z)) = 0. We conclude F'(z) € int dom g, thus establishing

Now consider a point z € U N F~!(int dom g). Using , we deduce Ngpi ¢(z,7) = 0 for any r >
f(x). Hence by [29, Exercise 6.19], we conclude (z,7) € intepi f and consequently = € intdom f, thus

establishing

By [29, Exercise 10.25 (a)], we have 9°° f(Z) = Ngom (%), and in light of and one can readily
verify that the cone Ngom f(Z) is pointed if and only if Ngom ¢(F'(Z)) is pointed.

Now suppose that Z lies in cl (int dom f). Then by the domain dom g has nonempty interior and
consequently Nyom ¢(F'(Z)) is pointed, as is Naom f£(T).

Conversely suppose that f is directionally Lipschitzian at . Then Ngom4(F(Z)) is pointed, and
consequently dom g has nonempty interior. Observe since F is continuous, the set F~!(int dom g) C dom f
is open. Hence it is sufficient to argue that this set contains Z in its closure. Suppose this is not the
case. Then there exists a neighborhood U of Z so that the image F(U) does not intersect int domg. It
follows that the range of the linearised mapping w — F(Z) + VF(Z)w can be separated from dom g, thus
contradicting (16]). See [29, Theorem 10.6] for a more detailed explanation of this latter assertion. O

We can now easily recover, in the stratifiable setting, representation (CoR]) of the introduction. In
fact, an entirely analogous formula holds more generally for amenable functions. We note that the Clarke
subdifferential and the limiting subdifferential coincide for amenable functions [23, Theorem 3.1].

COROLLARY 3.15 Consider a proper stratifiable function f: R™ — R, that is amenable at a point T, and
so that T lies in the closure of the interior of dom f. Let Q be any dense subset of dom f. Then the
subdifferential admits the presentation

of(z) = Conv{ .l_i)m Vi(x): £ 53} + Naom f(Z).
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PrOOF. By [29], Exercise 10.25], we have 0% f(Z) = Ngom s(Z). Thus we have

coco{ lim ¢,V f(x;) : z; % :E} C Naom #(Z).
11— 00
10

Observe f is amenable, directionally Lipschitzian (Lemma [3.14)), and vertically continuous (Proposi-
tion [2.14)) at each point of dom f near Z. Applying Theorem 2.10|, we deduce

of(z) = conv{ lim Vf(x;): 2 LN JE} + Ndom £(Z).
i—00 f
Since the subdifferential f of an amenable function is outer-semicontinuous, the result follows. O

A natural question arises. Does the corollary above hold more generally without the stratifiability
assumption? The answer turns out to be yes. This is immediate, in light of (CoR)), for the subclass of
lower-C? functions (those functions that are locally representable as a difference of convex functions and
convex quadratics). A first attempt at a proof for general amenable functions might be to consider the
representation f = g o F' and the chain rule

01() = VF(@) 09(F(2))
One may then try to naively use Rockafellar’s representation formula (CoR]) for the convex subdifferential
0g(F(z)) = conv { lim Vg(y;) : yi — F(2)}

to deduce the result. However, we immediately run into trouble since F' may easily fail to be surjective
onto a neighborhood of F(Z) in dom g. Hence a different more sophisticated proof technique is required.
For completeness, we present an argument below, which is a natural extension of the proof of [27]
Theorem 25.6]. It is furthermore instructive to emphasize how the stratifiability assumption allowed us
in Corollary to bypass essentially all the technical details of the argument below.

THEOREM 3.16 Consider a function f: R™ — R that is amenable at a point T lying in cl (int dom f).
Then the subdifferential admits the presentation

of(z) = conv{ _lim V() : x; L :?} + Ndom £(Z),

where ) is any full-measure subset of dom f.

PRrROOF. Recall that f is Clarke regular at z, and therefore 9°° f(Z) = Nqom f(Z) is the recession cone
of 9f(z). Combining this with the fact that the map Jf is outer-semicontinuous at Z, we immediately
deduce the inclusion “D”.

We now argue the reverse inclusion. To this end, let V be a neighborhood of Z so that f can be written
as a composition f =go F, for a C! mapping F: V — R™ and a proper, lower-semicontinuous, convex
function g: R™ — R, so that the qualification condition

Naom ¢(F'(Z)) Nker VF(z)* = {0},

is satisfied. Since f is directionally Lipschitzian at Z, the subdifferential 0f(x) is the sum of the convex
hull of its extreme points and the recession cone Ngom f(Z). Furthermore every extreme point is a limit
of exposed points. Thus

0f(z) = conv (cl E) + Ngom (Z),

where F is the set of all exposed point of 9f ().
Hence to prove the needed inclusion, it suffices to argue the inclusion
E C conv{ lim Vf(z;): z; 3 z}.
11— 00
Here, we should note that since f is directionally Lipschitzian at Z, the set on the right hand side is
closed.

To this end, let © be an arbitrary exposed point of 9f(Z). By definition, there exists a vector a € R™
with |a] = 1 and satisfying

(a,v) > (a,v) for all v € 9f(Z) with v # .
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Since Nyom f(Z) is the recession cone of df(Z), from above we deduce
(@,z) <0 for all 0 # z € Ngom 7(Z),

and consequently
(VF(z)a, w) < 0 for all 0 # w € Nyom ¢(F(Z)).

Consider the half-line {F(z) + tVF(Z)a : t > 0}. We claim that this half-line cannot be separated from
dom g. Indeed, otherwise there would exist a nonzero vector w € Ngom 4(Z) so that for all ¢ > 0 and all
x € dom g we have

(z,w) < (F(Z)+tVF(z)a,w) < (F(Z),w),

which is a contradiction. Hence by [27, Theorem 11.3], this half-line must meet the interior of dom g. By
convexity then there exists a real number a > 0 satisfying

{F(z)+tVF(Z)a:0<t<a} Cint(domg).

Consequently the points F'(Z + ta) lie in int dom g for all sufficiently small ¢ > 0. By Lemma we
deduce that there exists a real number 8 > 0 so that

{Z+ta:0<t<p}Cint(dom f).

Hence f is Lipschitz continuous at each point Z + ta (for 0 < ¢ < ), and so from (LipR)) we obtain

Of (T +ta) = conv{ lim Vf(x;): z, E)i—&—t&}. (20)
j—00

Now choose a sequence t; — 0 and observe that by [27] Theorem 24.6], for any € > 0 we have
0g(F(z +t;a)) C argmax (VF(Z)a,v) + €B,
v€Dg(F(z))

= argmax (a, VF(z)"v) + €B,
vEDg(F(ZT))

for all large i. We deduce,

VF(z)*0g(F(z + t;a)) C argmax{a,w) + eB = v + €B.
wedf(T)

Thus there exists a sequence w; € 9g(F(z + t;a)) with VF(Z)*w; — ©. Consequently the vectors
VF(Z+t;a)*w; € 0f(Z +t;a) converge to v. The result now easily follows from and the fact that f
is directionally Lipschitzian at . O

The following is a further illustration of the applicability of our results to a wide arena of situations.

COROLLARY 3.17 Consider a proper stratifiable function f: R™ — R that is locally Lipschitz continuous
at a point T, relative to dom f. Suppose furthermore that dom f is an epi-Lipschitzian set at £. Then the
formula

df(z) = conv { l_i)m V() x 8 T} + Niom £(Z),

holds, where € is any dense subset of dom f.

_ PROOF. Since f is locally Lipschitz near z relative to dom f, there exists a globally Lipschitz function
f: R™ — R, agreeing with f on dom f near . Hence, we have

f(2) = f(x) + ddom f(), locally near z.
Combining this with [29] Exercise 10.10], we deduce
0 f(z) C Ndom (), for x near z.

We conclude that f is directionally Lipschitzian at all points of dom f near 7, and furthermore since
the gradients of f are bounded near T so are the gradients of f. The result follows immediately by an
application of Proposition [2.14] and Theorem [3.10 ]
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4. Comments on random sampling Consider a proper, stratifiable function f: R® — R, that is
finite at Z, directionally Lipschitzian at all points of dom f near Z, and is continuous near T relative to
the domain of f. Let us suppose for the time being that the normal cone Nqom ¢(Z) is known exactly. Our
interest lies in approximating the Clarke subdifferential 0. f(Z). In light of Corollary one can quickly
modify the method considered in [3], in order to achieve this goal. We now describe this procedure in
more detail.

Fix a certain radius § > 0 and a sample space A = B;(Z), along with an associated probability measure
that is absolutely continuous with respect to the Lebesgue measure p on R™. We assume that the
corresponding density 6 is strictly positive almost everywhere on A. Observe that the set ANdom V f has
nonempty interior, and consequently has positive probability. We can consider a sequence of independent
trials with outcomes x; € A for i = 1,2, ..., and form trial sets

Cr =conv{Vf(z;):xz; € AndomVf, 1<i<k}.

One may then hope that the sets Dy := Cj + Ng,,, ;(Z) approximate the Clarke subdifferential 0. f ()
well, as k tends to infinity. One can verify this rigorously via some modifications of arguments made in
[3]. The starting point is the following result. We omit the proof since it is identical to the argument in
[3, Theorem 2.1].

THEOREM 4.1 (LIMITING APPROXIMATION) Consider a function f: R" — R and a point ¥ € dom f.
Suppose that f is continuously differentiable on an open set dense in dom f. Then for any sampling
radius §, we have

cl U Cy = cleconv Vf(Bs(Z)), almost surely.
k=1

The following theorem establishes that cl ;- Dy, is almost surely an outer approximation of 9, f(z).

THEOREM 4.2 (OUTER APPROXIMATION) Consider a proper, stratifiable function f: R"™ — R, that is
finite at . Suppose that f is directionally Lipschitzian at all points of dom f near T, and is continuous
near T relative to the domain of f. Then

O.f(z) C cl U Dy, almost surely.
k=1

ProOOF. This is immediate from Theorem and Corollary O

On the other hand, the following lemma shows that cl (J,-; Dy is not too much bigger than 9. f(z),
as long as the radius is sufficiently small and we restrict ourselves to considering only bounded subsets
of R™.

LEMMA 4.3 (TRUNCATED INNER APPROXIMATION) Consider a proper, stratifiable function f: R™ — R,
that is finite at T. Suppose that f is directionally Lipschitzian at all points of dom f near T, and is
continuous near T relative to the domain of f. Then for any compact subset ' C R™ and a real number
€ > 0 we have, for any sufficiently small sampling radius,

(o)
'nel U D, CTNO.f(Z) + eB, almost surely.
k=1

If, in addition, f is Lipschitz continuous on its domain, then for any real number e > 0 we have, for any
sufficiently small sampling radius,

cl U Dy, C 0.f(Z) + B, almost surely.
k=1

PRrROOF. Since f is directionally Lipschitzian at Z, one can easily see check that the mapping J.f is
outer-semicontinuous at Z. Consequently the truncated mapping  — T'NO.f(z) is upper-semicontinuous
at . We conclude that there exists a real number § > 0 such that

'no.f(z+6B) cT'NI.f(T) + eB.
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Observe that cl (J;—, Dy is almost surely contained in I' N clconvd. f(Z + 6B), and hence the result
follows.

Now suppose that f is Lipschitz continuous on its domain. Then, one can verify that that there exists
a real number & > 0 satisfying
Vf(Bs(Z)) C 0.f(Z) + €B.
Since cl Jp—; Dy, is almost surely contained clconv (V f(Bs(Z)) + Ndom f(Z)), the result follows. O

In particular, the distance of a fixed vector v to cl [J;-; Dy can be made arbitrarily close to the
distance of v to 0. f(Z).

THEOREM 4.4 (DISTANCE APPROXIMATION) Consider a proper, stratifiable function f: R™ — R, that
is finite at T. Suppose that f is directionally Lipschitzian at all points of dom f near T, and is continuous
near T relative to the domain of f. Then for any vector v € R™ and a real ¢ > 0 we have, for any
sufficiently small sampling radius,

dist (v, cl U Dy) > dist (v, 0.f(Z)) — €, almost surely,
k=1
and consequently
klim ‘dist (v,cl Dy) — dist (v, 8:.f(Z))| <€, almost surely.
—o0

PrOOF. Let v := dist (v,0.f(Z)) and I' = B, (v). Then by Lemma we have for any sufficiently
small radius,

o0
'nel U D cTNI.f(Z)+ eB, almost surely.
k=1
The result readily follows from the inclusion above and Theorem O

A natural test for optimality, using the sampling scheme, is to determine whether the inclusion
0 € Dy,

holds. According to Theorem if Z is a Clarke critical point, then dist (0, D) — 0 almost surely. On
the other hand, if Z is not Clarke-critical, then by Theorem [{.4] for any sufficiently small radius, we have
limg_, o0 dist (0, cl Dg) > 0, and hence the test 0 € Dy will not generate a false positive.

From a computational point of view, there is a certain difficulty we have not addressed. Suppose
that for each radius §, the trial points x; are sampled with uniform distribution on the ball Bs(Z). One
could worry that as the sampling radius decreases to zero, the proportion of points z; discarded (those
that lie outside of the domain) to those that are in the domain could be arbitrarily large, with positive
probability. This, for instance, could happen if the domain was the set {(z,y) € R? : |y| < 22,0 < 2}.
This pathology, however, does not occur in the directionally Lipschitzian setting.

PROPOSITION 4.5 (DOMAIN OF A CONTINUOUS DIRECTIONALLY LIPSCHITZIAN FUNCTION) Consider a
proper function f: R™ — R, that is finite at T. Suppose that f is directionally Lipschitzian at T and is
continuous at T, relative to dom f. Then the domain of f is epi-Lipschitzian at T.

PROOF. By continuity of f, the domain of f is locally closed near . Now observe that for each real
number 7 satisfying r > f(Z), we have Nepi £(Z,7) = Naom ¢(Z) x {0}. Consequently the inclusion

Ndomf(j) X {O} - Nepif(i'vf(j))y
holds. We conclude that the normal cone Ngom s(Z) is pointed, and hence the domain of f is an epi-
Lipschitzian set at Z. O

The lower Lebesgue density of a set Q C R™ at a point T is

0.5 i QN B
Dens™ (Q, T) '_15—>0f 11(Bs (@)

where we recall that p denotes the Lebesgue measure on R"™.
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PROPOSITION 4.6 (DENSITY OF EPI-LIPSCHITZIAN SETS) Consider a set @@ C R™ that is epi-
Lipschitzian at a point . Then we have

Dens™ (Q, z) > 0.

PrOOF. Since @ is epi-Lipschitzian at , we may assume that @ is an epigraph of a Lipschitz
continuous function f: R"~! — R, with # = (0,0) (See for example [28, Section 4]). We deduce
f(x) < kl|z|, for some constant x > 0 and for all points in z € R"~!. Consequently, epi f contains a
convex cone with nonempty interior, a set that has strictly positive Lebesgue density. O

The sampling scheme outlined in this section is effective whenever gradients are cheap to compute
and the normal cone to the domain at the point of interest is known in advance. Now suppose that
the normal cone is unknown to us, but nevertheless we can test whether a point is in the domain and
we can project onto the domain easily. Then a slight modification of the sampling scheme can still be
effective at approximating the Clarke subdifferential. Namely during our sampling scheme, rather than
discarding points lying outside of the domain, we may use these points to approximate the normal cone
by projecting onto the domain. See [I5] for more details. Using this information along with the sampled
gradients, we may still hope to approximate the whole Clarke subdifferential effectively. We, however, do
not pursue this further in our work.

5. Local Dimension of semi-algebraic subdifferential graphs. In this section, we apply our
methods to study the size of subdifferential graphs of semi-algebraic functions. We first establish notation
and record some preliminary facts from semi-algebraic geometry.

5.1 Semi-algebraic Geometry. A semi-algebraic set S C R"™ is a finite union of sets of the form
{z eR": Pi(z)=0,...,Py(x) =0,Q1(z) <0,...,Q(x) <0},

where Py, ..., P, and Q,...,Q; are polynomials in n variables. In other words, S is a union of finitely
many sets, each defined by finitely many polynomial equalities and inequalities. A map F': R” = R™ is
said to be semi-algebraic if gph F' C R™™ is a semi-algebraic set. Semi-algebraic sets enjoy many nice
structural properties. Unless otherwise stated, we follow the notation of [9] and [30].

A fundamental fact about semi-algebraic sets is provided by the Tarski-Seidenberg Theorem [9, The-
orem 2.3]. Roughly speaking, it states that a linear projection of a semi-algebraic set remains semi-
algebraic. From this result, it follows that a great many constructions preserve semi-algebraicity. In
particular, for a semi-algebraic function f: R™ — R, the set-valued mappings Op f, d f, 0f, and 0. f are
semi-algebraic. See for example [I8, Proposition 3.1].

DEFINITION 5.1 (COMPATIBILITY) Given finite collections {B;} and {C;} of subsets of R", we say that
{B;} is compatible with {C}} if for all B; and C}, either B;NC; =0 or B; C Cj.

DEFINITION 5.2 (STRATIFICATIONS) Consider a set @ in R™. A stratification of @ is a finite partition
of @ into disjoint, connected, manifolds M; (called strata) with the property that for each index 4, the
intersection of the closure of M; with () is the union of some M;’s.

Remarkably, semi-algebraic sets always admit stratifications. Indeed, the following stronger result
holds.

PROPOSITION 5.3 [30, Theorem 4.8] Consider a semi-algebraic function f: R™ — R. Then there exists
a stratification A of dom f so that f is smooth on each stratum M; € A. Furthermore, if B is some other
stratification of dom f, then we can ensure that A is compatible with B.

DEFINITION 5.4 (DIMENSION) Let @ C R™ be a nonempty semi-algebraic set. Then the dimension of
@, denoted dim @, is the maximal dimension of a stratum in any stratification of Q. We adopt the
convention that dim () = —oo.

It can be easily shown that the dimension does not depend on the particular stratification. Observe
that the dimension of a semi-algebraic set only depends on the maximal dimensional manifold in a
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stratification. Hence, dimension is a crude measure of the size of the semi-algebraic set. This motivates
a localized notion of dimension.

DEFINITION 5.5 (LOCAL DIMENSION) Consider a semi-algebraic set @ C R™ and a point Z € ). We let
the local dimension of Q at T be

dimg(z) == igg dim(Q N B.(Z)).

It is not difficult to see that there exists a real number € > 0 such that for every real number 0 < € < €,
we have dimg(Z) = dim(Q N Be(Z)).

There is a straightforward connection between local dimension and dimension of strata. This is the
content of the following proposition.

PROPOSITION 5.6 [T1l, Proposition 3.4] Consider a semi-algebraic set @ C R™ and a point T € Q). Let
{M;} be any stratification of Q. Then we have the identity

dimg(z) = max{dim M, : & € cl M;}.

DEFINITION 5.7 (MAXIMAL STRATA) Given a stratification {M;} of a semi-algebraic set @ C R", a
stratum M is maximal if it is not contained in the closure of any other stratum.

Using the defining property of a stratification, we can equivalently say that given a stratification {M;}
of a semi-algebraic set Q C R", a stratum M; is maximal if and only if it is disjoint from the closure of
any other stratum.

PROPOSITION 5.8 [I1l, Proposition 3.7] Consider a stratification {M;} of a semi-algebraic set Q C R™.
Then given any point T € @, there exists a mazimal stratum M satisfying & € cl M and dim M = dimg(Z).

Semi-algebraic methods have recently found great uses in set-valued analysis. See for example [10, [12]
18, [16, [17]. A fact that will be particularly useful for us is that semi-algebraic set-valued mappings are
“generically” inner-semicontinuous.

PROPOSITION 5.9 [T2, Proposition 2.28, 2.30] Consider a semi-algebraic, set-valued mapping G: R™ =
R™. Then there exists a stratification of dom G into finitely many semi-algebraic manifolds {M;} such
that on each stratum M;, the mapping G is inner-semicontinuous and the dimension of the images F(x)
is constant. If in addition F is closed-valued, then we can ensure that the restriction G‘M,- is also outer-
semicontinuous for each index i.

For a more refined result along the lines of Proposition see [10, Theorem 28]. The following result is
standard.

PROPOSITION 5.10 [8, Theorem 3.18] Consider a semi-algebraic, set-valued mapping F: R" = R™.
Suppose there exists an integer k such that F(z) is k-dimensional for each point x € dom F. Then the
equality,

dim gph F' = dimdom F' + k,

holds.

We will need a version of Proposition that pertains to local dimension.

PROPOSITION 5.11 Consider a semialgebraic mapping F': R™ = R™ that is inner-semicontinuous on its
domain. Suppose that there exist constants k and [ such that for each pair (xz,v) € gph F', we have

dimdomF r = k‘, dimF(z) v =1

Then gph F' has local dimension k + 1 around every pair (z,v) € gph F'.
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PrOOF. Let m: R™ x R™ — R™ be the canonical projection onto R™. Consider any stratification .4
of gph F' and let M € A be any maximal stratum. Clearly

dim M < dimgph F < k+1.

Consider an arbitrary point @ € w(M). Since M is maximal, the set M N ({z} x R™) is open relative
to gph F N ({} x R™). Furthermore, since dimp(,) v = [ for each vector v € F(z), it easily follows that
dim M N ({z} x R™) = 1.

We now claim that dim7(M) = k. Indeed suppose this is not the case, that is the strict inequality
dim7 (M) < k holds. Since dimgom rx = k, we deduce that there exists a sequence xz; — Z, with
x; € dom F and z; ¢ w(M) for each index 4. Since F' is inner-semicontinuous on M, we deduce

Mn{z} xR™) C Li_ILlsup {z;} x F(x;),

which contradicts maximality of M. Consequently, using Proposition we deduce dimM = k + 1.
Since M was an arbitrary maximal stratum, the result follows by an application of Proposition O

5.2 Local dimension of semi-algebraic subdifferential graphs. We begin with a definition.

DEFINITION 5.12 (SUBJETS) For a function f: R™ — R, the limiting subjet is given by

[0f] == {(z, f(x),v) : v € Of (x)}.

Subjets corresponding to the other subdifferentials are defined analogously.

Much like f-attentive convergence, subjets are useful for keeping track of variational information in
absence of continuity. In this section, we build on the following theorem. This result and its consequences
for generic semi-algebraic optimization problems are discussed extensively in [12].

THEOREM 5.13 [12, Theorem 3.6] Let f: R™ — R be a proper semi-algebraic function. Then the subjets
[Opf], 10f], [0f] and [O.f] have dimension exactly n.

An immediate question arises: Can the four subjets have local dimension smaller than n at some of
their points? In a recent paper [I1], the authors showed that this indeed may easily happen for [0, f].
Remarkably the authors showed that the subjets [0p f], [0f], and [0f] of a lower-semicontinuous, semi-
algebraic function f: R™ — R do have uniform local dimension n. The significance of this result and
the relation to Minty’s theorem were also discussed. In this section, we provide a much simplified proof
of this rather striking fact (Theorem @D The main tool we use is the following accessibility lemma,

which is a special case of Lemma [3.5] Since the proof is much simpler than that of Lemmma we
include the full argument below.

LEMMA 5.14 (ACCESSIBILITY) Consider a closed set Q C R™, a manifold M C Q, and a point T € M.
Recall that the inclusion NS(:E) C Ny (Z) holds. Suppose that a prozimal normal vector v € N (Z) lies

in the boundary of Ng(f), relative to the linear space Npj(Z). Then there exist sequences x; — T and
v; — U, with v; € Ng(xi), and so that all the points x; lie outside of M.

PRrROOF. There exists a real number A > 0 so that  + A\v lies in the prox-normal neighborhood W of
M at Z and such that the equality Pgo(Z + Av) = Z holds. Consider any sequence v; € R" satisfying

v; — V,0; € NM(:i‘),UZ‘ ¢ Né;(f)
Choose arbitrary points x; € Po(Z + Av;). We have
(T —z)+ M € Ng(xi).

We deduce z; # z. Clearly, the sequence x; converges to . We claim z; ¢ M for all sufficiently
large indices i. Indeed, if it were otherwise, then for large ¢, the points & + Av; would lie in W and
we would have x; € Py (Z 4+ Mv;) = Z, which is a contradiction. Thus we have obtained a sequence
(2i, 3 (T — ;) +v;) € gph N, with 2; ¢ M, and satisfying (z;, ¥ (T — ;) +v;)) = (Z,0). O

The following is now immediate.
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COROLLARY 5.15 Consider a lower semicontinuous function f: R™ — R, a manifold M C R", and a
point T € M. Suppose that f is smooth on M and the strict inequality dim Op f(Z) < dim Ny (Z) holds.
Then for every vector v € Op f(Z), there exist sequences (x;, f(z;),v:) = (Z, f(T), V), with v; € Opf(x;),
and so that all the points x; lie outside of M.

PRrROOF. From the strict inequality dim dp f(Z) < dim Np;(Z), one can easily see that the normal
cone NP .(Z, f(Z)) has empty interior relative to the normal space Ngpn (Z, f(Z)). An application of
Lemma @ completes the proof. O

We can now prove the main result of this section.

THEOREM 5.16 Consider a lower-semicontinuous, semi-algebraic function f: R™ — R. Then the subjets
[Op f], [0f], and [0f] have constant local dimension n around each of their points.

Proor. We first prove the theorem for the subjet [0pf]. Consider the semi-algebraic set-valued
mapping
F(x) :={f(z)} x Op f(x),

whose graph is precisely [0p f]. By Propositions and we may stratify the domain of F into finitely
many semi-algebraic manifolds {M;}, so that on each stratum M;, the mapping F' is inner-semicontinuous,
the images F'(z) have constant dimension, and f is smooth. Consider a triple (z, f(z),v) € [0pf]. We
prove the theorem by induction on the dimension of the strata M in which the point x lies. Clearly the
result holds for the strata of dimension n, if there are any. As an inductive hypothesis, assume that the
theorem holds for all points (z, f(x),v) € [0pf] with = lying in strata of dimension at least k, for some
integer k > 1.

Now consider a stratum M of dimension k£ — 1 and a point z € M. If dim F((z) = n — dim M, then

recalling that F' is inner-semicontinuous on M and applying Proposition|5.11} we see that the set gph F’
M

has local dimension n around (z, f(z),v) for any v € 9p f(x). The result follows in this case.

Now suppose dim F(z) < n — dim M. Then, by Corollary for such a vector v, there exists
a sequence (x;, f(x;),v;) — (z, f(x),v) satisfying (x;, f(x;),v;) € [Opf] and x; ¢ M for each index
i. Restricting to a subsequence, we may assume that all the points z; lie in a stratum K satisfying
dim K > k. By the inductive hypothesis, we deduce

dimpa, 1 (z, f(x),v) > limsup dima,, f1 (4, f(x1),v;) = n.

1— 00
This completes the proof of the inductive step and of the theorem for the subjet [Op f].

Now observe that [0pf] is dense in [0f] and in [8f]. It follows that [0f] and [0f] also have local
dimension n around each of their points. O

Surprisingly Theorem [5.16| may fail in the Clarke case, even for Lipschitz continuous functions.

EXAMPLE 5.17 Consider the function f: R? — R, defined by

min{z,y, 2%} if (z,y,2) € RY
flz,y,2) = min{—z,—y, 22} if (z,y,2) e R?
0 otherwise.

Let Z € R™ be the origin and let T' := conv {(1,0,0),(0,1,0),(0,0,0)}. One can check that the local
dimension of gph d. f at (zZ,) is two for any vector o € (conv (I'U—T)) \ (I'U —T'). For more details see
[11, Example 3.11].
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