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University of Washington
Abstract

Approximation Properties of

Subdivision Surfaces
by Greg Arden

Chair of Supervisory Committee:

Professor Tom Duchamp
Department of Mathematics

Splines are piecewise polynomial functions defined on a domain in Euclidean space. Because
they are easily computed and have high-order approximation power, they are useful for
modeling surfaces. Modeling a complex surface with splines typically requires a number of
spline patches, which must be smoothly joined, making splines cumbersome to use.

Subdivision schemes generalize splines to domains of arbitrary topology. Thus, subdi-
vision functions can be used to model complex surfaces without the need to join patches.
Like splines, subdivision schemes have a multiresolution structure (i.e, a nested sequence of
function spaces) associated to subdivisions of the domain. This thesis shows that a particu-
lar class of subdivision functions also have high-order approximation power. Although only
one subdivision scheme, Loop’s, is analyzed, the approach appears to be more general.

The main result is an approximation theorem in Sobolev spaces H® of functions with
square integrable derivatives up to order s. It is shown that each function f in H", r < 3
can be approximated in H*, s < r, with error on the order of A"=579% where k is the
multiresolution level of the approximation, A is a number between 1/2 and 5/8, associated
to the valences of the vertices of the domain complex, and € > 0 is arbitrary.

This approximation theorem provides a theoretical foundation for various applications

of subdivision schemes, such as the solution of thin shell problems in elasticity.






TABLE OF CONTENTS

List of Figures

Glossary

Chapter 1: Introduction

1.1 Subdivision Properties of Splines . . . . . . .. ... ... ... ... ...
1.2 Approximation Results for Meshes and Splines . . . . ... ... ... ....

1.3 Loop’s Subdivision Scheme . . . . . .. ... ... ... ... .. .......

Chapter 2: Fundamentals of Subdivision Surfaces

2.1 Stationary Subdivision on Simplicial Complexes . . . . . . . . . ... ... ..
2.1.1  Simplicial Surfaces . . . . . . . . ... Lo
2.1.2  Subdivision Schemes . . . . . .. ... o
2.1.3 Subdivision Functions . . . . ... ... oo
2.1.4 Examples of Subdivision Schemes . . . . . . .. .. ... ... .....
2.2 Affine Coordinates . . . . . . . . . ...
2.3 The n—Regular Complex . . . . . . . .. . L
2.4 The Subdivision Map and the Characteristic Map . . . . . . . ... ... ...
2.4.1 Characteristic Maps on |K,| . . ... ... ... ... ... ... .
2.4.2 Equivariant Characteristic Maps . . . . . . ... .. .. ... .....
2.5 Subdivision Smooth Structure . . . . . . ...
2.6 A Little More Smoothness . . . . . . . . .. ... ... ..

2.7 Some Geometric Properties of Neighborhoods . . . . . .. .. ... ... ...

iv



Chapter 3: Global Approximation in Sobolev Spaces 48

3.1 Sobolev Spacesin R™ . . . . . . . . . . ... 48
3.2 Sobolev Spaces on Simplicial Surfaces . . ... ... ... ... ... ..... 54
3.3 A Global Approximation Theorem . . . . . ... ... ... ... ....... 58
Chapter 4: Approximation Theory on the n—Regular Complex 62
4.1 Approximation by Quasi-Interpolants . . . . . . ... ... 65
4.2 Background on Averaged Taylor Polynomials . . . . .. ... ... ... ... 66
4.3 Proof of the Approximation Theorem . . . ... ... ... ... ....... 68
4.3.1 Estimation of the First Term . . . . . . . .. .. ... ... .. .... 69

4.3.2 Estimation of the Second Term . . . . . . ... ... ... ... .... 70

4.4 An Alternative Characterization of a Quasi-Interpolant . . . . . .. ... .. 7
Chapter 5: Constructing Quasi-Interpolants 81
5.1 Box Splines . . . . . . L 83
5.2 Boundedness of Loop’s Subdivision and Restriction . . . . . .. .. .. .. .. 86
5.3 A Quasi-Interpolant on Ky, . . . . . . ... 94
5.4 Solving the Polynomial Reproducing System . . . . . . . ... ... ... ... 103
5.5 Class I: Away From Edges . . . . . . . . . . ... ... .. ... ... 106
56 ClassIl: Nearanedge . . . . . . . . . . i 108
5.7 Class III: Near a Corner . . . . . . . . . . . . i i i 111
5.7.1 Two Symmetric Box Spline Decompositions . . . . . . . ... ... .. 113

5.7.2 Corner Case A . . . . . . . . 119

5.73 Corner Case B . . . . . . ... 122
Chapter 6: Applications and Future Directions 125
6.1 Summary . . . . ... e e 125
6.1.1 Smooth Structures on Simplicial Surfaces . . . . ... ... ... ... 125

6.1.2 Approximation in Sobolev Spaces . . . . . . . .. ... ... ..., 127

ii



6.1.3 The Main Theorem . . . . . . . . . . . . . . . . 128

6.1.4 Approximation via Quasi-Interpolants . . . . . . .. ... ... . ... 130

6.1.5 Construction of a Quasi-Interpolant . . . . . . . ... ... ... ... 131

6.2 Future Extensions of the Theory . . . . .. .. .. ... ... ... ...... 132
6.3 Application: Finite Element Method on Surfaces . . . . ... ... ... ... 133
6.4 Conclusion . . . . . . . . 135
Bibliography 136

iii



1.1

1.2

1.3

14

1.5

1.6

2.1

2.2

2.3

2.4

2.5

LIST OF FIGURES

Modeling with polynomial spline patches. Each colored patch is a polynomial

spline. . . . . .. e

(a) Uniform cubic splines are spanned by translates of a single basis function.

(b) The translated basis functions, their coefficients, and the resulting spline.

Refined control nets converge to the spline. . . . . ... ... ... ......

(a) A regular triangular grid in the plane. (b) The quartic triangular spline

basis function. . . . . . . . .. e

(a)-(b) Subdivision masks for quartic triangular splines. (c¢) For Loop’s sub-

division we add the extraordinary vertex masks.. . . . . . . . ... ... ...

Loop’s Subdivision procedure. . . . . . . . . . ... ...

A simplicial surface K and its subdivided complex D(K). . . . ... .. ...

Some typical undivided m-neighborhoods U, (v, K) are shown for the two

types of vertices v in the subdivided complex D(K). . . ... ... ... ...

Edge masks for generalized Loop’s subdivision scheme. The edge mask se-
lection depends on the valences n; and ng of the incident vertices. Mask (a)

is used when exactly one of these vertices is extraordinary, mask (b) is used

otherwise. . . . . . L

(a) and (b) The regular complex Kg with 2 different regular realizations in
R2: (a) The standard realization, and (b) the equilateral realization. (c) A

wedge W. (d) The n-regular complex K, constructed from n copies of W.

K, \ vy is decomposed into annuli. The outer complex is ¢ C K, and its

interior [Qp|° is a fundamental annulus. . . . . ... ...

iv

2

3

20



2.6

5.1

5.2
5.3
5.4

5.5
5.6

5.7
5.8
5.9

A Loop subdivision control net for an equivariant characteristic map on K.
Not all control values are shown, but the control net itself is equivariant, so

the remaining control values can be computed by applying a rotation of angle

2
-

Quartic box spline basis function. (a) The Mags basis function. (b) The
support of Mags. (c) The support of Thoo. . . . . . . . . . .. ... ...
The equilateral affine coordinate system of (|[N3(W \ N3(vo))|®,z) . . .. ..
The stencil of offsets for the 2 neighborhood. . . . . . ... ... ... ...
The masks mg, ..., m7. The number above the stencil is a common factor,
which is multiplied into all elements of the mask. Elements of the mask which
are not shown have a valueof 0. . . . . . . . ... ... ... ..
The fundamental region |Wi|. The edges E C Edge(WW7) are highlighted.
Three classes of vertices in W. The shaded region is Wj. The lines are the
images of Edge(W7) under the maps ¢™%. . . .. ... .. ... ... .....
Offsets u to a vertex. . . . . . . . . . .

Values of LEE1(u). . . . o o oo
Values of LIEg(u). . . oo



ACKNOWLEDGMENTS

I would like to thank Tom Duchamp for his help and encouragement over the years,
and for his careful reading of my thesis. His enthusiasm for the field of geometric mod-
eling is contagious. I would also like to thank my wife Tonia Kersulis for her support,
encouragement, and sacrifices during my time as a graduate student.

This work was partially supported by NSF grant DMS-9803226. Figure 1.1 was obtained
from William Henshaw’s web page at http://www.llnl.gov/CASC/Overture.

vi



Chapter 1

INTRODUCTION

Geometric modeling is concerned with the mathematical representation of shapes on a
computer. Applications include computer-aided design, engineering and manufacturing, as
well as computer graphics and animation. A geometric model of a surface is an approxima-
tion to some ideal surface. The ideal surface could be a physical object such as a persons
hand, a mathematical object such as the solution to a differential equation, or a concept

such as an artist’s idea for the shape of an animated character.

We consider two traditional types of surface models: a polygonal mesh and a polynomial
spline. A polygonal mesh (mathematically a polyhedron) is a simple and flexible type of
model, but there are two problems. First, a polygonal mesh is not smooth. A non-smooth
model may not be a satisfactory approximation to a smooth surface. Second, polygonal
meshes have poor approximation properties (as discussed in Section 1.2). So accurate

approximation of a curved surface requires a mesh with many faces.

Modeling with polynomial splines solves the smoothness and approximation problems,
at least locally. A class of splines can be chosen that has an arbitrary degree of smoothness,
and a correspondingly high-order of approximation. However, spline surfaces are inherently
parameterized surface representations, and it is difficult to construct a parameterization
for a complicated surface. So polynomial splines are used locally to represent a region of
a surface called a “surface patch”, and a global surface is typically composed of multiple
patches. Figure 1.1 shows an example of a complicated surface modeled with spline patches.
The use of patches introduces a new problem. It is difficult to ensure the desired smoothness

conditions across adjoining patches.

Subdivision surfaces are a hybrid of polygonal meshes and polynomial splines. They are



Figure 1.1: Modeling with polynomial spline patches. Each colored patch is a polynomial
spline.

flexible, easily allowing for the modeling of surfaces of arbitrary topology. Also subdivision
surfaces are smooth. For example, Loop’s subdivision scheme (as described in Section 1.3)
generates a specific class of subdivision surfaces. Theses surfaces are C?, except at a finite
set of points at which they are C'. In this thesis we examine the global approximation

properties of subdivision surfaces, specifically those generated by Loop’s subdivision scheme.

Subdivision schemes such as Loop’s are based on subdivision properties of polynomial
splines. These subdivision rules are then extended to a more general setting. In the following
sections of the Introduction we show how polynomial splines are defined by a subdivision
process, introduce Loop’s subdivision scheme, and review some approximation results for

meshes and splines.



1.1 Subdivision Properties of Splines

A polynomial spline can be represented as the limit of a subdivision process. A uniform cubic
spline is a C? function that is a piecewise polynomial of degree three, and the polynomial
domains are of uniform size. In particular, consider the cubic spline ¢ shown in Figure 1.2(a).
The spline ¢ is a polynomial on each interval between integers, it vanishes outside [—2, 2],
and is scaled so that ¢(0) + ¢(—1) + ¢(1) = 1. The set of integer translates of this function
{6(-—j) : j € Z} is a basis for the space of all cubic splines that are polynomial on integer
intervals.

In Figure 1.2(b), we show a typical cubic spline that is polynomial on integer intervals
and a graph of its coefficients with respect to the basis. Notice that the piecewise linear
curve connecting the coefficients roughly approximates the spline. It is called the control

net.

0.8 b
0. T —
NZ
.4 S —
1 z 3
0.2
-2 -1 1 2
(a) Basis function (b) Spline and control net

Figure 1.2: (a) Uniform cubic splines are spanned by translates of a single basis function.
(b) The translated basis functions, their coefficients, and the resulting spline.

Let {8*} be a sequence of function spaces defined by the dilates and translates of ¢.
Specifically, let 8¥ be spanned by {¢(2%(- — j)) : j € 27%Z}. The space 8* consists of all
cubic splines that are polynomial between consecutive points of 27*7Z. Clearly our sequence

of spaces is nested with 8¥ C 8¥*1. Any spline f € 8* is determined by a control net a* at



level k, that is, f(x) = Za?qb(Qk(x — 7)) summing over j € 27¥Z. Since f € 8¥*! it also
has a control net a**! at level k + 1.

*+1 g called the Lane-Riesenfeld subdivision scheme. The

The map taking a® into aF
algorithm for cubic spline subdivision is as follows: At a vertex of the level k control
net, we take a weighted average of this vertex value with the neighbors on either side to
produce the corresponding vertex at level £ + 1. The weights used for this average are %
for the central vertex and % for each neighbor, as represented by the vertex mask shown in
Figure 1.3(a). Also, we average adjacent vertices of the level k control net to get the new
midpoint vertices of the level k + 1 control net. This averaging is represented by the edge
mask shown in Figure 1.3(b). Figure 1.3(c) shows an example of the subdivision procedure.

The successively refined control nets converge in the limit to the spline function. We can

also form parameterized curves in R3 by taking the spline coefficients to be in R3.

1/8 3/4 1/8

(a) Vertex mask

1{2 1/2

(b) Edge mask (c) Refined control nets

Figure 1.3: Refined control nets converge to the spline.

Quartic triangular splines are bivariate polynomial splines. They are C? functions on R?
that are piecewise degree-four polynomials. The pieces are defined by a regular triangular

grid as in Figure 1.4(a). As in the case of the cubic splines, the spline space we are interested



P N W B~ Ol

(a) Regular Grid (b)

Figure 1.4: (a) A regular triangular grid in the plane. (b) The quartic triangular spline
basis function.

in is spanned by translates of a single basis function ¢, which is shown in Figure 1.4(b). We

define nested spaces of quartic triangular splines by
8 = span{¢(2F(- —j)) : j € 2777} . (1.1)

The control net for a quartic spline f(z) = Y a;¢(28(z — 7)) € 8* at level k is the coefficient
map j — a; for j € 27k72. The subdivision procedure, transforming a control net at level

k into a control net at level k£ + 1, is given by a vertex mask and an edge mask as shown in

Figures 1.5(a) and 1.5(b).

1.2 Approximation Results for Meshes and Splines

We now review the approximation power of mesh and spline geometric modeling techniques.
A surface can locally be parameterized so the problem of locally approximating a surface
can be cast as a problem of approximating a function, namely, the parameterization. Given
a function f to be approximated and a space 8 of functions from which to choose an

approximation, we seek a bound on the minimum approximation error

dist(f,8) = min|| f — g]|. (1.2)
ges



1/16 1/16 v
1/8 g Un
Un
1/16 /8 N1/16 ; a
3/8 3/8 . wn Un
1/16 1/16 .
(a) Valence 6 Vertex. (b) Edge. (¢) Extraordinary vertex.

Figure 1.5: (a)-(b) Subdivision masks for quartic triangular splines. (c) For Loop’s subdi-
vision we add the extraordinary vertex masks.

We will use L2-Sobolev norms to measure the approximation error. Recall, given a function

f:Q — R on a domain in R?, the H*-Sobolev norm of f is defined by

1/2
Wl = ( > \\D‘“f!!%z(m) |

laf<s

where a = (a1, a9) is a multi-index of non-negative integers, || = a1 + ag, and D*f =

alolf

T 5T The Sobolev norm is the natural norm for the analysis of the finite element
1 2

method. In Section 6.3 we apply our approximation result to analyze the finite element
method using subdivision functions.

To analyze local approximation by a triangular mesh, we view the surface locally as a
graph, a special form of a parameterized surface. Specifically, let p € M be a point on a
smooth surface in R3, and let 7, »M be the tangent plane to M at p. By an orthogonal
change of coordinates, e.g., a rotation, we can consider T}, M to be the zy-plane. There is a
neighborhood N C M containing p such that N is the graph of a function z = f(z,y) on a
neighborhood of p in the xy-plane. Now suppose K is a triangular mesh that is a sufficiently
good approximation to M. Then on a neighborhood of p on the zy-plane, the triangular
mesh K is the graph of a piecewise linear function z = f(a:, y). So we can measure the local

approximation error of K by the norm |f — fH Conversely, the graph of any piecewise

linear function defined near p on 7T, M is a local triangular mesh. So we have reduced the



problem of locally approximating a surface by a triangular mesh to a problem of function

approximation by a piecewise linear function.

We review approximation results for piecewise linear functions. Given a triangulation K
of a polygonal region 2 C R?, let PL(K) denote the space of piecewise linear functions on
) that are linear on each face of K. We define the chunkiness parameter v(7") of a triangle
T to be the ratio of the radius of the inscribed ball of T" to the radius of the circumscribed
ball of T'. The following approximation theorem for piecewise linear functions can be found,

for example, in [3].

Theorem 1. Given a mazimum chunkiness I and a polygonal domain Q C R?, there is a
constant C = C(Q,T), such that for any triangulation K of Q satisfying v(T') < T for each
triangle T in K, we have the following bound on the approximation error for any function

fe H2(Q):

dist (£, PLUK)) 110y < € avs diamn(T)* | ]| e (13)

for s =0 or1.

Next we consider local approximation of a surface by quartic triangular splines. We
assume the surface is locally parameterized, either as a graph as above or by some other
parameterization. Thus, again, local surface approximation is reduced to function approx-
imation. Approximation theorems for splines were first proved by deBoor and Fix [5], by
constructing a quasi-interpolant. Approximation results in Sobolev spaces for box splines, of
which quartic triangular splines are an example, were proved by Kowalski [12]. In particular,

using the nested spaces of quartic triangular splines in (1.1) we have
1
dist(f, 8") g < C(§)<4—S>kuf\|H4 fors=0,...,3, (1.4)

where the constant C' is independent of both f and k.

From (1.3) we say that the approximation power of piecewise linear functions is order

2, while from (1.4) the approximation power of quartic splines is order 4.



1.3 Loop’s Subdivision Scheme

We now define Loop’s subdivision scheme. Loop’s subdivision functions are a generalization
of quartic triangular splines, in which the domain can be any triangulated surface instead
of just a regular triangulated domain of the plane. Given a triangulated surface K a control
net on K is an assignment of a control point in R™ to each vertex of K. A subdivision
function is defined as the limit of a sequence of control nets. A subdivision function is
determined by two pieces of information: (i) a triangulated surface K°, which is the domain
and (ii) an initial control net on K°. In the most common situation K is a triangulated
surface in R? and also acts as the initial control net with control points in R3. In this case

the image of the subdivision function into R? is a surface called a subdivision surface.

At each level k of subdivision we construct a refined triangulation of K°, denoted K*,
by introducing a vertex at the midpoint of each edge in K*~! and splitting each triangle of
K*~1into 4 sub-triangles. The control net at level k is a control net on K*. Each control
point at level k is computed by averaging the neighbors of the level £ — 1 control net. The
vertex and edge masks used for quartic triangular splines are also used for Loop’s subdivision
scheme, and in addition there is a vertex mask for extraordinary vertices, those with valence
other than 6. The vertex and edge masks are shown in Figure 1.5. The formula for the

weights w, and v, for extraordinary vertices of valence n can be found in Section 2.1.4.

Figure 1.6 shows an example of (a) an initial control net, which acts also as the domain
K°, (b)-(c) the control net after one and two levels of subdivision, and (d) the limit surface,
that is, the image of the subdivision function.

The subdivision procedure converges to a continuous limit function. The process is
local, in the sense that, the limit function restricted to a triangle of K* only depends on
the control net in a nearby neighborhood. So, if this neighborhood has the connectivity of
a regular grid, then the subdivision function will be a quartic polynomial on that triangle.
Since all the vertices introduced by subdivision have valence 6, any point, other than an
extraordinary vertex, is eventually in a regular neighborhood. Therefore, other than at an
extraordinary vertex, every point has a neighborhood on which Loop’s subdivision functions

are quartic splines.



(a) Initial Mesh (b) Level 1 (c) Level 2 (d) Limit Surface

Figure 1.6: Loop’s Subdivision procedure.

In this thesis we extend the approximation result for quartic triangular splines to Loop’s
subdivision functions. Although complete results are presented only for Loop’s subdivi-
sion scheme, much of the theory is applicable to other stationary subdivision schemes that
generate polynomial splines on regular grids. Denis Zorin [24] has reported similar results.

The main approximation theorem we prove for Loop’s subdivision functions is analogous
to (1.4). For any triangulated surface K, let $(K) denote the space of Loop’s subdivision
functions on K that are determined by some control net on K. Since K* is a refinement of
the triangulated surface K, we have a nested sequence of function spaces S$(K*) C §(K**1).
In our theory, the role of the base % which appears in (1.4) is played by the subdominant
eigenvalues of the subdivision matrix, defined in Section 2.4. Let Apax = Amax(K) be the
largest subdominant eigenvalue of a subdivision matrix whose valence is represented by a

vertex of K or % whichever is greater.

Theorem 2. Let $(K*) be the space of Loop’s subdivision functions on the k-times subdi-
vided complex K*. For integers 0 < s < 1 < 3 and any € > 0 we have the following bound

on the minimal H*(K)-approzimation error of a function f € H"(K):

dist(f, 8(K*)) gra(x) < Ce/\ga_;_e)ka“HT(K) ,
where the constant Ce = C(€, K) is independent of k and f.

Cases of particular interest follow:
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Corollary 3. Given a smooth function f € H3(K) we have
dist(£, 8(K*))12(1c) = O(AF9%) (1.5)
for any € > 0, where A\ = Amax(K).

Corollary 4. The space of Loop’s subdivision functions at all levels | Jg° S(K*) is dense in

H2(K).

Theorem 2 shows that the approximation power of Loop’s subdivision functions is order
3. The behavior of the subdivision functions near the extraordinary vertex causes the
deterioration of the approximation order.

An overview of the thesis is as follows. In Chapter 2 we review the fundamentals of
subdivision surfaces and define differentiation on a simplicial surface. In Chapter 3 we
show how the main theorem, Theorem 2, can be reduced to an approximation theorem on
a neighborhood of an extraordinary vertex. We develop a general theory of approximation
on these neighborhoods in Chapter 4 . The theory is based on a generalization of the idea
of a quasi-interpolant. In Chapter 5 we construct a quasi-interpolant for Loop’s scheme,
completing the proof of the main theorem. Finally, in Chapter 6, we provide a summary
of the thesis, consider possible extensions this result, and discuss applications to the finite

element method.
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Chapter 2

FUNDAMENTALS OF SUBDIVISION SURFACES

In this chapter we describe the fundamentals of subdivision surfaces. First we discuss
triangulated surfaces in terms of the abstraction of a simplicial complex. The domains of the
control nets for a subdivision surface and the domains of the subdivision function are both
defined in terms of simplicial complexes. We define stationary subdivision schemes. Loop’s
scheme and its generalizations are particular examples. We define subdivision functions
as the limit of the subdivision operation. Then we introduce the subdivision map and
the characteristic map, which are key concepts for analyzing a subdivision surface near an
extraordinary vertex.

To make sense of the main theorem we need a differentiable structure on a triangulated
surface. We do this by introducing two atlases of coordinate charts on a triangulated surface.
We introduce an atlas of affine coordinates, covering a triangulated surface except at the
extraordinary vertices, and we introduce an atlas of characteristic coordinate charts which

cover the entire triangulated surface.

2.1 Stationary Subdivision on Simplicial Complexes

2.1.1 Simplicial Surfaces

We review the necessary theory of simplicial complexes. Most of this material is based on
Spanier [19]. A simplicial complex K is a set Vertex(K) called the vertices and a collection
of finite, nonempty subsets of Vertex(K) called simplices, such that, (i) every set consisting
of exactly one vertex is a simplex of K, and (ii) every non-empty subset of a simplex of K is
also a simplex of K. A simplex s of K containing exactly g+ 1 vertices is called a g-simplez.
Since the vertices of K can be identified with the O-simplices of K, we consider K to be just

the collection of simplices. The star of a simplex s is the collection of all simplices 0 € K
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such that s C 0. We assume that all of our simplicial complexes are star-finite, that is, the
star of each simplex is finite.

A simplicial map ¢ : K1 — Ky is a map ¢ : Vertex(K;) — Vertex(K3) such that for
every simplex s € K, the image ¢(s) is a simplex in Ks. If ¢ is one-to-one, then the map
is an embedding, and if additionally it is onto Vertex(K2) and ¢! is also a simplicial map,
then ¢ is a simplicial isomorphism.

A subcomplex L of a simplicial complex K, denoted L C K, is a subset of K that is a
simplicial complex. Given any simplex s € K, let § C K denote the subcomplex containing
s and all of its subsets. For any subcomplex L C K we define a subcomplex, called the

1-neighborhood of L in K, denoted Ny(L, K), by
Nl(L,K):UE, where s € K and 5N L # 0.

Successively larger neighborhoods are defined recursively by N;(L, K) = Ni(N;-1(L, K)).
If the ambient complex K is clear from context we simplify the notation to Ny(L). For any

subcomplex L C K we define a subcomplex K \ L by
K\L:UE, where s € K and s ¢ L. (2.1)

Notice, this is not the same as the set difference {s € K : s ¢ L}, which is in general is not
a subcomplex.

Given a simplicial complex K, the topological realization of K, denoted |K]|, is the set
of all functions « : Vertex(K) — [0, 1] such that (i) the set of vertices {v € K : o, # 0} is a

simplex of K , and (ii) _ «, = 1. The topology of | K| is given by the metric

1/2
d(a, B) = (Z(av - m?) for o, B € |K]|.

v

For a simplex s € K, the closed simplex |s| C |K]| is given by
|s|] ={a€|K|:a,=0forallv¢s}.

If s is a ¢g-simplex, then |s| is homeomorphic (and in fact isometric) to the standard g-

simplex {z € RI™! : 0 < x; < 1,and Y x; = 1}. We identify each vertex v € K with its
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characteristic function v € |K|, or more precisely, v,, is one if w = v and otherwise zero.
Then any point « € |K| can be represented as a sum
o= Z QL
veEK

where the sum is a convex combination of vertices in a simplex of K.

Next we define piecewise linear maps on a simplicial complex. Let X be either R" for
some n, or the topological realization of some complex. A piecewise linear map f : |K| — X
is given by

fl@) =) ouf(v) forallac|K|.

veK

For example, a simplicial map ¢ : K1 — K3 induces a piecewise linear map |¢| : |K;| — |K2|
given by

6l(e) = Y awd(v).

veK

An injective piecewise linear map from |K | into R™ for some n is called a geometric realization
of K.

Notice that a piecewise linear map is completely determined by its values on Vertex(K).
Both piecewise linear functions and subdivision functions are determined by functions on

Vertex(K'), which we call control nets. The space of all control nets on K is denoted by
CN(K) = {u : Vertex(K) — R}.

A simplicial map ¢ : K1 — K induces a pull-back ¢* : CN(K2) — CN(K1) by (¢*u)y = ug(y)-
The pull-back is used more generally for functions on arbitrary spaces.

Now, we focus on 2-dimensional simplicial complexes. A simplicial surface is a complex
whose topological realization is a surface, possibly with boundary. A simplicial sub-surface
is a subcomplex of a simplicial surface that is a simplicial surface itself. On a simplicial
surface we call the 1-simplices edges and the 2-simplices faces. The collections of all these
simplices on a given simplicial surface K are denoted by Edge(K') and Face(K'). The valence
of a vertex is the number of edges incident to the vertex. On a simplicial surface K without
boundary the valence of every vertex is at least three, and any two vertices of the same

valence have isomorphic stars.
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Figure 2.1: A simplicial surface K and its subdivided complex D(K).

A subdivision of a complex K is a simplicial complex K’ such that: (i) the vertices of
K’ are points of | K], (ii) if ¢’ is a simplex of K’ there is a simplex s of K such that s’ C |s]
(that is, s’ is a finite subset of |s|), and (iii) the piecewise linear map ¢ : |K’'| — | K| induced
by the identification of vertices in K’ with points in |K| is a homeomorphism. If K’ is a
subdivision of K, we identify |K’| with |K| by the piecewise linear homeomorphism ¢ in
condition (iii). So if K" is a subdivision of K’, then K” is also a subdivision of K.

For a simplicial surface K we define the “4 to 1”7 subdivision of K, denoted by D(K).
The vertices of D(K) are of two types. First, for each vertex v € K we define D(v) = v € |K|
to be a vertex of D(K). We call these V-type vertices. Secondly, for each edge e € K, let
D(e) € |K| be the midpoint of |e|]. Then let D(e) be a vertex of D(K), which we call an

E-type vertex. So we have
Vertex(D(K)) = D(Vertex(K)) U D(Edge(K)) .

Each face of K is split into four faces as shown in Figure 2.1. It is easy to check that D(K)
is a subdivision of K.

By repeating the process, we obtain a sequence of subdivided complexes K = K9 K,
K? ... where KFt!l = D(Kk) For each subcomplex L C K and k > 0 we have that L*

is a subcomplex of K*, i.e., LF Cc K*. More generally, if p : K; — K is a simplicial map

between simplicial surfaces then there is an induced map p: K¥ — K¥&.

2.1.2 Subdivision Schemes

A subdivision scheme is a linear map 8 : CN(K) — CN(D(K)) for each simplicial surface

K without boundary. Since § is linear we can represent it on a fixed complex K by a :
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D(K) x K — R, where

(Su)y = Y @yt for all v € D(K). (2.2)
weK

Here, and often in what follows, we abuse notation and write v € D(K) as shorthand for
v € Vertex(D(K)) when the intended meaning is clear from context. Given u € CN(K),

we form a sequence u = u°,u',u?, ... of control nets on refined complexes by u/ = 8/u €

CN(KY).
Let K be a simplicial surface without boundary. For any integer m > 0 and any vertex
v in the subdivided complex D(K), we define a subcomplex Uy, (v, K) C K of the undivided

complex K, called the undivided m—neighborhood, by
Un(v,K)={s € K :|s| C|Nuy(v,D(K))|}. (2.3)

Figure 2.2 shows some typical undivided m-neighborhoods for the two different types of

vertices and various values of m.

Definition 5. We say a subdivision scheme is local if there is an integer m,, > 0 called
the mask width such that for any pair K and K of simplicial surfaces without boundary,

any vertex v € D(K), and any embedding p : Up,,, (v, K) — K, we have

A A p(v)p(w) for all w € Uy, (v, K),
0 otherwise .

A local subdivision scheme of mask width m,, is given by a collection of vertex masks
and edge masks. These are small simplicial surfaces with weights assigned to the vertices.
To give a complete definition of a local subdivision scheme with mask width m,,, there
must be a mask isomorphic to any possible undivided m,,-neighborhood U,,, (v, K), as in

the examples of Figure 2.2.

Definition 6. A subdivision scheme is affine if for every complex K and vertez v € D(K)

we have ZweK Apw = 1. A local and affine subdivision scheme is called stationary.

For any subcomplex L C K, we call the set N,,, _1(L) the control set of L since, as

the next proposition shows, for any control net u € CN(K), it is only u on the control set
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m V — type E — type

DR

B R Vavi%

Figure 2.2: Some typical undivided m-neighborhoods U,, (v, K) are shown for the two types
of vertices v in the subdivided complex D(K).

of L which affects the subdivided control nets u/ = 8/u on L7. Moreover, the subdivided
control nets u/ on L7 are independent of the complex K outside of N, _1(L). We state
this formally by considering a pair of simplicial surfaces K and K , where N, _1(L) is

isomorphic to a subcomplex in K.

Proposition 7. Suppose the subdivision scheme § is local with mask width m,. Let K
and K be a pair of simplicial surfaces without boundaries, L a subcomplex of K, and p
an embedding p : Ny, _1(L) — K. Then for each u € CN(K) and & € CN(K) such that

Uy = Upy(yy for each v € Ny, —1(L), we have
u) = ﬂz(v) for allve LV and j > 0,
where v/ = 8/u and @ = $'4.

Proof. We prove the equality on a larger domain

u) = Hi(v) for all v € Ny, _1(L?) and j > 0. (2.4)
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The proof proceeds by induction. The base step is given in the hypothesis. To prove the
inductive step, suppose (2.4) holds for some fixed j. Let v € N, _1(L7*!), then by (2.2)

we have

uw T = Z Ao, . (2.5)
weKI

By locality, the sum need only be taken over the vertices w € Uy, (v, K7). Since v €
Np,—1(L7T) and w € Ny, (v, K/T1) by (2.3) we conclude w € Noy,, —1(L/T1), but since
w € Vertex(K7) we get a stronger result, namely w € N,,,_1(L’). So we have shown that
the stencil Uy, (v, K7) is contained in Ny,,—1(L?), and hence there is an isomorphic stencil

Upn., (p(v), K7). So by locality, the masks are equivalent ay, = a (v)p(w)- Also the inductive

o
hypotheses shows ul, = & so (2.5) gives us

p(w)’
1 i ~i i+l
wt= Y ’akui,(w)— > i Gpyaly = Uy -
Upnyy (v,K7) Unmay (p(0),K7)

2.1.3 Subdivision Functions

A subdivision scheme is said to be convergent if for any simplicial surface K and control
net u € CN(K) there exists a continuous function §°u € C(|K|) such that

sup_\(Sju)v — 8%u(v)| — 0, asj — oo.

veKY
We call the limit function 8*°u a subdivision function. The subdivision limit operator
8 : CN(K) — C(|K]) is linear since 8 is linear. For a given complex K, let S(K) =
8°(CN(K)) be the space of subdivision functions on K. A natural basis of CN(K) is
{6y : v € Vertex(K)}, where J, is one at v and zero at all other vertices. Then the subdivision
basis functions ¢, = §>°9, for v € Vertex(K') form a basis for §(K).

Proposition 7 can immediately be extended to apply to subdivision functions, and we

also give the following corollary.

Proposition 8. Suppose 8 is a convergent, local subdivision scheme with mask width m.,.

Let K and K be a pair of simplicial surfaces without boundaries, L a subcomplex of K, and
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p an embedding p : Ny, —1(L) — K. Then for each i € CN(K) we have
8> (p*u) = p*8>u on |L|.
Corollary 9. Let § be a convergent, local subdivision scheme with mask width m.,. Then

for any simplicial surface K and any vertex v € K, the support of the basis function ¢, is

contained in the simplicial neighborhood |Ny,, (v, K)|.

Of course we may apply the subdivision process starting on a subdivided complex. Let
K be a simplicial surface and j > 0, then for any u € CN(K/) we get a subdivision function
8w € §(K’) c C(|K|) . We denote a basis function at the j-th level of refinement by ¢7.
Namely, for any v € Vertex(K7), let ¢/, = $°6), where 8} € CN(K7) is one at v and zero
otherwise. Then for any v € CN(K) and j > 0 we have

U= ugp= 3 (Su)ud), . (2.6)

veK weKI
So clearly, §(K) C 8(K7).
Applying formula (2.6) with v = §, gives a so-called refinement relation for each basis

function ¢,. More precisely, a refinement relation is a finite expansion of the form

2.1.4 FEzamples of Subdivision Schemes

Example: Piecewise Linear Subdivision. The simplest stationary subdivision scheme has
mask width 1. There is a single vertex mask and a single edge mask as shown in the m =1
line of Figure 2.2. The single vertex in the vertex mask has weight 1, and the weights of
the edge mask are 1/2 at each vertex. It is easy to see that, given a control net u € CN(K),
the scheme converges to the piecewise linear function determined by the control net.

Example: Loop’s Subdivision Scheme. Here we have a mask width of 2. There is a
vertex mask for each valence, and an edge mask. These masks are shown in Figure 1.5,
where the weights on the vertex masks are given by w,, for the central vertex and v,, for the
adjacent vertices,

2
v, — 3 N (34 2cos(Z))

5 ol (2.7)
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and

1—w,
Vp =

(2.8)

n

As described in the Introduction, this scheme converges to quartic triangular splines on a
regular grid. More generally, Loop’s scheme is convergent.

Example: Generalized Loop’s Subdivision Scheme. This is a family of stationary sub-
division schemes determined by three parameters. The mask width is 3. As in the case of
Loop’s scheme, there is a vertex mask for each valence. The mask weight for the central
vertex of valence n is given by the parameter w,,. The weight assigned to the adjacent ver-
tices in the vertex mask is given by (2.8), to ensure the scheme is affine. For a mask width
of 3, an undivided neighborhood for E-type vertex D(e) is determined by the valences n;
and no of the two vertices in e. To keep the edge masks simple we use the 2 masks shown in
Figure 2.3. The mask in Figure 2.3(a) is used when exactly one of the vertices has valence
6 and the other vertex has valence n # 6. The mask weights a,, and b,, are parameters, and
¢n = (1 —ay —by)/2 to ensure that the scheme is affine. The edge mask in Figure 2.3(b) is
used for all the other edges.

Cn 1/8

an by, 3/8 3/8

n1:6 n2#6

Cn 1/8

(a) (b)

Figure 2.3: Edge masks for generalized Loop’s subdivision scheme. The edge mask selection
depends on the valences ny and ng of the incident vertices. Mask (a) is used when exactly
one of these vertices is extraordinary, mask (b) is used otherwise.
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Figure 2.4: (a) and (b) The regular complex K¢ with 2 different regular realizations in R?:
(a) The standard realization, and (b) the equilateral realization. (c) A wedge W. (d) The
n-regular complex K, constructed from n copies of W.

2.2 Affine Coordinates

An atlas of coordinate charts is defined on |K| with an isolated set of points deleted. On a
simplicial surface without boundary K, the deleted points are the vertices of valence other
than 6. We call these extraordinary vertices, and denote the set of all such vertices in K by
Ext(K).

The regular complex, which we denote by Kg, is an infinite simplicial surface with

Vertex(Kg) = 72,

Edge(Kﬁ) = {{j?] +el}7{j7j +€2}7{j7j +e1 +€2} ] € ZQ}v
and

Face(Kg) = {{j,j+e1,j+e1+e}, {j.j+ezj+er+ea}:jeZ?},

where e; and ey are the standard basis vectors in Z2. The given vertex locations define
a geometric realization of Kg in R? (shown in Figure 2.4(a)), which we call the standard
realization. Other regular realizations of Kg are given by applying an invertible linear
transformation to the vertices of Kg. In particular, we have the equilateral realization,

shown in Figure 2.4(b), where all edges have unit length.
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We now construct an atlas of coordinate charts on |K|\ Ext(K). Let ¢ : L — K¢ be an
embedding of a simplicial sub-surface L C K into the regular complex, and let 1 : |Kg| — R?

be a regular realization of Kg. Then the composition
. o M ¢ 2
z:|L|° — |Kg] — R (2.9)

is a coordinate chart on the coordinate neighborhood |L|°, where |L|° denotes the interior
of |L|. The collection of all such charts forms a C'*-atlas on | K|\ Ext(K), called the affine
atlas. Moreover, the transition functions are affine maps, i.e., linear maps composed with
translations. If a function f € C(K) (i.e., C(|K|) but we drop the |-| to simplify notation)
is class C" with respect to this atlas, we say it is C"-away-from-extraordinary-vertices or
f e CT(K|\ Ext(K)).

An affine coordinate system (U,z) in which the coordinate images of faces in K are
equilateral triangles with unit length sides is called an equilateral affine coordinate system.
For any affine coordinate neighborhood U there are equilateral affine coordinate charts on
U.

The composition of a polynomial with an affine map is again a polynomial. So the
property that a function is a polynomial on an open neighborhood U of | K|\ Ext(K) is well
defined. If (U, ) is an affine coordinate system, and a function f € C'(K) is polynomial in
z on x(U) then in any other affine coordinate chart (V,z') with U NV # () the function f
will also be polynomial in 2’ on 2/(UNV). However, given a neighborhood U and a function
f on U that is affine polynomial on U, it is not necessarily true that there is an extension

to all of |K |\ Ext(K) that is globally polynomial.

2.3 The n—Regular Complex

All the new vertices introduced by “4-to-1” subdivision are valence 6, while the original
vertices correspond to vertices in the subdivided complex of the same valence. So for any
vertex v of valence n # 6 in a simplicial surface K, the neighborhoods Nox_; (v, K¥) of v in
the subdivided complexes have a single vertex of valence n, and all the other vertices have
valence 6. The n-regular complex is an infinite simplicial complex with a single vertex of

valence n surrounded by valence 6 vertices.
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Define a wedge W C Kg by
W ={se€ Ks:j1 >0and 0<j, <y forall (ji,j2) € s}, (2.10)

as shown in Figure 2.4(c). For each valence n > 3, we define the n—regular complex K, as
follows: Let W; for i € Z,, denote n disjoint copies of W, and denote the vertices of W; by
(i,7) for i € Zy, and j € Vertex(W), where Z,, is the group of integers modulo n. We then

identify vertices by the equivalence relation
(i,(4,0)) = (: — 1,(j,4)) forall j >0 and i€ Z,,

the subtraction being taken modulo n. The resulting complex K, is a simplicial surface
without boundary (as in Figure 2.4(d)). The central vertex, denoted by vg, has valence n
and all other vertices have valence 6.

The simplicial automorphisms of K, are generated by a rotation p
p: (i) = (i+1,5) (2.11)

and a reflection f

[, 5) = (=, £(9)), (2.12)

where f is the reflection on W. Actually, for n = 6 the group generated by p and f is a
proper subgroup of the automorphism group, namely the isotropy subgroup of vg ( i.e., the
automorphisms that leave vy fixed). However, we call the group generated by p and f the
“automorphism group” of K,,.

The n—regular complex is self similar under subdivision. We first define the contraction
map on the wedge W. The vertices of W are points of R? that define a geometric realization
of W, and therefore we have a geometric realization of D(W). The map c : Vertex(W) —

Vertex(D(W)) given, in terms of this realization, by
c(x) =x/2

is a simplicial isomorphism. Applying ¢ to each wedge W; of K,, extends ¢ to a simplicial
isomorphism

c: K, — D(K,),
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which we call the contraction map.
Contraction induces a piecewise linear homeomorphism |c| : |K,| — |D(K,)|, which
when composed with the identification induced by subdivision ¢ : |D(K,,)| — |Kp|, results

in a piecewise linear homeomorphism on |K,,|
e K| — | K. (2.13)

In an abuse of notation the map (2.13) is also denoted by c.

The contraction map (2.13) generates an additive action of the group Z on |K,|. Sim-
ilarly, the contraction map ¢ and the rotation p generate an action of the group Z x Z,
on |K,|. Given a group G acting on a |K,| \ vo, for g € G, let ¢, be the corresponding
transformation of |K,| \ vo, for instance, ¢; = ¢ or ¢;, = ¢ o p* in our two examples. A
fundamental region, with respect to the action, is an open, connected region Q C | K| such
that (1) ¢, N Q=0 for all g € G other than the identity, and (ii) the union Ug,Q over all
g € Gisall of |K,|\ vo ,where A denotes the closure of A. For example, consider the action

of Z on |K| generated by ¢, and define the annular simplicial surface Qy C K, by
QO = NQ(Uo,Kn) \Nl(Uo,Kn), (214)

using definition (2.1). Then the region |Q¢|°, shown in Figure 2.5, is a fundamental region
with respect to the action. Let Q; = ¢/Qy C K for j > 0, and for j < 0 define the
subcomplex ; C K, by |Q;j| = (¢/)71(|Q]|). For each face T € K}

~, we define an integer

jr called the annulus index of T as follows: If T ¢ Ni(vo, K¥) , we let jr be the unique
integer satisfying |T'| C |Q;], and if T € Ny(vo, K¥), we let j7 = k. Notice we have the
identity jp < k.

2.4 The Subdivision Map and the Characteristic Map

The subdivision map represents the operation of stationary subdivision near an extraordi-
nary vertex. It has been central in the analysis of subdivision schemes. Let § be a local
subdivision scheme with mask width m,,. When applying subdivision on the n—regular com-
plex K, the control net on N,,(vo, K,,) determines the control net on Noy, ., +1(vo, K.

When m > m,, there is a simplicial embedding of Ny, (vo, K,) into Nop ., +1(vo, K}}) that
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Figure 2.5: K, \ vg is decomposed into annuli. The outer complex is Qg C K, and its
interior |Q|° is a fundamental annulus.
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fixes vg. Thus, the control nets over the m—neighborhoods at successively finer levels,
Ny (vo, KF) for k = 0,. .., are obtained by repeatedly applying a fixed linear transformation
to the initial control net on N,,(vg, K},). This linear transformation is the subdivision map.

For any m > m,, we define the subdivision map Sy, as the linear transformation
Snm = €8 1 CN(Np, (vo, Kp)) = CN(Npp (vo, Ky))

Usually we are concerned only with the special case Sy, 1n,,, which we will write more simply
as Sy,. In Section 2.4.1, we show how S, ,, is completely determined by S,. For a fixed
scheme and valence n, we denote the distinct eigenvalues of S, by Ag, ..., An, ordered so
that |Ao| > [A1] =+ > |AN|.

Let u be an eigenvector of S, with eigenvalue );, and let ¢ = §°u be the corresponding
limit function defined on |Ny(vg, K,,)|. We derive an identity for ¢ we call the contraction

identity. Applying 8 to the eigenvalue identity \ju = S,u, we get
Ai8%u = 8FS,u = 8§ c*8u.

After applying Proposition 8, this becomes \;8°°u = ¢*8%°u, which can be expressed in

terms of ¢ as

d(c(2)) = A\jo(2) for all z € | Ny (vo, Ky,)|. (2.15)

The derivation of the proceeding paragraph can be extended to generalized eigenvectors
of S,,. Let J = U~'S,U be the Jordan normal form of S,,, with diagonal elements ordered
by non-increasing magnitude, i.e., so that |J;;| > |Jg| for all j < k. The columns of U,
(ug,u1,...,uny) = U, are generalized eigenvectors of S,. Let ® = (¢g, p1,...,0n) = S®U
denote the row vector of limit functions, each entry given by ¢; = 8>u;. Applying the limit

operator to the identity UJ = S,,U, we compute the following:
8X(UJ) = 8°(S,U) = 8Fc*SU = ¢*8*°U.
Expressing this in terms of & we have

D(c(2) =@(2) - J for all z € | Ny (vo, Kp,)|- (2.16)
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The components of ® form a basis of the space of subdivision functions on |Ny (v, K)|.

Namely, given u € CN(N,y,, (vo, K;,)) defining the subdivision function f = 8°u, we have
f=8%u=8°UU tu=>o-A4, (2.17)

where A = U~ lu.

If 8 is a convergent stationary subdivision scheme, then for every valence n, the dominant
etgenvalue Ay is one. It is algebraically simple, and all other eigenvalues have magnitudes
strictly less than one. The sub-dominant eigenvalue A1 determines the C'-smoothness of
the subdivision functions. This was first made precise in the work of in Reif [16]. The key

tool that he introduced was the characteristic map.

Definition 10. Suppose 8 is a stationary subdivision scheme. For a fized valence n, suppose
the distinct eigenvalues of the subdivision map Mg, A1, ..., AN, ordered by mon-increasing

magnitude, satisfy the following conditions:

(i) The dominant eigenvalue Ny is one, and is an algebraically simple eigenvalue.

(i) The sub-dominant eigenvalue A1 is real and positive, and is of geometric and algebraic

multiplicity 2.

(iii) The other eigenvalues, \; for j > 1, are of magnitude strictly less than A;.

Let uy,ug € CN(Np,, (vo, Ky)) be linearly independent \i—eigenvectors of Sy,. Then the

R2-valued control net u = (u1,uz) defines a continuous map
8w : | Ny (vo, Kp)| — R,
called a characteristic map.

This definition is a slight modification from that found in Reif [16]. Zorin extended the
definition considerably in [25] and [23], relaxing the condition on the algebraic and geometric
multiplicities of the sub-dominant eigenvalue.

An eigen-analysis of the subdivision map can be made using the discrete Fourier trans-
form. This technique shows that Loop’s scheme has characteristic maps for all valences, see

Loop [13], Schwietzer [18], or Zorin [25].
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2.4.1 Characteristic Maps on | K|

We will show how an eigen-structure of the smallest subdivision matrix Sy, ,,, determines
the eigen-structure of all larger subdivision matrices S, ,,,. Applying this result, we extend
the characteristic maps to all of |K,|.

Fix the valence n and, to simplify notation, let N,,, = N;,,(vo, K,). For any m’ > m > my,

we can decompose CN(N,,/) into CN(Ny,) @ Vir , where
Vir.m = {u € CN(Nyyy) t uy, = 0 for all v € Ny, }. (2.18)

With respect to this decomposition 5,,,/, has the following block form:

Sm 0
S = . (2.19)

* *

So restricting an eigenvector of S,y to N, gives an eigenvector of Sy,.
For any m > m,,, notice that V,, ,, is a space of “nilpotent” vectors. That is, for any

v € Vinm,, the iterates S¥ v are zero for large enough k. This follows since
vam,s C Vm,2s—mw+1, (220)

so the region of zeros keeps growing as one repeatedly applies S,,. Recall that a square

matrix N is nilpotent if N*¥ = 0 for some k.

Theorem 11. For any m > my, let J = U1S,U be the Jordan normal form of the

subdivision matriz S,,. Then

~|J 0~ ~ U
Spm =U U, where U = ,
0 N x* 1

and where N is nilpotent and I is an identity matriz.

Some implications of this theorem for any m > m,, follow:

(i) The non-zero spectrum of S, ,,, coincides with the non-zero spectrum of .S,,.

(ii) The algebraic and geometric multiplicities of any non-zero eigenvalue in the spectrum

of Sy, m are independent of m.
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(iii) An eigenvector u € CN(N,,, ) with non-zero eigenvalue A has a unique extension to
a A-eigenvector u € CN(N,,) of Sy, . Indeed if u and u e CN(N,,) are both A-
eigenvectors extending u, then u — uis a A-eigenvector, but u — ue Vin,mew, S0 by

Theorem 11 it is nilpotent.

As a consequence of (iii), each eigenvector can be extended uniquely to all of K,. In

particular, we can extend the characteristic maps.

Definition 10’. Suppose for a fized valence n, the subdivision scheme satisfies the conditions
of Definition 10. Let u = (uy,uz) be a pair of linearly independent A1 — eigenvectors of S,.
Then by comment (iii) there are unique extensions u = (u1,uz) to control nets on all of K,.

We call the generated subdivision function
8% : | K,| — R?
a characteristic map.

Proof of Theorem 11. From (2.20) we see that Vj, ,,,, is an Sy,-invariant and nilpotent sub-

space. So we can block diagonalize S, ,, via a similarity transformation as follows:

~|x 0] ~ ~ * 0
Spm =U U™, where U=
* N x 1
and N is nilpotent.
Next we show that given a cycle of k generalized A—eigenvectors, wi,us,...,u;r €

CN(Np,,, ), corresponding to a (k x k)-Jordan block of S,, we can construct extensions
Uy, U, . .., ur € CN(Ny,) that from a cycle of generalized A—eigenvectors of Sy, ,,,. This will
complete the proof.

A cycle of generalized eigenvectors u; of Sy, ,,,, satisfy
SnmepWi = A +u;—1 fori=1,... K,

with ug = 0. We define a doubly indexed sequence of control nets ul e CN(Nyy, ), for

%

1=0,...,kand j > 0. The sizes of the expanding neighborhoods are given by the recurrence
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Mjy1 = 2mj — my, + 1 with mg = m,,. The control nets are defined inductively, with base

definitions u? = u; and u% = 0, by the rule

Z-l—l % (C*Suf z"‘ll) fori=1,...,k. (2.21)

For each j > 0 we prove the following statements:

ug ug_l on Npy,_,, (2.22)

and

Smju —)\u —|—u fori=1,... k. (2.23)

We prove (2.22) and (2.23) by induction on j, assuming they are true for some fixed value

of j and proving they are true at j + 1.

Proof of (2.22).

+

We prove (2.22) at j + 1 inductively on i. The base step is trivial, v’ = Uo = 0.

Assuming (2.22) holds for a fixed i — 1 and j + 1, we must show that it holds also for
i and j + 1. From (2.23) we have the following identities on N,
Ml +ul | =" Sul
1 (]

Wl =1 (c*guﬂf _ ug’jll) by (2.22) at i — 1 and j + 1

=t by (2.21).

7

Proof of (2.23).
Fixi=1,...k. From (2.23) at i and j, we have c*Sug = /\ug—i—ugfl on Ny,,. Applying
subdivision and contraction yields
C*S(C*Suz) = /\(c*Sug) + c*Sugf1 on Ny, ;-
From (2.21) *Su = )\u]+1+u]+1 on Ny, ,, 80 substituting this into the parenthesized
terms above yields
SO+t = AW T Fult) + ¢Sul_, on Ny,

Sul ™t = T 4wl 4 }\c*S( 1 l—ufﬂl) :
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By (2.22), the parenthesized term above is 0 on Ny, ;, and therefore c*8 (ug;l — uifll ) =
0 on N, proving (2.23).

2.4.2 FEquivariant Characteristic Maps

The n-regular complex is symmetric, and in this section we show that there are special
characteristic maps which share these symmetries.

The rotation p (2.11) and reflection f (2.12) on K,, generate a symmetry group (p, f) of
automorphisms of K,,. An isomorphic group (p, f) acting on R? is generated by a clockwise

rotation p through an angle 27 /n, and a reflection f(z,y) = (x,—y). The correspondence

between generators induces a group isomorphism g — g for any g € (p, f).

Definition 12. A characteristic map x : |N1(vo, K)| — R? is equivariant if the following

diagram commutes for all g € {p, f).
| N1(vo, Kn)| —— R

| E (2.24)
N(oo, Ko)| —— B

Using a discrete Fourier transform, Peters and Reif [14] show that if the characteristic
maps are injective, then equivariant characteristic maps exist. Figure 2.6 shows an equiv-
ariant control net on Na(vg, K,,) for Loop’s subdivision scheme. It generates an equivariant

characteristic map.

2.5 Subdivision Smooth Structure

Reif introduced the concept of the characteristic map and proved the following key theorem

in [16].

Theorem 13 (Reif). If all characteristic maps are reqular and injective then subdivision

surfaces are C-surface for almost every control net.
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cos 0 (1342 cos ) (1342 cosh) sinf
5+4 cos 6 ’ 5+4 cos 6

(§
27

3ta;1(%))

cos ), sin 0)

1342 cos @ 0
5+4 cos

cos 0, —sin 0)

cosf (1342 cosf) (1342 cos6) sin@
544 cos 6 ’ 5+4 cos 6

Figure 2.6: A Loop subdivision control net for an equivariant characteristic map on K.

Not all control values are shown, but the control net itself is equivariant, so the remaining

control values can be computed by applying a rotation of angle 6 = 27”
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We develop a parallel theory in this section. Suppose 8 is a stationary subdivision scheme
(i) that generates C"-subdivision functions away-from-extraordinary-vertices, (ii) that has
characteristic maps for all valences, and (iii) whose characteristic maps are injective and
regular on |K| \ Ext(K). In Proposition 15 we show that the characteristic maps can be
used to define a C"-atlas on any simplicial complex |K| without boundary. We then show
in Proposition 17 that the subdivision functions are of class C'(|K|) with respect to this
atlas. From Propositions 15 and 17 and the basic theory of differentiable manifolds (e.g.

[2]), we get the following corollary.

Corollary 14. Given an R? valued control net on a simplicial surface without boundary, if
the generated subdivision function is injective and everywhere of full rank then its image is

a Ct-surface embedded in R3.

Loop’s subdivision functions are C2-away-from-extraordinary-vertices, and characteristic
maps exist for all valences. In his thesis [25], Zorin showed that the characteristic maps are
regular and injective for all valences. Thus Loop’s subdivision scheme determines a C?-atlas

on any simplicial surface |K| without boundary, and Loop’s subdivision functions are C'*.

Suppose & is a stationary subdivision scheme such that for every valence there are
injective characteristic maps. For each vertex v in a simplicial surface K without boundary,
we define a characteristic coordinate system on |K| centered at v. Recall, a coordinate
system on an n-dimensional manifold M is a pair (U, ¢), where U is an open subset of
M and ¢ : U — R™ is continuous and injective. We construct a coordinate chart on
|N1(v, K)|°. Let 1, be an identification between Nj(v, K) and Nip(vg, K,), where n is the
valence of v, and let x : |Ni(vo, K,,)| — R? be a characteristic map. The composition

y = x 04y : |[N1(v)|° — R2? is a characteristic coordinate chart,
Yo [N1(0)]° =5 [N (0o, Ky )| == R (2.25)

We compute the characteristic coordinate representation of the contraction map, which

we use often in the following chapters. We define a contraction map near a vertex v, denoted
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¢yt |N1(v)| — |N1(v)|, by ¢, = 15! o co,. In characteristic coordinates (2.25) we have

co(y) =vpocyoyt =xocoxy) = ix(x '(y) by (2.15)

= \1y. (2.26)

Recall a C"-atlas on a manifold M is a collection {(Uy, 1)} of coordinate systems on
M such that the coordinate neighborhoods {U,} cover M, and for any pair (Uy,1) and
(Ua, 12) of coordinate systems, the transition function 1 oz/)2_1 s (U NU2) — 1 (U1 NU3)
is a C"-diffeomorphism. A characteristic map is regular on |K| \ Ext(K) if its Jacobian is

non-singular when expressed locally in affine coordinates.

Proposition 15. Suppose 8 is a stationary subdivision scheme such that: (i) subdivision
functions are C"-away-from-extraordinary-vertices and (ii) there are characteristic maps
which are injective and regular on | K|\ Ext(K) . Then for any simplicial surface K without
boundary, the collection of characteristic charts {(|N1(v)|°,¢v)} for v € Vertex(K) is a C"-
atlas on |K|. Furthermore, the atlas is C"-compatible with the affine coordinate charts (2.9)

and with the subdivision smooth structure of D(K).

Definition 16. A stationary subdivision scheme S satisfying the conditions of Proposi-
tion 15 is called a Cr-subdivision scheme, and the C"-atlas of characteristic charts
{(|N1(v)|°, 1)} on a simplicial surface K without boundary is called the subdivision

smooth structure on |K]|.

Notice the subdivision surfaces of a C7-subdivision scheme are not necessarily C"-

surfaces.

Proof of Proposition 15. The neighborhoods |N1(v)|° clearly cover |K|. Fix a vertex v € K

and a characteristic chart 1, = x o ¢,. We need to show that the transition functions
T =1, 0" (U NI|N(v)]°) — R? (2.27)

are C" with C” inverses for various charts ¢ : U — R2. We consider four different kinds of

charts:
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(i)

(i)

(iii)

Characteristic chart centered at v. Suppose 1’/; = Y 0 1y is another characteristic chart
centered at v using a different characteristic map. Let v and u be the Aj-eigenvectors
of S, that generate the characteristic maps, i.e., x = 8®u and ¥ = 8°°u. Since the
Ap-eigenspace of S), is 2-dimensional, © = uA for some non-singular 2 x 2 matrix A.

Thus x = 8®u =8%u-A =YX A, and so

7(2) =ty 0 7 (2) = xo X 1(2)
=X(X"'(2))- A

=z A
This shows that the transition function 7 is linear and therefore smooth.

Now consider the other case, where Jv = x 0 Iy is composed of an identification ¢,
possibly different than ¢, and the characteristic map . Let o = 1,07, !, and extend it
to an isomorphism on all of K. We reduce this case to that of the previous paragraph

by writing @Z = X O Ly, with X = x 0 0. Then by Proposition 8 we have
X =0"8%u=8%c"u. (2.28)

A simple calculation shows that o*u is a Aj-eigenvector S,,, and therefore (2.28) is a

characteristic map.

Affine chart. Since characteristic charts are defined by subdivision, they are C" on
| K|\Ext(K). Since the characteristic maps, expressed in affine coordinates, are regular

on | K|\ Ext(K), their inverses are C" by the inverse function theorem.

Characteristic chart centered at a vertex adjacent to v. Let e = (v, w) € Edge(K), let
(|N1(w)|°, 1) be a characteristic coordinate chart centered at w, and let 7 = 1, 09"
be the transition function. There is an affine coordinate system (|Ny(v) NNy (w)|°, ),

and we can write 7 as a composition
T=(vor ) o (uot )

The operands of the composition are C" as shown in (ii) above, so 7 is also C.
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(iv) Characteristic chart of D(K). It suffices to consider a specific ¥ p(,). The identification
ty induces an isomorphism ¢p, : N1(v, D(K)) — Ni(vo, D(K;,)). Hence we consider

the characteristic chart ¢¥p(,) = x o cloy D(v)- Then we have

1 0 ng%v) =yxoc ltoyx L (2.29)
As in the computation of (2.26) we have v, o wgév)(z) =\ 'z
U

Proposition 17. Suppose § is C'-subdivision scheme. Then the subdivision functions are

C with respect to the subdivision smooth structure.

Proof. Let K be a simplicial surface without boundary and let f € §(K). Clearly f €
Cl(K \ Ext(K)), so we need only analyze f near extraordinary vertices. Let v € Ext(K) be
a vertex of valence n. Let J = U~1S,U be the Jordan form of S,, with distinct eigenvalues
1 <A1 <|A2] <--- <|An| along the diagonal in non-increasing order of magnitude, and let
O = (1,¢1,02,...,6N) = 8°U, a basis of subdivision functions on Np(vg, K,). We apply
subdivision kg times so that N,,, (v, K*0) is isomorphic to N, (vo, Ky,). We express f on

|N1(v, K*0)|° in terms of the characteristic coordinate y = (¢1, ¢2),

fly)=2(y)-A (2.30)

for some coefficient vector A. Differentiating (2.30) with respect to a coordinate variable

yi, and evaluating at c¥(y) we get

g—i@’“(y)) - g—i@k(y» A (2.31)

To continue, we derive a contraction identity for g—;’_ by differentiating the contraction

identity (2.16) and using (2.26) to get

§$<c<y>> 220 (2.32)

Substituting this into (2.31) we get

of
0y;

() = A 5 (y) - J*A. (2.33)
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Next we split off the first few components of ®,J and A. Let ®3(y) be all but the first
three components of @, i.e., ®(y) = (1,y1,y2,¢>3(y)), similarly let A = (ag, a1, as, A3)7.
Let J3 be the minor of J corresponding to all but the first 3 rows and columns, i.e., J =

diag(1, A1, A1, J3). We can then write the partial derivatives of ® as

0P 03
0 5’L ) 6’5 I Y
8% ( ' ? ayi )
and substituting this into (2.33) we get
8f —k 8@3 k:
—a; + A TR A 2.34
oy “(y) = ai + Ay oy, W)+ T3 4s (2.34)

We will show that in the limit as y — 0, we have %(y) = a;. Consider a fundamental

annulus Qg as in (2.14)

k()) -4

Nl o (020)

ForRR B | ¢

— ATk ) )k H by (2.34).
H G20 g by @3
Now % is continuous over g, so
< OXTF|| T A3 2.35
|56 =i, < ON 1 (2.35)

The spectral radius of J3 is |A2| < A1, so there is a matrix norm such that ||J3]| < A1, and

15l
o 5€ ( )HA . (2.36)

In particular, the left-hand side converges to 0 as k — oo so f is C'! at v. O

hence

H dyi i

2.6 A Little More Smoothness

In Section 2.5 we constructed a C"-smooth structure on a simplicial surface |K| using the
characteristic maps of the subdivision scheme. Now we squeeze a little more smoothness out
of this construction. This allows us to define a proper subset of C"(K), containing “smother”
functions, although this set is not C""!(K). The additional smoothness is characterized by

the property that the order r derivatives are locally Lipschitz.
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Recall that a map f : U — R™ on a domain U C R" is Lipschitz if there exists a

constant C' such that
[f(x) = fI <Cllz -yl forallz,yeU.

We say f is locally Lipschitz if there is a neighborhood U, of each point z € U such that
f is Lipschitz on U,. We denote, by Cf;i(U ), the class of functions f € C"(U) such that
D“f is locally Lipschitz for all || = r. ( The “1” in the notation reflects the fact that
Lipschitz continuous functions are Holder continuous with Holder exponent 1.) Some prop-
erties of locally Lipschitz functions which follow immediately from the definition are listed:
(i) differentiable functions are locally Lipschitz, (ii) products and sums of locally Lipschitz
functions are locally Lipschitz, and (iii) the composition of locally Lipschitz functions is
locally Lipschitz.

We next give a detailed multi-index version of the chain rule and then show that the class

Cﬂ;i is closed under composition. We use standard multi-index notation. That is, a € Z'} is

a multi-index of non-negative integers o = (a1, g, ..., ), and 2® = [[} 27", a! = T[] o,
and |a| = >} «;. Partial derivatives are represented by D®, where D = (8%1, 8%2, e %).
Also we write a < 8 if o < 3; for each ¢, and define (g) = Wlﬁ)' for 8 < a.

Proposition 18 (Chain Rule). Suppose 7 : Q — Q' is C"-map from a domain Q in R™
into a target ' in R™, and suppose f € C"(SY). Then for any multi-index o € 7%, such

that 1 < |a| < r we have

Da(fOT): Z (DﬁfOT)‘MTaB, (237)
1<|8I< e
where
Mrop = ch% (DYrk) (DBl | (2.38)

the sum is taken over ordered sequences of multi-index pairs (v, p;) € 2 X Z7* fori =1 to

|B|. The multi-index pairs satisfy
Y+ = with || > 1,

and

pa e+ g =B, with |p;| = 1.
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The constants are cf;ﬁ are unique positive integers that are independent of T and f.

.. . . rl . . r,1
Lemma 19. The composition of functions in C| ), is in C| ..

Proof. Let g: U — V and f:V — W be elements in C’f;i Since f o g is clearly in C"(U),
it suffices to show that D*(f o g) is locally Lipschitz for every multi-index a € Z} such that
|a| = r. Applying the chain rule to the composition yields the expansion (2.37). The result

then follows from properties (i), (ii) and (iii) above. O

In Section 2.5 we defined a C"-atlas on |K| which determines a class of C"-functions
on the manifold |K|. Manifolds can be constructed with other types of structure, resulting
in different classes of functions. The structure is not completely arbitrary but must have
a basic set of properties: properties that any reasonable set of transition functions would
have to satisfy. These properties are formalized in the definition of a pseudo-group of trans-
formations. For references on this general construction of manifolds see either Chapter 3 of

Thurston [22] or Chapter 1 of Kobayashi and Nomizu [11].

Definition 20. A pseudo-group of transformations on R™ is a set G of homeomorphisms

between open sets of R"™ satisfying the following conditions:
(i) The domains of the elements g € G cover R™.
(ii) The restriction of an element g € G to an open subset of its domain is also in G.
(i1i) The composition g1 o go of two elements of G, when defined, is in G.
(iv) The inverse of an element in G is also in G.

(v) If g : U — V is a homeomorphism between open sets of R™, and U is covered by an

open collection Uy such that the restriction gy, € G, then g € .

A pair of coordinate charts (Uj,v;) and (Uj,1);) are said to be G-compatible if the
transition function 7;; = 1; o 1pj_1 is an element of §. A G-manifold is a topological space

with an atlas of §-compatible charts.
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Let Fi’i(R”) denote the space of homeomorphisms f : U — V between domains in R™

such that f € C[’L(U) and f~' € CJ'L(V).

loc

Proposition 21. For r > 1 the collection FZ’;(R”) 1s a pseudo-group of transformations

on R"™.

Proof. Condition (iii) of Definition 20 follows from Lemma 19, while all the other conditions

follow trivially from the definition of Ff(’i (R™). O

Proposition 22. In Proposition 15 we can replace C" with Cf;(lj

Definition 23. A stationary subdivision scheme 8 satisfying the conditions of Proposi-

tion 22 is called a Cf(;i-subdivision scheme.

Examining the proof of Proposition 15, one sees that the same proof still works once we

show that the Inverse Function Theorem holds for Clro’i—maps.

Theorem 24 (Inverse Function Theorem). Suppose f : U — V is a Clroi(U) homeo-
morphism between domains in R™, with r > 1, and the Jacobian of f does not vanish on U.

Then f~1 is in CL(V).

loc

Proof. The inverse function theorem for C™ maps shows that f~' € C"(V), and that the
Jacobian of f~! is given by

Df My)=Df(fHy) "

Since the inverse function f~! is in C"(V), the Jacobian Df is in Cf;l’l(U), and matrix

inversion is smooth, we conclude that f~! is in C’lgi(V) by Lemma 19. O

L. . 2.1 L.
Theorem 25. Loop’s subdivision scheme is a C|).-subdivision scheme.

Proof. We must show that the hypotheses of Proposition 22 are satisfied. That is, Loop’s
subdivision functions are 0120’61—away—from—extraordinary—vertices, and that for all valences,
there are characteristic maps which are injective and regular. Loop’s subdivision functions
are locally triangular quartic box splines away from an extraordinary vertex. Therefore they
are C? away from an extraordinary vertex and piecewise C*°. So they are Ci’i—away—from—

extraordinary-vertices.
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We have already mentioned that characteristic maps exist for all valences and are injec-

tive and regular. O

2.7 Some Geometric Properties of Neighborhoods

This section contains some technical results, which we will need in Chapter 4, about the
geometry of certain neighborhoods in the n-regular complex. For each valence n, we fix an
equivariant characteristic map y : |K,| — R?, and use it as a global chart on K,. Let A
be the sub-dominant eigenvalue of the subdivision map of valence n. We denote, by the
subscript A, geometric properties of domains in K, with respect to the euclidean metric
in characteristic coordinates. For example, we define the diameter of a set Q C |K,,| by
diamy Q := sup{|y(p) — y(q)| : p,q € Q}.

Recall, from Section 2.3, the definition of the annular simplicial complexes €2; and the
annulus index jr for a face T € KE. Let W C K, be a fixed wedge of K,, let W; =
WIiNQ; c Kj for j >0, and let W; = W N, C K, for j < 0.

Proposition 26. For any fized integer d > 0, there exists constants Cy through Cs such
that for any T € Face(KF) and k > 0 we have

CO)\QjT(%)Q(k_jT) < areap|NgT| < Cy AT (1)2(k=ir) (2.39)

1
2
and

CoNT(3)F797 < diama|NgT| < CsNI7 (5)F77 (2.40)

Proof. We prove the proposition by successively reducing the collection of faces for which
we must show that the bounds (2.39) and (2.40) are satisfied. Since the coordinate system
is rotational equivariant we need only show (2.39) and (2.40) are satisfied for faces T' € W*
and k > 0. The contraction map ¢ : W*¥ — W**! is a simplicial isomorphism and a dilation

in characteristic coordinates by (2.26). Therefore we get the identities
arean|Ny(cT)| = \? areap|NyT | and diamp |[Ng(eT)| = X\ diamp |[NgT|  (2.41)

for any face T € W* and k > 0. Thus we need only show that (2.39) and (2.40) are satisfied
for faces T € W and k = 0. Let k' be a positive integer such that oK > d+ 1, and consider
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the subcomplex N, (vo, W) C W. Since there are only finitely many faces in Nyw (vo, W)
we can choose constants Cy through Cs such that (2.39) and (2.40) are satisfied for any
face T' € Ny (vo, W). Thus it suffices to show that (2.39) and (2.40) are satisfied for faces
T € W\ Nyw(vo, W). For each face T € W \ Nyw (vo, W) we have jr < —k’ and thus
cITT € Face(WO_jT). Therefore by (2.41) it suffices to show (2.39) and (2.40) are satisfied
for every face T € Wé“ and k > K/, that is, we must find constants Cy through C5 so that

for any such T" we have the inequalities

Co(3)%* < areap|N,T| < Oy (1)* (2.42)
and

Co(3)F < diamy | N4T| < C3(2)F. (2.43)

Notice that |NdWé€/| is an affine coordinate neighborhood, containing |Ny4T'| for every
T € Wé“ and k > k/. In affine coordinates all the neighborhoods NyT' are similar, and in
particular we have the identities areas| NyT'| = C(3)?* and diama|NT'| = C’(3)* where the
subscript A is used to refer to computations in the affine coordinate system. Let y = 7(x)
be the transition function from the affine coordinates to characteristic coordinates.

To show (2.42) we express areay|NyT'| as an integral in z-coordinates by

arean | NyT| :/ det‘%(m)‘dm.

[NaT|

Therefore for any T € Wé“ and k > k' the following inequality holds
1\2k . or 1\2k or
C(3) mmdet‘%(x)‘ < areap |[NgT'| < C(35) maxdet’%(:c)) ,

where the minimum and maximum are taken over z € |Ng(W{')|, proving (2.39).
The lower bound in (2.40) follows from (2.39). To see this consider a bounded domain
Q C R2. Let p,q € Q be a diameter of 2, that is, diam Q = [p — ¢|. Then  is contained the

ball of radius diam 2 centered at p. So we have a weak form of the diametric inequality,
area Q) < m(diam Q).

Combining this with (2.39) yields the left side of (2.40) with Cy = \/Co /.
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To prove the upper bound in (2.40) let T € W with k > k' and let 29 and 1 be affine
coordinates of a diameter, that is, diamy (NyT') = |7(z9) — 7(z1)|. Applying the mean value

inequality we get

diamp (NT') = |7(x1) — 7(22)]

_H H 21 — 20| < C ;H (L) (2.44)
where
)
52l = mee 5]

and H%(CE}H is the operator norm of the Jacobian matrix. This completes the proof of

(2.43). O

We will see in Chapter 4 that it is useful to work with a slightly larger neighborhoods
of NyT. For a given face T € Kf{ , let NJT' be the closed circumscribing ball of NgT" with

respect to characteristic coordinates. For a simplicial sub-surface K C K ,’i, we define

NiE = ) NgT. (2.45)
TeFace(K)

The diameters of [NgT'| and N§T are related by
diamp | NgT'| < diamp NJT' < 2 diamp |NgT'| .
Therefore as a Corollary to Proposition 26 we have the following.

Corollary 27. There exists constants Cy and Cy such that for any T € Face(KF)and k > 0
we have

CoNT (3)F777 < diamp NST < CL N7 (3)F7
If |T'| € Na(vg, Ky), then jp > 0 and k& — jp > 0, so we get the following Corollary.
Corollary 28. Ifk > 0 and T € Face(KF) and |T| C |Na(vo, K,)|, then

C())\ < diamp NC?T < Cl)\

min max ?

where Amin = min{%, A} and Apax = max{%, A}
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The same techniques that we used to bound the diameter and area of NJT' in charac-
teristic coordinates also apply to bound them in affine coordinates. In particular, we have

the following lemma.

Lemma 29. Suppose U is an affine coordinate neighborhood. Then there exists a constant

C such that for k sufficiently large and T € Face(QXf), where NJT C U, then

diam 4 (NST) < C(3)*  and

N[ —=

areas(N5T) < C(3),

where the A subscript indicates that computations are made with respect to affine coordi-

nates.

For a fixed value of d > 0, the following proposition gives a bound on the number of

times the neighborhoods NJT' overlap.

Proposition 30. There exists a constant C' such that for any k > 0 and y € |K,|
n*(y) := #{T € Face(K¥):y e N§T} < C. (2.46)

Proof. Since ¢ : KF — KFt! is a simplicial isomorphism and a dilation in characteristic

coordinates we have the following scaling relation

n*(y) = n*(ey). (2.47)

So it suffices to prove 7°(y) < C for all y € |K,|. We decompose this problem into two

subproblems
(i) 7n%y) < C for y € |N1(vo, Ky)|, and
(ii) 7°(y) < C for y € | Ky, \ Ni(vo, Kn)|-

In case (i) we show the neighborhoods NJQ; and |Ni(vo, K,)| are disjoint for all j
sufficiently negative, say j < j’. It then follows that n°(y) < #{T € K, : j7 > j'}. Let
dp = dist(vo, |Q0|) be the Euclidean distance in characteristic coordinates from vy to the

annulus €. A scaling argument shows dist(vo, |2;]) = Mdp. To estimate dist(vg, N50;) let
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p € NJT be a point which achieves the minimum distance, with T" a face in Q; C K,,. Then

for any t € |T'| we have by the triangle inequality

dist(vo, NgQ;) > |t| — [p — ¢
> dist(vo, |Q;]) — diamp NJT'

> doN — C1(20)7

where the last term of the last inequality comes from Corollary 27. As j — —oo the first
term dominates and approaches co. So for all j sufficiently negative say j < j' we have that

dist(vo, NJ€;) exceeds diamp | Ny (vo, K, )| proving
NgQ] N ’Nl(vo,Kn” =0.

This completes the proof of case (i).

By (2.47), to prove case (ii) it is equivalent to prove

(ii") n¥(y) < C for all y € || and k > 0.

Let Qo = [N (vo, K1)| UK, \ Ny(v, K)| = m be a central region of |K,,| together
with an annulus. Notice || and € are disjoint, being separated by || and [Q_1|. Let
k' > 0 be such that

CiAF L < dist(|0], Qo) ,

max

where O is given by Corollary 27. We prove the following claim: For any face T € K¥ such
that £ > &’ and |jz| > 1 the neighborhoods NST' and [Q| are disjoint. The claim follows

from the estimate

dist(|Qo], NST) > dist(|Q0], Qo) — diamy NST

>N — Ok, >0,

We now show (ii’). For any T € K¥ with k > k" and |jr| < 1 we get a lower bound on the
area of |T,

areap|T| > C’g(%)gk, (2.48)
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by taking d = 0 in Proposition 26, and by Corollary 27 we have the bound
diamp NST < Cy(3)". (2.49)

Fix yo € |Q| and k > k’. Let B(yo, C1(3)") be the ball of radius C1(3)* centered at yo.
Then for any T' € Face(KF) such that yo € NST, we have |T| C |[N4T'| C B(yo, C1(3)") , by

(2.49). Then we have the following string of inequalities

77012(%)% = arean B(yo, Cl(%)k) > Z areap |T|

ITIC B(yo,C1 (3)%)

> #{T € Face(Ky) : |T| € B(yo, C1(3)")} - Ca(3)*" .

The last inequality follows from (2.48). So

C2
n*(yo) < #{T € Face(KF) : |T| c B(yo,CH(%)k)} < W?;'

Since this bound is independent of k& and 1y we are done. O

Next we define the final piece of geometric information that we need about the neigh-

borhoods NJT.

Definition 31. A region Q C R" is star-shaped with respect to a ball B if, for all x € Q,
the closed convex hull of {x} U B is a subset of Q. Suppose Q is star-shaped with respect
to some ball. Define ppaz(2) = sup{p : Q is star-shaped with respect to a ball of radius p}.
Then the chunkiness-parameter of ), denoted by v(Q2), is defined by
diam(2)
V() = )
Observe that the ball, which has a chunkiness parameter of 2, has the smallest chunkiness-

parameter of any domain.

Proposition 32. There ewist constants o and k', such that for any k > k' and T €
Face(QXf),

YA(NZT) <70
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The proof of this proposition depends on the following lemma.

Lemma 33. Let f : Q — Q' be a C?-diffeomorphism between bounded domains of R?. Then
there is a constant R such that the image of any ball B C Q of radius r < R is convex.

Moreover, there are constants C1 and Cy such that
Cyr <inradius f(B) < circradius f(B) < Cor,

for all such balls B, where inradius and circradius are the radii of inscribing and circum-

scribing balls of f(B).

Proof of Proposition 32. By rotational symmetry, we need only consider faces in a single
wedge |W| of K,,. Let k" be such that |N (€ N W)¥| is an affine coordinate neighborhood,
and let x be an affine coordinate on it.

The transition map = 7(y) from characteristic coordinates is C% on N(Qq N W)*".
Let R be the constant associated with this map by Lemma 33. Choose k” > k' such
that diama(NST) < R for all k > k” and T' € Face(Q N W)*. Then by Lemma 33, the

neighborhood NJT' is convex in affine coordinates and

2 circradius 7(NST') < 20,

NST) < '
ya( d ) < inradius T(NC?T) -G

0

Proof of Lemma 33. To prove the existence of R, consider applying an invertible linear map
J to a circle of radius r. The image is an ellipse with principle radii oyin (J)r and omax(J)7,
where 0 < opin(J) < omax(J) are the singular values of J. Let

Omax =  Max  omax(Df()),
TEN(QNW)k

where D f(x) represents the Jacobian of f at x, and similarly define oyi,. By expanding f
as a linear map and a second-order error term, we see that, there is some R > 0 such that,

for any ball B C Q of radius r < R, we have

1/20minr < inradius f(B) < circradius f(B) < 20max’
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To see that the image of sufficiently small balls are convex, use the fact that a region with
smooth boundary is convex if and only if the curvature of the boundary is non-negative.

O
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Chapter 3

GLOBAL APPROXIMATION IN SOBOLEV SPACES

In the previous chapter we defined a Cﬁ’cl—subdivision scheme, and we showed that it
induced a Cﬁ’cl—atlas on any finite simplicial surface without boundary |K|. In this chapter
we use the C’lljél—atlas to define H*1-Sobolev spaces on |K|. Then we show that subdivision
functions are in H2(K) given only that the the subdivision scheme is C’ﬁ)’g.

Also, we construct a family of linear maps
P*: LYK) — 8(K*)  forall k >0, (3.1)
and derive an asymptotic bound for the approximation error of the form
1P f = fllas () = O(a") (3.2)

for sufficiently smooth functions f. The global approximation operators P* will be
constructed from approximation operators acting on the n-regular neighborhoods. The
final theorem of this chapter shows how bounds on the approximation errors in K,, can be
used to derive bounds on the global approximation error.

We review Sobolev spaces on a domain of R™, in Section 3.1, then in Section 3.2 we
extend the definition to compact simplicial surfaces. In the final section, we state and prove

the global approximation theorem.

3.1 Sobolev Spaces in R"

The functions in a Sobolev space have derivatives in LP spaces. Let 2 C R™ be a domain,

i.e., an open set. The LP norms for 1 < p < co on 2 are given by

1/p
1fllzri) = </Q|f|pdfﬁ> and [fl| oo () = ess S(lzlp\f(w)\-
pAS
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We identify functions which are identical almost everywhere (with respect to Lebesgue
measure), so that these are actually norms, and define LP(2) to be the class of functions on

Q with finite norm. We say f € L () if for each domain U compactly contained in Q we

loc
have fi; € LP(U). The broadest class of functions we consider is Lj; (€2), which contains
all other LP spaces.

Sobolev functions possess weak derivatives. Given a function f € Ll () and a multi-

index a, we say g € Li (Q) is a weak derivative of f if

/f ) D¥p(z) dz = ( la/ dz  for all ¢ € C°(Q),

and we write D®f = g. The zero subscript on a function space denotes the class of functions
with compact support, e.g., the space C§°(€2) consists of functions f € C°°(€2) such that
supp f is compactly contained in €.

The following proposition gives a product rule for the product of a weakly differentiable

function with a classically differentiable function.

Proposition 34. Let u be a function, defined on a domain Q2 C R™, with weak derivatives
D%y for all |a| < k, and let p € C*(Q). Then p - u has weak derivatives of order k, and

D%(pu) is given by the product rule

DYp-u) = (g) DPp. D> Py . (3.3)

B

Proof. First consider the case £k = 1 and D® = % for some j = 1,...,n. For any ¢ €
C3°(€2) we have

[ruiso= [u(a 00 - (00)
—— [ (o o) o 2

Now for arbitrary & > 1 and multi-index |a| < k we apply (3.4) a total of || times to show

frorsmicn [ (G
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For any integer s > 0 and exponent 1 < p < oo, define the Sobolev space H*P(2) to be
the class of functions f € LP(Q2) such that for any multi-index |a| < s, the weak derivative
D f exists and is in LP(Q2). Define the H*P()) semi-norms and norms by

1/p

1/p s
|flasw) = ( Z HD"inp(Q)> and 1l rrsm ) = < Z ’f‘];{mm(m> )
m=0

|a|=s

| flEsco@) = ag;HDafHLoo(Q) and | fllgoco() = max [flaeem)-

| 0<m<
We usually are concerned with the case when p = 2 and simply write H*(Q2). We also will
need the space Hfo’f of locally H®P functions and Hy” of functions in H5? with compact
support.

The interaction of Sobolev functions with Cﬂ;i—functions (C"-functions with locally Lip-
schitz derivatives of order r) plays an important role, since this is the class of continuous

functions defined on simplicial surfaces in Section 2.6. The next proposition can be found

in Evans and Gariepy [8], Section 4.2.3.

Proposition 35. The function f: Q — R is locally Lipschitz if and only if f € Hl’OO(Q).

loc

Thus we have an identification of C7}(€) with H/.""°°(Q). The product rule and chain

rule hold almost everywhere for these functions, as we show in the next three propositions.

Proposition 36. Suppose 7 : @ — Q' C R™ is a C’{Z’Cl(Q) map for some k > 1 and
f € C®(Y) then f ot has weak derivatives of order k + 1 and satisfies the chain rule:
Do(for)= > (DPfor) M (3.5)
1<|8|<]al

where Mo € LS () is given by (2.38), as in the chain rule for smooth functions.

loc

Proof. For any multi-index |a] = k the chain rule (3.5) applies by the classical rules of
differentiation. We will be done if we can show an order 1 derivative of each term in the
resulting series is given by an application of the product rule and chain rule. That is we
must show that formally applying the product rule and chain rule to each term in the sum
gives the weak derivative of that term. Notice, in the case |a| = k, for any [ we have that
DPfor e CFQ), and M7,5 € C(S) except for the terms when |3| = 1 in which case by
(2.38) we have M 7,5 = D*7?, which is locally Lipschitz.
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By Proposition 35 the term D%7” has weak derivatives of order 1. Therefore by Propo-
sition 34 the term (DPf o 1) - D*7” has weak derivatives of order 1 given by the product
rule. O

Proposition 37. Let 7 : Q — Q be a C’gi—diﬁeomorphism between domains in R™ for
some r > 1. For any f € H™ () the composition f o T has weak derivatives D®f for all
la| <7+ 1, and the weak derivatives are given by the chain rule

D%(for)= Z (DﬁfOT)-MTag,

1<]8I<]af

where Mo is given by (2.38), as in the chain rule for smooth functions.

Proof. For any f € H™1(Q)) there is a sequence {f,} of functions in C>°(€2’) converging to
f in the H"1(€Y)-norm.

Using the change of coordinates * = 7(y) and that f, converges to f in L?()) we
compute as follows: For any ¢ € C§°(Q2) and any multi-index « such that 1 < |a| <r+1

we have

1
or ‘ dr
x

[tenw sy = [ 1w Do o) e

871
T ‘dw
X

— lim fn(:U)DO‘QS(T_l:U)’det .
Q/

n—oo

= lim [ (fno7)(y) D%(y)dy.

n—oo 0

We now apply Proposition 36 and continue the computation using that D?f, — DPf in
L3(QY) for all |B] <7r+1

om0 Do) dy = (<1 i [ ST DO ) Mras(o) 6la) d

1<]8|<]af

= (=)l lim /Q > Dﬁfn(a;)Mraﬁ(flxm(flx)\det

n—00
1<|BI<e

= (—1)l /Q/ Z DPf(z) M1op(t7 ) (77 2) ‘det

1<|BI<]al

= (1)l /Q S (DPf o m)(y) Mrap(y) 6(y) dy.

1<|BI<]al

or—1
ox

’da:

or—1
ox

’da:
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Proposition 38. Letu € Cf;i(Q) and f € H™Y(Q) then f-u has weak derivatives D(f-u)

for all |a| <r+1 and they are given by the product rule (3.3).

Proof. Let {f,} be a sequence of functions in C*°(£2) converging to f in the H""1(Q)-norm.
Then DPf,, — DPf in L?(Q) for any |3| < r+1. So for any |a| < r+1 and ¢ € C®(Q) we
have

/quaqb: lim [ fpouD%p

(a) DB £, DBy ¢ by Prop. 34

0

To construct Sobolev spaces on surfaces we need two operations: multiplication and
change of coordinates. The key propositions are given next. For cases where the multipli-
cand and change of coordinate functions are in C"*!, these results are standard and can be

found in Adams [1]. Here we use C’lro(lj functions instead.

Proposition 39. Given p € CS’I(Q) there exists a constant C such that

o fllgri) < Cllfllgrei)  for all f € H™H(Q). (3.6)

Proof. By the product rule, Proposition 38, we have
D%p-f) = Z <6>D0‘_Bp-Dﬁf for any |o| <7+ 1.
<a N
Applying Holder’s inequality, we see that each term is in L?(£2), and moreover
« @ a—
D% Aoy < 3 (5)10° slmion 10 Pl
BLa

< Clipllgrsreoi) D _ID° fll 20
BLa

< Cllpllgr+r.oo @)l fll 241 (-

Summing over |a| <7+ 1, we get (3.6). O
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Now we examine a change of coordinate formula for Sobolev functions. Suppose 7: 2 —
' is a C™1(Q)-diffeomorphism between domains in R™ with » > 1. That is, for all |a| < 7,
the partial derivative D7 is bounded and uniformly continuous on 2, and for all |«| = r,
the partial derivative D7 is Lipschitz continuous on €. Proposition 24 shows that 7! is

also of class C™(Y).

Proposition 40. Suppose 7: Q — Q' is a C™'(Q)-diffeomorphism between domains in R™.

There exists a constant C' such that for any domains A C Q and A" = 7(A) C ', we have
1/CIf otllgr+icay < I flarerany S C I f oTllgrrray  for all f € HHH(A).  (3.7)
The constant C = C(§2,7) is independent of A.

Proof. Tt suffices to prove the leftmost inequality of (3.7). Indeed the rightmost inequality
follows by considering the C™!(Q/)-diffeomorphism 77! : Q' — Q.

We first consider the L?-norm. For any A C Q and f € L?(A’) we have

I orlacy = [ Fro?ay
a —1

-
ox

= [ f(z)? ’det (x)|dx
A/

Since 7 € C1(2) there is a constant C such that

-1
‘det 8(51: (;c)‘ <C forallzeq.
Thus we have the inequality
1f o Tllz2(ay < CllfllL2an (3.8)

where the constant C' is independent of A.

Now we consider Sobolev norms. For any |a| < 7+ 1 and f € H"t'(A) we have by

Proposition 37 that the weak derivative D(f o) is given by (3.5), where M7,3 € L*(Q).
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Thus

ID*(fom)llzy < D D7 f o7)(MTag)ll L2y

1<|B]<]e
= Z 1M 70|y 1D f 0 7l 2
1<|B|<] e
<C Z HDﬁfHL2(A’) < CH‘]CHHMI(A)
1<|BI<e

In the last line we have used (3.8). Notice the constant C' is independent of A. Summing

over all || < r 4+ 1 completes the proof. O
The following proposition gives an identity for the H"-semi-norm of a dilated function.

Proposition 41. Suppose 2 is a domain in R?. Let c(x) = Az be a dilation map on R?,

with pull-back c*. Then for any f € H™(R), we have

| flarm(e—10) = X flam (o) -

Proof. Differentiating we get Dc* f = Mel¢* D f for any multi-index o. So

‘C*fﬁ_‘[m(cflﬂ) = Z /le (D¢ f)? da

|a|=m

=7y /Clg(Daf()\x))2dx

laf=m

DY /Q (D f(2))? da

|laj=m

_ )\2(m—1)|f|%[m(m )

3.2 Sobolev Spaces on Simplicial Surfaces

We define a Sobolev norm on a finite simplicial surface K without boundary. Suppose S is a
Clljél—subdivision scheme. We use an atlas of coordinate charts and a subordinate partition

of unity to decompose a function into finitely many pieces, each compactly supported on
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some n-regular complex. This construction follows the construction of Sobolev spaces on a
compact manifold as found in Taylor [21].

The Sobolev norm on | K| is defined in terms of an atlas and a partition of unity. The
Sobolev norms on the n-regular complex |K,| is defined using a characteristic map x, as a

global coordinate chart. That is, for every Q C |K,| we define

1152 = If o Xl as (e (2))- (3.9)

For each vertex v € K of valence n, we fix a characteristic coordinate chart v, = xp 0ty :

|N1(v)]° — R2, as in (2.25). Define a central subcomplex of K,, by
K, = N3 (vo, K?) for each valence n, (3.10)

and let U, = L;l(u?n‘o) be the corresponding open neighborhood of v. Let p, be a C’fjél—
partition of unity, subordinate to the cover {/U\U}, and define the cut-off representative of

f near v to be f, € C(K,), given by

(o~ f)owt, (3.11)

where we extend by zero to the rest of K,,. Then we define the global Sobolev norm on |K|
for each non-negative integer s < R+ 1 by
£l ey = D follarg (i) - (3.12)
veK
Using Propositions 39 and 40, one can show that the definition of the norm is indepen-
dent, up to equivalence, of the choice of atlas and subordinate partition of unity. That is,
if {{Ea, Uy} is another finite atlas and p, is a subordinate partition of unity, then the norm

defined by
171 =M1 (Ba - £) 0 05 |z

is equivalent to the H®(K) norm defined in (3.12).

We now extend Proposition 17, showing that subdivision functions are in H2(K).

Theorem 42. Suppose 8 is a Cﬁ)’cl—subdivision scheme. Then all subdivision functions 8(K)

on K are in H*(K) .
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Proof. Fix u € CN(K) and let f = 8*°u. We want to show that ||f o LEIHHi(f(n) is finite for
each vertex v € K of valence n. It follows that f € H?(K), since
£l 2y = ZH(P'f) ° LzTIHHX(Kn) <C ZHf ° L;1’|H/2\(1?n) < 00,
veK veK
by Proposition 39.
At a sufficiently fine level, f o ;! is a subdivision function on K,. Let ko > 3 be such
that 2k0 —m,, +1 > 3. 2k0=2 where m,, is the mask width of the subdivision scheme. Let

U = 1y " u € CN(Nyk, (vo, KF0)), then by Proposition 8 we have

Fou = f =048 = 8%, k0 = §°u  on |K,|.

Let Qo = Njoko—2(vo, KX0) \ N3 oro-3(vo, KF0) be a fundamental annulus in KXo. Let
Q; =IO C KM% then the annular regions {I€2;] : j > 0} have disjoint interiors and

cover K, \ {vo}. So we have
[ee]
§=0
A subdivision function on Nj gr—2 (v, K*0) is determined by a control net in
V - CN(N32k0—2+mw_1(/UO, K,so)).

Let S =5, 59k0-24,, 1 De the subdivision matrix acting on V, with distinct eigenvalues
1=Xo>A1> A > > | AN

For each m = 0,1 or 2, we decompose V into a pair of S-invariant subspaces. For m = 1
or 2, let T}, be spanned by eigenvectors corresponding to the \g through \,,,_1 eigenvalues of
S, and let Ty = {0} be the trivial subspace. Let V,,, be spanned by generalized eigenvectors
corresponding to the A, through Ay eigenvalues of S. Then for each m = 0,1 or 2 we have
a decomposition of V

V=T,a&V, (3.14)

and a corresponding decomposition of S

S =Sr& S (3.15)
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Furthermore, the spectral radius of S, is given by
p(Sm) = ’)‘m| . (316)

From Theorem 11, it follows that: (i) The Ap-eigenspace of S is 1-dimensional, containing
constant control nets which generate constant valued subdivision functions, and (ii) The
A1-eigenspace of S is a 2-dimensional space of control nets which generate components of
a characteristic maps , i.e., they generate linear functions in characteristic coordinates. So

8(T},) are functions which are trivial in the H}(L(I/(\'n)—semi—norm; ie.,
|S°°€Z|H7An(f(n) =0 for uw € T,,, and m = 0,1 or 2. (3.17)
Continuing, we prove the claim
~ — —1)7 J~
8%l ) = AL "8 Sl i ) (3.18)
for any u € V, j >0, and m = 0,1 or 2. Since S7 = (c*8) = ¢*/87, we have
18%57 20y = 18°°¢ 87 1y )

= ’C*jsooa|H/T\n(Qo) by Prop. 8

= )\:(mel)]|sooa|H}\n(CJQO) by PI'Op. 41,

proving (3.18).
Notice that by the smoothness hypothesis for the subdivision scheme, $°u € C*!(Qq) C

HZ () for any @ € V. So for any norm on V, the H™-operator norm for 8§°° satisfies
18 g () < 8% || - (3.19)

We now combine (3.13), (3.18) and (3.19). For any w € V and m = 0,1 or 2, we apply the
decomposition (3.14) and (3.15) to get & = U + Uy, and S7u = S%ﬂT + 8%, U. By the
triviality of T,,, (3.17) we have

18789 ) = 18 STl s 22

< 18% | S 1 [T (3.20)
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where ||Sy,|| is the operator norm of S,,. Then applying (3.13) and (3.18) we have

o0
~2 o ~12
180 vy, 10) = DI8F W)
7=0

)\1—2(m—1)j |SOOSJ,E‘§{X¢(QO)

M

.
Il
=)

o= [ —(m 2j
< 18 B il Y (A7 1Swll) - (3.21)
j=0

For any € > 0 we can choose a vector norm on V such that ||S,,]| < p(Sn) + €. So by
(3.16), the parenthesized factor in (3.21) satisfies the bound
(1+e)M m=0
—(m—1
NSl < (v m=1

(|2l +€)/A m=2

for any € > 0. In particular, € can be chosen so that these factors are always less than 1 since,

1 > A1 > |A\2|. Therefore the geometric series in (3.21) converges and §>*u € H/Q\(I?n) O

3.3 A Global Approximation Theorem
Consider a family of linear operators
Q={Q" : L} 1o (Kn) — 8(KJ)  for k > 0}. (3.22)

The family Q is said to be local if there is an integer d called the support width such that

the following condition holds for every subcomplex K C K¥:
If f=0on [NgK|, then QFf=0on|K]| (3.23)

The global approximation P¥f is constructed from the cut-off representatives f, as in
(3.11) by
Prf=>"uQkfy, (3.24)

veK

where 1*Q" f, is extended by zero outside of N (v, K).
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The asymptotic bounds in (3.2) for the case of box splines on a Euclidean domain
are af = (1/2)P*. In our analysis, the role of the base % is played by the sub-dominant
eigenvalues of the subdivision matrix. Let Ayax (K, ) be the sub-dominant eigenvalue of the

subdivision matrix .S, or %, whichever is greater. For the simplicial surface K, let
Amax (K) = max{Amax(Ky) : n is the valence of a vertex v in K}. (3.25)

Let N1 be a neighborhood of I?:L in K,,, and suppose for each valence which is represented

in K, we have a local estimate

1Q F = Fllys ey < CeXvas™ M f gy for all f € HY(N),  (3.26)
where Apax = Amax(Kn).

Theorem 43. Suppose for each valence n represented in the complex K, there is a family Q
of local approzimation operators as in (3.22), with support width d,,, that satisfy the estimate

(3.26). Then the global approzimation operator P* given by (3.24) satisfies the estimate

IP*f = Fllars iy < CMms™ (|l sy for all f € H'(K), (3.27)

max

where Amax = Amax(K) and k is sufficiently large. In particular, (3.27) is satisfied for all
k > ko, where kg satisfies 25072 —my, —d+1>0 and d = max{d,, : v is of valence n for

some v € K}.

Proof. Fix f € H"(K), then by the definition of H"(K) we have f, € H}(K,) for each
vertex v € K and supp f, C \I/(\n\

We first show that the pull back of a local approximation Q" f, is a subdivision function
on K*. (Recall, we extend the function by zero outside |Nj(v,K)|). By linearity, this
shows that the global approximation P*f given by (3.24) is a subdivision function. Let
u € CN(K,,) be such that Q¥ f, = §u. We show that ¢*Q* f, = §/*u on all of | K|, where

we extend the control net *u by zero so that t*u € CN(K*). Now
T k
supp fU - |Kn| - |N3-2k_2(/U07Kn)|’
Hence by locality of the local approximation,

suppu C N3.gk—244 ., (Vo, K.
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Therefore

supp 81" u = | Nyor—2., 4(v, K*)|. (3.28)
By Proposition 8 we have
*8%u = 81 u on NQ;meH(U,Kk).
Finally, we see that the hypothesis on kg implies that there is an inclusion
Nyor2,g(v, K¥) C Nox_py 1 (v, K*)  for all k > ko.

Thus, the functions i*Q" f, and §°/*u are identical on their supports, and hence identical
on all of |K].
We now prove the global error estimate (3.27). By definition (3.12) of the Sobolev norm,
IPRf = sy = D oo - (PFf = £) oy Ml ) (3.29)
veK
By (3.24) and the partition of unity, we can write
PEf—f = (Q"fu— fu)o tw
weK

Thus, substituting into (3.29) and using the triangle inequality we get

1P f = fllmsry < Z lpv - (QF fur = fuw) © tw © 1 M |1 (1)

v,weK
<> Mo (@ fo = o)l (s +
veK
S oo (@ — fudotwo i iy . (330)
(vw)eK

Because p, - (QF f,, — fu) is supported in |N1(v)|° N[Ny (w)|° , applying Proposition 40 yields
the inequality

o - (Qkfw — Jw) O Ly © L;1||H/S\(Kn) < Cuwllpw - (Qkfw - fw)HHX(Kn) . (3.31)

Applying Proposition 39 to the inequality (3.31) then gives

low - (@ fo = £l iy < 1Q fo = foll g - (3.32)
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Substituting (3.31) and (3.32) into (3.30) yields the inequality
k - s < k - 7
HP f f”H (K) = C;{HQ fv f”HH/S\(K )

which, together with the local estimate (3.26), gives

IP*f = Fllrsry < CATad™ "> Nl follrr vy = CeNoa™ ¥ 1l (1)
veK

concluding the proof. O

Constructing a family of approximation operators satisfying (3.26) and applying Theo-
rem 43 for Loop’s subdivision scheme yields the main result of this thesis. Recall Theorem 25
states that Loop’s subdivision scheme is a C’i’i—seheme. We show in Chapter 4 that the
required estimate (3.26) follows from the existence of a quasi-interpolant on K, with cer-
tain polynomial reproducing properties. In Chapter 5 we construct a quasi-interpolant for
each K, for Loop’s subdivision scheme. In particular, applying the result of Chapter 4,
this shows that the estimate (3.26) holds for any s < r < 3. Therefore once we have these

results we will have proved the main result of this thesis which we restate here.

Theorem 2. Let §(K*) be the space of Loop’s subdivision functions on the k-times subdi-
vided complex K*. For integers 0 < s < r < 3 and any € > 0 we have the following bound

on the minimal H*(K)-approximation error of a function f € H"(K):

dist(f, S(K™)) s (xy < CXls™ ¥ £l 11 (1¢) »

where the constant Ce = C(€, K) is independent of k and f.
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Chapter 4

APPROXIMATION THEORY ON THE n—-REGULAR COMPLEX

In the previous chapter we proved a global approximation theorem for subdivision func-
tions, Theorem 43. For each valence n and level k£ > 0, suppose we have a local, linear
operator Q¥ that approximates a function f € H" (K,,) on the n-regular neighborhood K,
by a subdivision function Q¥ f € §(Kk). Furthermore, suppose the H*-approximation error
satisfies the estimate (3.26), which shows ||Q¥ f — f||zs = OA"=*=9%) where A = A\pax (Ky)
and the H*-norm is computed on some fixed bounded domain in characteristic coordinates.
In Section 3.3 we used the operators QF to construct a global approximation operator P*
that approximates a function f € H"(K) defined on a simplicial surface K by a subdivi-
sion function P¥f € §(K*). Theorem 43 shows that |P*f — f|lzs = OA"=5=9%), where
A = Amax(K). In this chapter, we define the properties of a quasi-interpolant on K, and
show that the approximation error of a quasi-interpolant satisfies the bound (3.26).

A quasi-interpolant on K, is a generalization of a standard technique for proving ap-
proximation results on R™. We begin with an introductory example of quartic triangular
splines in R?, demonstrating that the existence of a quasi-interpolant of order r implies an
approximation power of at least order r. The quasi-interpolant technique is well known, see
for instance [20, 3, 6].

Let S(K¥) be the space of quartic triangular splines on the subdivided regular grid K§.
As shown in Kowalski [12], the approximation power of quartic splines is demonstrated
by constructing a family of local linear operators Q¥ : H'(R?) — §(K}), called a quasi-

interpolant. We will show
1QFf — fllas < CH | fllgr for0<s<r<4. (4.1)

The key properties of a quasi-interpolant are locality, boundedness and polynomial re-

production. Suppose Q¥ is local with support width d as defined in (3.23). By boundedness,
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we mean that there exists a constant ||@Q]| such that HQkf”Hs(T) < QU f1l s (v 1) for any
level k and any face T € Ké“. To get fourth-order approximation power as in (4.1), we
require that all polynomials of degree less than 4 are reproduced by QF; i.e., Q¥g = ¢ for
any g € P and k£ > 0.

To prove (4.1) we estimate the approximation error on a face T' € K g . Let g € P,_1 be

a polynomial approximating f on N47T'. Then by the triangle inequality we have

1Q f = Fllarsry < NQYF — Q% gllmrscry + Q%9 — gl zrs(ry + | f — 9llmrs () -

Applying locality, boundedness and polynomial reproduction we get

1QF f = Fllmsery < (L +1QI) If = gll = (v -

To complete the proof of (4.1) we need an estimate of the error made in locally approx-
imating f by a polynomial. If f were in class C", then we could take the approximation g
as a degree r — 1 Taylor polynomial of f, and by a simple estimate from the remainder in

Taylor’s Theorem we could conclude
If = gllrs(nvyr) < C(diam NgT')"* ?VUI;|DTf| :
d

We show, in Section 4.2, that an averaged version of a Taylor polynomial is well defined for

a weakly differentiable function. The Bramble-Hilbert Lemma gives the bound

1f = 9l s v,y < C(diam NyT)"™°| f| g (nvy1) -

The neighborhoods NyT" are all similar and satisfy diam(NyT) = C(3)F for some con-

stant C. By summing the local errors we then get

Q¥ f = fllzrs = D> IQFF = Flle(ay

TeKk

<CEPY S v - (4.2)

TeK}

Any face Ty € K, é“ is summed over many times in the sum above, and the number of times is
independent of Ty. Therefore, the sum on the right of (4.2) is bounded by C|f|3,, proving
(4.1).
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We want to apply this technique to the problem of approximation on K, by subdivision
functions. Specifically, we want to identify the properties of a quasi-interpolant so that we
can prove the approximation error bound (3.26). The main challenge we face is reproducing
polynomials. The norms in (3.26) are computed in characteristic coordinates. Let P, (K,,)
be the space of polynomials of degree at most r in characteristic coordinates. Clearly, if
g € P.(K,,) is to be reproduced by a quasi-interpolant, then we must have g € §(K,,). This
is a severe limitation. Constant functions are in S(K,), and linear polynomials are in 8§(K,),
since they are components of a characteristic map. However, Po(K,,) is not contained in
the space of Loop’s subdivision functions, unless the central vertex is regular (see Prautzsch

and Reif [15]).

Constructing a quasi-interpolant that only reproduces Py (K,,) would only prove second-
order approximation power, but Theorem 2 states that the approximation power of Loop’s
subdivision functions is order 3. To show that subdivision functions have this higher-order
approximation power, we require that the quasi-interpolant also locally reproduce affine

quadratic polynomials away from the central vertex.

Throughout this chapter we assume that § is a Cﬁ(’:l—subdivision scheme and that 8(K,,)
is contained in H Aloc (K,), with s < R. In particular, to apply the theory developed here
to prove Theorem 2 we have a C’lzo’i—subdivision scheme, and Loop’s subdivision functions
are in H/Q\JOC(K,L), by Theorem 42. Let A be the subdominant eigenvalue of the subdivision
map for valence n, and let A\pax = max{\, %} Throughout this chapter, C will denote a

generic constant whose value can change from line to line.

In Section 4.1, we define the properties of a quasi-interpolant and state the local approx-
imation theorem. We review polynomial approximation in Sobolev spaces in Section 4.2.
In Section 4.3, we prove our local approximation theorem. In Section 4.4, we develop an

equivalent characterization of a quasi-interpolant, one that is easier to verify.
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4.1 Approximation by Quasi-Interpolants

We begin with the formal definition of a quasi-interpolant on the n—regular complex K,,.

Consider a family of linear operators
Q = {Qk : L}\,loc(Kn) — S(KS) fOI' k Z 0}

We say that Q¥ is rotation equivariant if the following diagram commutes

Qk
L}\,loc(Kn) - S(Kﬁ)

g*l lg* (4.3)

Lzl\,loc(Kn) ok S(Kﬁ) )

where ¢ is an element of the automorphism group of K,, as defined in (2.11).

We say that Q is contraction equivariant if the following diagram commutes for all £ > 0

Qk
L}\,]oc(Kn) - S(K'r];:)

e | B (4.4)

Lzl\,loc(Kn) Qk—1 3(K§_1)>

where ¢ is the contraction map defined in Section 2.3. Observe that if Q is contraction
equivariant then

QF = ¢ Q0+ for all k > 0,

i.e., Q is completely determined by Q. Also, if Q is contraction equivariant and QF is
rotation equivariant for some k, then Q¥ is rotation equivariant for all k£ > 0.

Suppose Q is local with support width d, as defined in (3.23). Observe that if K ¢ K*
is a simplicial surface and N C |K,,| is a neighborhood containing |NgK|, then Q induces
an operator

Qk : LJIX,IOC(N) - S(KS)|Ka (45)

where S(Kﬁ)‘K denotes restriction to |K|. Recall, from Section 2.7, that NJT' C |K,,| is
the closed circumscribing ball in equivariant characteristic coordinates for each face T' €
Face(K?), and NSK = UNST for any sub-simplicial surface K C K, where the union is

no

taken over faces T' € K.
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We say that Q is wniformly H3-bounded if there exists a constant ||@Q|| such that the
inequality

HQkaHf\(K) < NRI g (vsx) (4.6)

holds for every simplicial surface K C K.
Given a local family Q with support width d, we say that Q" is order r if the following

two conditions are satisfied:

(i) QFf = f for f a polynomial of degree less than r — 1 in characteristic coordinates.

(ii) Q*f = f on |K| for any (a) subcomplex K C K¥ such that |[NyK|° is an affine coor-

dinate neighborhood, and (b) polynomial f of degree less than r in affine coordinates.

We say Q is order r if QF is order r for all k > 0.

Definition 44. A local, rotation and contraction equivariant, uniformly Hj-bounded family

of order r is called a quasi-interpolant on K.

The key theorem of this chapter, which follows, shows that a quasi-interpolant on K,

satisfies the approximation error bound (3.26).

Theorem 45. Suppose that Q is a quasi-interpolant on K,, with s <r < R+1. Then given
a simplicial surface K C Ko with | K| C |N1(vo, Ky,)| and any e > 0, there exists a constant

C. = C(e,n, K) such that for any k > ko, the approzimation error satisfies the estimate

1QF f — fllas () < CeAg;xS_e)kaHHg(N;K)- (4.7)

If A< %, we can take € = 0.

4.2 Background on Averaged Taylor Polynomials

To prove Theorem 45, we approximate f € H) (NSK) locally by a polynomial in character-
istic coordinates. The naive choice is the Taylor polynomial, but it is not well defined since

the derivatives of f are weak derivatives which may not be defined pointwise.
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Suppose that © is a domain in R™ and that f € Ll _(Q) has weak derivatives D*f for
all |a] < r. We can define a weak Taylor polynomial of order r (i.e., of degree less than r)
by
Tr i) = Y ~D(y)(e —y)° €0 and z € R™ (4.8)
y ol Y Yy) Y . .

| <r
Notice that (4.8) is only defined in the sense of distributions; to obtain a bona fide polyno-

mial in z, we average (4.8) in the y variable with respect to a weighting function.

Definition 46. Suppose f € L} ,..(Q) has weak derivatives D®f for all |a| < r. Let
B = B,(yo) C 2 be a closed ball of radius p centered at yo. The order r Taylor polynomial

of f averaged over B is defined as

T55(@) = [ (Ty1@) oy —m) .

where )
(-7

p e ’ if lyl <p

0 otherwise.

The constant ¢, is chosen so that ||¢1] 1 = 1.

Remark 47. Notice ¢, € C°(R™), and ¢, is supported on B,(0). Also ||¢p|p1 =1 for all

1,—m

p>0, and ||¢y|lLe =cme p

The approximation properties of averaged Taylor polynomials are given by the Bramble-
Hilbert Lemma. Recall, from Definition 31, the concepts of star-shaped with respect to a

ball and the chunkiness parameter v(2) of a domain (2.

Lemma 48 (Bramble-Hilbert [3]). Fiz non-negative integers n and r, and a real number
Yo > 2. Let Q be a domain in R™ such that v(Q) < ~9, and let B be a ball of radius
p > %pmaX(Q) such that Q is star-shaped with respect to B. Then there exists a constant
Chro such that

Tsf — flamr@) < Cnprro diam(Q) ™| f|grrq)

for any m =0,...,7 and f € H"P(Q). The constant Cy, ,~, can be chosen to depend only

onn,r and -
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By imposing a bound on the diameter of {2 we can derive a bound on the full norm.

Corollary 49. Letr,n, g, 2 and B be as in the Bramble-Hilbert Lemma, with the additional

constraint diam(Q) < do, then for any s <r
IT55 = Flliren(@) < Crr max{Lydi}(s + 1) diam(2)™| |y (o
for any f € H"P(Q).
Proof. By Lemma 48, for any 0 < m < s we have
T f — flame@) <Cnrne diam(Q) | f|gre(q)

SCn,r,wod(s)_m diam(Q)r_s ’f‘H”’(Q)

<Chrro max{l,dg} diam(Q)" % f|gre(q) -

Summing |T; f — f\%m,p(m for m = 0 to s completes the proof. O

4.3 Proof of the Approximation Theorem

Fix kg > 0 and K C K as in Theorem 45. For any k > ko and f € H(NSK) we
estimate the approximation error on |K| by summing the errors over each face. For each
face T € K*=%0 c K¥, let Ly f be the order-r Taylor polynomial of f averaged over NST,
ie.,

By the triangle inequality, we have

Q¥ F = flliyy = D 11Q°F = fllrem

TeKk—ko

< 3 (I = Lefllgey +1Q( = Lrf)llmyey

TeKk—ko

i 2
+ 1Q LTf—LTfHH;(T))

Then by the Hj-boundedness of the quasi-interpolant, we get

2
Q" f — f”%{X(K) < Z ((1 + QIS = Lefllmsvery + 1Q Lrf — LTfHH;(T))

TeKk—ko
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Another application of the triangle inequality yields the estimate

1/2

Q¥ f = fllasao <A+l | > If - Lo flI s (ver) +
TeKk ko
1/2

>l Ly f _LTfH%{f\(T) - (49)

TeKk—ko

In the next two sections, we conclude the proof of Theorem 45 by showing that each of

the terms on the right side of (4.9) is bounded by the right side of inequality (4.7).

4.3.1 Estimation of the First Term

Since |K| is contained in a bounded region |Ni(vg, Ky,)|, the diameter diamy(NGT) for
T € Face(K*~*0) is bounded independent of T, K, ko and k, say diamy(NST) < do.
Observe that because NJT' is a ball, its chunkiness parameter is 2. Applying Corollary 49
to the Bramble-Hilbert Lemma yields

If = Lo fllas (very < C diama (NGT)™ ™| fl g (very » (4.10)

where the constant C' = Cy, 2 max{1,d§} /s + 1 is independent of K, k and 7.
Corollary 28 shows that a constant Cj exists such that for any 7 € Face(Ni(vo, Ky,)*)
we have a bound on the diameter diamy(NST) < C1 Ak

max- Substituting this bound into
(4.10) we get

1f = Lo fllag (ver) < C)\g;xs)k’f\Hg(N;T) : (4.11)
Summing the square of (4.11) over all T € Face(K**0) we get
r—s)k
Z If = LTfHJQLIf\(N;T) < ONGLY Z |f’%1};(N§T)' (4.12)
TeKk %o Tekk ko

The following proposition shows that the sum on the right side of (4.12) is bounded by
C‘fﬁ{j\(NgK) and hence by the full norm C||f|]%,{r\(N§K). Therefore, the first term in (4.9) is
bounded by the right side of (4.7), as desired.
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Proposition 50. There exists a constant C' such that for any simplicial surface K C K*o

function f € HYY(NSK), and integer k > ko, the following inequality is satisfied

q

Z ’f\Hw NeT) < C’f‘HX‘q(N({Z’K)‘

TeKk—ko
Proof. We write the semi-norm as an integral, using xnsr to denote the characteristic
function of the set NJT',
S i laery = 3 Z/ ynsr| D F ()| dy.
TeKF ko la|=r T

We exchange the order of the inner summation and integration. In the summation, the
domains of integration overlap. The function 7*(y), defined in (2.46), counts the num-
ber of overlapping balls. Using this function we replace repeated integration by a single,
appropriately weighted integral, specifically,

> Wlhogeen < X [ @D @) dy.

TeKk—ko la|=r
Proposition 30 shows that there is a bound n*(y) < C. Thus

Z |f|H7"q NCT C|f|H7“q Nch kO)
TeKF~ko

Replacing the domain NjK k=Fko with the larger domain NjK completes the proof. O

4.8.2  Estimation of the Second Term

Each of the summands in the second term on the right side of (4.9) is a local error made in
approximating a polynomial of degree less than r. In the first part of this section, we derive
a general estimate for the approximation error of such a polynomial on a single face. Then

in the second part, we sum these errors and derive an estimate for the second term.

Polynomial Approximation

Observe that since Q¥ reproduces polynomials of degree at most r — 2 in characteristic

coordinates, only the degree r — 1 part of Lt f contributes to the approximation error. So,
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given L € P,_;(K,) we have the identity
Q"L - L=qQL, - Ly, (4.13)

where Lj, € P!_,(K,) is the homogeneous part of L, and P! ,(K,) denotes the space of
homogeneous polynomials of degree r — 1.

Recall, from Section 2.7, that a face T € K¥ has an annulus index j7 and that ¢ =77 (T)
is either a face in the fundamental annulus || or a face in Nj(vp, Kp). The next lemma
shows that we can bound the approximation error on T' in terms of the approximation error

on ¢I7(T) for a fixed homogeneous polynomial.

Lemma 51. For any face T € Ny(vo, K,)* and any polynomial L € P! | (K,), we have
Q"L — L g () < Ar=slir || QL — Ll g5 (=i (1)) -

Proof. Since c(y) = Ay in characteristic coordinates, its Jacobian determinant is A2. Hence

for any m =0,...,s we have

QL- L= ¥ [ (0°Q"L-DLPay

|al=m

=N > /CIT(c*DanL —*DL)* dy.

la|=m
Differentiating both the homogeneity identity A" ~!L = ¢*L and the contraction equivariance

identity (4.4) applied to a polynomial ¢*Q*L = \""1Q*!L yields
AN IDL = Al Do
and
NIDeQF 1L = Alele D@k L
for any multi-index «.. These two identities enable us to compute as follows:

kL_LQm — )2 / r—l—-m D¢ k’—lL_DaL 2
Q ‘HA(T) A Z C_lT()‘ (D*Q )" dy

laj=m

= XL~ Ly (4.14)
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Since |T'| C |Ni(vo, Kp)| we have jr > 0 and so applying (4.14) jr times we get

. 1/2
IQ"L — L3 (1) = (Z Q"L — L|%IX1(T)>

m=0
s 1/2
: (A%sm > 1@t L~ Lﬁﬁ"(c-fT(T)))
m=0
< AT QEITL — Ll gy (o () - (4.15)

O

To bound the approximation error of polynomials, we introduce a family of “polynomial
norms” on P* | (K,), denoted by |L|, for 1 < ¢ < co. Any L € P* |(K,) is given by

L(y) = E\a|:r—1 % ca y®, and we define
1Zly = [{ea t la] = = 1}er (4.16)

We extend these to semi-norms on all of P,_1(K,,) by |L|, = |Lp|s, where L, € P?_| is the

homogeneous part of L. Take the 2-norm as the default case |L| = |L|s.

Lemma 52. There exists a constant C such that for any face T € Ny(vo, K,)* and poly-

nomial L € P,_1(K,,) we have the inequality
Q"L — Lllgs ) < CNIrlr=s)(LyE=ir)r=sth) 1| (4.17)

Proof. By Lemma 51, it suffices to prove that (4.17) is satisfied for faces T' € Ny (vo, Kp)*
such that jr = 0. Such a face is either a face in Nj(vg, K,) or a face in the fundamental
annulus ng . Next, observe that because the space IP’ff_l is finite-dimensional, the operator
L+ QFL — L is H{(T)-bounded for any particular face T. Therefore, there is a constant
C such that (4.17) holds for any finite collection of faces. Thus, we need only show that
(4.17) holds for any face T € QF and any k sufficiently large, say k > k/, since there are
only a finite number of faces T € Ny(vg, K,,)* with k < k' and jp = 0.

By the rotation equivariance of Q, it suffices to find a constant C' such that (4.17)
holds for all T' contained in a given wedge W of K,,. Let k' > 0 be the smallest integer
such that Q = NG(Qo N W)k/ is an affine coordinate neighborhood, and let x denote the
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affine coordinate variable. For any T € Face(Qo N W)*, with k > k', and any polynomial

g(x) € P,_1 we have

IQ*L — Ly (ry = Q* = (L — 9l g (ry < (IQI + VL — gll g (s (4.18)

by the polynomial reproducing and boundedness properties of Q. The transition function

y = 7(z) from affine to characteristic coordinates is a CR’l-diffeomorphism. So both L

loc

and g are in H(Q2) = H}(Q), where the subscript A denotes computations in the affine

coordinate system. By Proposition 40 the two norms are equivalent, so

IL = gllas (very < CIL = gllmsver) - (4.19)

where the constant C, from the change of coordinates, is independent of k£ and T'. Propo-
sition 32 shows that there are constants k” and 7o such that the affine coordinate regions
NST for T € Face(fo N W) and k > k” are star-shaped with a chunkiness parameter
satisfying ya(NJT) < 0. Furthermore, for all such T, there is an upper bound on the
diameter diam4(NJT') < do. Thus, by Corollary 49 to the Bramble-Hilbert Lemma, there

is a polynomial g € P,._; such that
IL = gl (vgry < C diama (NGT)™ ™ |L| (v - (4.20)
Lemma 29 gives a bound on the diameters
diamu (NST) < C(3)*. (4.21)
Then, by Holder’s inequality and Lemma 29, we have
Ly gy < 1Ll e gy areaa(NST)? < ClL e gy (B)F < CILIDE. (4.22)

The final inequality in (4.22) follows since |L| and ||L|| ;r.cc (@) are both norms on a finite-
A
dimensional space ]P”ﬁ_l(Kn), and are hence equivalent. Combining inequalities (4.18) to

(4.22) proves (4.17) for T € Face((2o N W)¥) and k > max{k’, k"}. O
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Summing the Approzimation Errors

We proceed by summing the approximation errors to get a bound on the second term in

(4.9). For any k > ko let

Sum= ) 1Q L f — Lo f s oy

TeKk‘—k’O
Applying Lemma 52 gives
Sum < C Y AU (It Ly g2, (4.23)
TeKF~ ko

We now express the polynomial norm |Ly f| in terms of a Sobolev norm. Since Ly f €

P,_1(K,), the derivatives of order r — 1 are constant, so for any 1 < ¢ < oo we have

Lo Ty vingry = 30 [ 1D Lnd 1y = |Loflf arean (Vi)
d

|a|=r—1

by the definition of the polynomial norm (4.16). Solving for |Lzf|, and noting that the

polynomial 2-norm is equivalent to the polynomial ¢g-norm gives
-1
L7 f| < Cq |L1flg = Cq arean(NGT) ™ |Lr f|yr-tayery »

where Cj is the constant relating the norms. Corollary 27 gives a lower bound on the diam-
eter of the circular neighborhoods NJT" and hence a lower bound on the area. Substituting

this into the previous inequality yields the inequality
L o (x2ir(1y26-m) M 4.24
L f] < Cy ()‘ (2) ) | Tf’HX*Lq(NgT)' (4.24)

The next lemma bounds |Lp f] HY b in terms of a Sobolev norm of f.

NST)

Lemma 53. There exists a constant C' such that

’LTf’H/T\*lvq(NgT) < C’f’H/TCl’q(NgT) (425)

for any function f € HY(NST), face T € KF

~, and exponent 1 < g < oo.
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Proof. From the Sobolev Embedding Theorem [1] there is an embedding H}(NJT) —
H};_l’q(NgT) for any ¢ < co. From the definition of an averaged Taylor polynomial (Def-
inition 46), one easily shows that D*TLf = Tg_wDaf for |a] < r — 1. Thus for any
multi-index |a| = r — 1, the constant function D*Ly f is given by

D°Lyf = D*Tigrf = TherD?f = [ éyly ) D1
where NJT' = B,(yo). Applying Hélder’s inequality with p as the conjugate exponent to ¢

yields

[D*Lr f| < l|@pll e 1D fll g (vsm)

< (mwp?) Pl Gpll e | D fl g v (since B, = supp(¢,))
< CPQ/pP_ZHDO‘fHL;{(N;T) (by Remark 47)
-2/ a 14,1 _
< Cp~ 7D fllLa (wer) (by 5 +5=1). (4.26)

We compute the semi-norm on the left side of (4.25) by
|LTf|HT 1, q(NCT) Z ||DaLTf”L(1 NCT)
|a|=r—1

= Z mp* | DLy f]9.

|a|=r—1

Substituting inequality (4.26) proves the Lemma. O

We now substitute (4.24) with exponent 2¢ into (4.23), and then apply Lemma 53 to
obtain the estimate

2jr(r—s— k—jr)(r—s+1—
Sum < C, Z A I ( )(%) (k—j7)(
TeKk— ko

|f|HT 1, 2q(NCT) (427)

Let p be the conjugate exponent to q. Rewriting the exponents in (4.27) in terms of p we

get
. 1
2 (r—s—1)+1)= 2(k—jT)(p(r—s) +1)
Sum S Cp Z )\ ]T(p ) )p(%) ( ]T) p( ‘f‘Hr n 2q(NCT) (428)
TeKk—ko
Now, we apply Holder’s inequality to the sum on the right side of (4.28) to get
1
q
Sum < C, A Dl vz ey | (4.29)
TeKk—kO
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where

P
A= ( Z )\2J'T(p(rs1)+1)(%)2(kjrr)(p(7“8)+1)> . (4.30)
TeKk=ko
By Proposition 50 we see that the last term in (4.29) is bounded by CW?{“”“(NCK)'
A d

Then by the Sobolev Embedding Theorem, there is an embedding Hj (NSK) < H) "*Y(NSK)
for any K and ¢; i.e., there is a constant C' such that HfHH['r\‘—l,Zq(NéK) < O\l fll g (e ) Con-
sequently,

Sum < CPAHfH}QLIX(N(jK)‘ (4.31)

We still need to estimate A. The summands in (4.30) only depend on the annulus index
jr, which runs from 0 to k. Furthermore, the number of faces T € K*7% with a given

annulus index j is bounded by C22~7) Thus

1
k P
A< | Y NH0rs D) (12k=p(r=s)
=0
1
k N7
:C(%)%(r—s) Z<)\2p(r—s—1)+2(%)_2;;(7«_5)) ‘ (4'32)
=0

Let R = )\21’(’"_5_1)+2(%)_2p(r_5) be the ratio between consecutive terms in the geometric

series of (4.32). We consider two cases. First, suppose A < %, which implies Apax = % . In
the limit, as p — 1, we have R — (1—;‘2)2(“5) < 1. So there exists a p > 1 such that R < 1,

and for any k > 0, the sum in (4.32) is a partial sum of a convergent geometric series. In

particular, these partial sums are bounded by some constant C, and therefore

A < C\2k(r=s),

max

In the other case, we have % < A, which implies Apax = A. In this case, R > 1 for any p > 1.

So we use the estimate Z’g RI < Cka in inequality (4.32) yielding the inequality
1 1
A< Cp(%)Zk(T_S)Rk/p _ Cp}\Qk(rfsfquﬁ) _ Cp}\Zk(rfsfg) ‘
For a given 0 < € < 1, let ¢ = 1/e, then we have

A < CN\F(r=s=e) (4.33)

max
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Combining the estimates of A with (4.31) shows that the second term on the right side
of (4.9) is bounded by the right side of (4.7), completing the proof of Theorem 45.

4.4 An Alternative Characterization of a Quasi-Interpolant

We present an alternative characterization of a quasi-interpolant. We replace the uniform
boundedness property (4.6) with semi-norm estimates in affine coordinates. These estimates
only involve the level zero quasi-interpolant @ : L/l\’loc (K,) — 8(K,) and estimates on faces
T € K,. In Chapter 5, to verify that the map we construct is a quasi-interpolant, we will
show that it satisfies the alternative boundedness criteria.

Given a local linear map

Q : L joo(Kn) — 8(Ky) (4.34)
with support width d, we can define a contraction equivariant family of linear operators by
Q={Q" =c™Q : k >0}, (4.35)

We define a set of conditions on @ that ensure Q is a quasi-interpolant.
Let W be a wedge in K,,. We define a simplicial neighborhood Ween(d) C W of the
central vertex in terms of d so that Nj(W \ Ween(d)) is an affine coordinate neighborhood.

Let Ween(d) C W be the subcomplex given by
Ween(d) = UT such that 7" € Face(W) and vg € N3T'. (4.36)

Recall that T is the subcomplex containing 7" and all of its subsets. The contraction map
¢ |W| — |W]| generates a group action on |W/|. Using Ween(d), we define a fundamental

region with respect to this group action. Specifically, we define Wy C W by
Wy = UT such that T € Face(W) and |¢T'| C |[Ween(d)] -

Let (N§(W \ Ween(d)), ) be an affine coordinate system, and denote Sobolev norms com-

puted in this affine coordinate system by H4 .

Definition 54. We say a rotation equivariant map @Q : L}\ oe — S(Ky) satisfies the

Hs-alternative boundedness criteria if there exists a constant ||Q|| such that for any
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function f € HP(NGT), face T € W \ Ween(d), and integer 0 < m < s, the following

semi-norm estimates hold:

Qf |y < QIS |z (ver) - (4.37)

Lemma 55. Suppose the rotation equivariant linear map Q : L} .. (Kyn) — S(K,) (i) is
local with support width d, as in (3.23) with k = 0, (i) is order r, and (i) satisfies the
H#-alternative boundedness criteria. Then (4.35) is a quasi-interpolant on K, which is

uniformly Hj-bounded, has support width d, and is order r.
We first prove a technical Proposition.

Proposition 56. Let Q and ' be domains in R? and let c(x) = \x be a dilation map on
R? with pull back c* : f — foec. Suppose L : H*(2) — H*(Y') is a linear map that satisfies

the following semi-norm estimates
\Lflemy < LI flam ) (4.38)
for some constant |L|| and each 0 < m <'s. Then for each 0 < m < s we have
le™ Le” flameary < LI N flmmeqy — for £ € H™(cQ).

Proof. Fix 0 <m < s and f € H™(c)) and compute as follows:

m
HC_l*LC*fH%{m(cQ/) i Z’C_l*Lc*fﬁi"(cﬂ/)
=0

m

= A0 D|Ler i by Proposition 41
=0
m .

<Y ANPEDLIP e flia) by (4.38)
=0
m

= ZHLHQ ‘f’%{i(cg) by Proposition 41
1=0

= LI 1F 1 ey -

We break the proof of Lemma 55 into five steps.
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Step 1. We first show that Q satisfies the locality and polynomial reproducing properties in
Section 4.1. To prove locality we consider k > 0, a simplicial surface K C K ffL and a function
fe LII{IOC(K”) such that f =0 on |[NyK|. We need to show that Q*f = ¢ **Qc* f =0 on
|K|. We have ¢ f =0 on |c*NyK| = [Ny *K]|, and since ¢ *K C K, we have Qc**f =0
on |¢ ¥ K| by the hypothesis for Q. Therefore Q*f = ¢™**Qc**f = 0 on |K|. Polynomial
reproduction follows since c is linear in either affine or characteristic coordinates.

In the remaining steps we show that (4.6) holds on each face T € W¥. From this, it
follows that (4.6) holds for all simplicial surfaces K C K J'i, by applying rotational equivari-
ance, and summing over all the faces in K. Therefore, we have shown that Q is uniformly

H3-bounded.

Step 2. In this step we show

HQkaH;;L(T) < QU fllzp vsT) (4.39)

for any function f € H}'(NJT), face T € Wk, and integer 0 < m < s. This follows from
Proposition 56 with domains Q' = ¢ *T and Q = Nj(c*kT ), dilation map c*, and operator

Q.
Step 3. For either k>0 and T € W, or k =0 and T € Ween(d) we prove

HQkaHXL(T) < ClRIN flmp@ver) for 0 <m <s. (4.40)

Since @ is linear, (4.40) holds for & = 0 and any single face 7' € W. Since there are
only finitely many faces T' € Ween(d), there is a constant C' such that (4.40) holds for
all T € Ween(d). So we need only consider faces T' € Wé“. The transition function to
characteristic coordinates y = 7(x) is class C* on the closed and bounded set N§(Wp).

Therefore by Proposition 40 and (4.39) we get

1

EHQkaH}\”(T) < HQkaHgL(T) < NQIIf e very < CNRQUIS e (veT)- (4.41)
Step 4. For either k > 0 and T € Wé"’, or k=0and T € Ween(d) we prove

|Qkf|HKI(T) < C|flap(ver) for 0 <m <s. (4.42)
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Suppose g € P,,_1(K,) is a characteristic coordinate polynomial. Notice P,,_1(K,) C
P,_o(K,), and therefore

k _ 10k
Q" fle ) = 1Q°(f — 9y (m), (4.43)
since Q¥ reproduces P,_5(K,). Then applying (4.40) we get
|Qkf|Hj\"(T) < ||Q*(f - Dy ) < CI = I lap@vsT) - (4.44)

In particular, we can take g = TJ’\%T f as the averaged Taylor polynomial approximation.

The chunkiness parameter for any disk is 2, so by Corollary 49 we get

If = TNer fllmp (vs) < CLf [y (vsmys (4.45)

where the constant C' is independent of 7" and k. Substituting (4.45) into (4.44) gives (4.42).

Step 5. We show that the uniform boundedness property (4.6) holds for any face T' € Wk
and any k > 0. Now ¢ *T € Face(WW), and we consider two cases: (i) ¢ *T ¢ Face(Ween(d))
and (ii) ¢ *T € Face(Ween(d)). In case (i) we have ¢ *T in a region W; = ¢ /W, C W for
some j > 0. Let T = /¢ *T = ¢/=FT, which is a face in Wg. In case (ii) we set j = 0 and
T = ¢ *T € Face(Ween(d)).

Now (4.6) follows from Step 4 and Proposition 56, where Proposition 56 is applied with
linear map L = @7, dilation ¢*~7, and domains Q = N gf and O = T. Indeed, with these

substitutions, the hypothesis (4.38) becomes

J < =
1 iy < C gy
which follows from Step 4. Therefore, the conclusion of Proposition 56 implies (4.6) since

C—(k—j)*QjC(lc—j)* _ C—k*Qck* _ Qk )
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Chapter 5

CONSTRUCTING QUASI-INTERPOLANTS

In this chapter we complete the proof of the main result, Theorem 2, by constructing
a quasi-interpolant on K, for Loop’s subdivision functions. The main result follows from
the global approximation theorem, Theorem 43 in Chapter 3, and a bound on the local

approximation error of the quasi-interpolant Q¥ given by

1Q*F = Fllug ity < CMaa™ Ly s 25 (5.1)

where d,, is the support width of Q* on K,, and I/(\n = N3(vg, K2). Theorem 45 in Chapter 4
shows that the local approximation bound (5.1) is satisfied by a quasi-interpolant of order

3. To be precise, Theorem 2 is implied by the following theorem.

Theorem 57. For Loop’s subdivision scheme there exists a quasi-interpolant on K,, of order

3, which is uniformly Hj-bounded for each valence n.

A quasi-interpolant on K, is a family of linear maps QF : L}\,loc (K,) — 8(KF) satisfying
the conditions of Definition 44. Recall, by Lemma 55, that to define Q* we need only
construct the map

Q : LllX,loc(K”) - S(Kn) )

and then define Q* in general by QF = ¢ ¥ QcF*. The lincar map @ must be rotation
equivariant, local, bounded, and reproduce a class of polynomials.

To show that @ is local and of order 3 we need to demonstrate the following:

(i) There exists a constant d such that for any simplicial sub-surface K C K, we have
the implication

if f=0on |NgK| then Qf=0on|K]|. (5.2)

(ii) Linear polynomials in characteristic coordinates are reproduced by Q.
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(iii) Local quadratic polynomials in affine coordinates, sufficiently far from the central
vertex, are reproduced by (). Specifically, there is some d such that for any face
T € K, with |[N4T'| contained in an affine coordinate neighborhood, then Qf = f on

|T| for f a polynomial of degree at most 2 in affine coordinates on |N;T'|.

Notice that the constants d appearing in (i) and (iii) can be chosen to be the same by
taking the largest of the two. The minimum value d satisfying both (i) and (iii) is called
the support width of (). Also recall from Theorem 43 that the support width d,, for the
quasi-interpolant on K, is allowed to depend on the valence n.

To show that @ satisfies the H?-alternative boundedness criteria we must verify the

semi-norm estimates
Qf gy < QI flamver) (5.3)

for m = 0,1 or 2 and any face T' € W \ Ween(d). Notice in particular that these estimates
are computed in affine coordinates away from the central vertex.

We construct Q as a composition of three maps
Q=8 0cAoR.

The operator R : L}\,loc(Kn) — CN(K,,) is called the restriction operator. The averaging
operator A : CN(K,,) — CN(K,) averages the neighbors at each vertex, and 8 : CN(K,,) —
S(K,,) is the subdivision limit operator for Loop’s subdivision scheme.

We define restriction and averaging so that they are rotation equivariant. Then since
the subdivision operator 8> is also rotation equivariant, the composition @ is rotation
equivariant, as can be seen from the following commutative diagram

L} 1oo(Kn) —— CN(K,) —"— CN(K,) ——— 8(K)

a*l la* la* la* (5.4)

L}\,loc(Kn) T CN(KTL) T CN(Kn) —S_O‘T_) S(K) )

where o is a rotation on K.
The technique of decomposing the quasi-interpolant into components which are analyzed

separately is motivated by Kowalski [12]. In this paper, Kowalski studied approximation
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by box splines in Sobolev spaces on R™. Since our semi-norm estimates are local, in the
neighborhood of a face T away from vy, and are computed in affine coordinates, we can
easily adapt the theory from this paper. Our development is slightly different though since
we need results on domain of R? instead of all of R2.

In Section 5.1 we review the properties of box splines. In Section 5.2 we define the
restriction operator R and show that it and the subdivision limit operator §°° satisfy the
necessary semi-norm estimates. In Section 5.3 we derive conditions that the averaging
operator must satisfy. These conditions are represented by a linear system of equations
at each vertex of K,. In the remaining sections, we prove that the linear systems have

satisfactory solutions.

5.1 Box Splines

Loop’s subdivision functions are locally given by box splines away from the extraordinary
vertices. Box splines are a multi-dimensional generalization of uniform B-splines. The spline
functions generated by Loop’s subdivision on a regular grid are bivariate splines defined on
a 3-direction grid. We present only a quick catalogue of the needed results. A thorough
presentation of box splines may be found in deBoor, Héllig and Riemenschneider [6].

We are interested in bivariate box splines on a 3-direction equilateral grid in R?, i.e.
a regular embedding of K¢ into R2. The grid is defined by a pair of linearly independent
direction vectors & and & € R?, which in turn define a third direction vector &5 = &; + &.
We use the 3-direction equilateral grid defined by

X =[£1,62,8] = (5.5)

M|§ N[
l\3|§ N|—
o

For any multi-index 3 € Zi, we define the direction set XP as a 2 x |3| matrix given by

B1 B2 B3
—— —— —
Xﬂ: 17'"a€1a€2a--'7€2’£3a'"a€3]a

which we also interpret as a linear map X7 : RI°l — R2.
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Definition 58. Given a multi-index 3 € Z3, we define the associated box spline basis

function as
My (w) = vol (X)) 1[0, 1]171) /{/det(xP(xP))
for x € R%. Here (XP)~U(x) is a (|3| — 2)—dimensional subspace of RIPl and vol is the

(18] — 2)-dimensional volume.

We write Mg for Mys when the direction set X is clear from context. We state a few

general properties of box splines.

Proposition 59. For any multi-index 8 € Zi, with at most one component that is zero,

the box spline basis function Mpg satisfies the following:
(i) Mgz >0 and supp(Mg) = XP([0,1]17]).
(ii) | Mg =1.
(it1) 3 erey Ma(e —v) = 1.
(iv) Mpg is a polynomial of degree at most |3| — 2 on each face of K.

(v) Mg € C™ Y(R?), where m = |3| — B; — 1 and J3; is the largest index of 3. Moreover,
Mg € C™=L1 that is, the order m — 1 derivatives of Mg are Lipschitz continuous,

since Mpg consists of a finite number of pieces where each is smooth to its boundary.

A spline function is a linear combination of translates of a box spline basis function of

the form

f(z) = Z uyMp(x —v), (5.6)

veEKg
where the sum is taken over vertices in Kg. For any point # € R? and region Q C R? we

define the indez sets for the direction set X? by

J(z,8) = {z — XP(0,1)2} N Vertex(Kg) and J(Q,3) = U J(z, ). (5.7)
€
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The index set J(x, 3) or J(§2, 3) contains all indices v € Vertex(Kg), such that Mg(- —v) is
non-zero on x or £ respectively. To define a box spline on a region, we only need coefficients
on the index set. For any region 2 C R? with f given by (5.6) we have

flx) = Z uyMp(x — v) for z € Q. (5.8)
veJ(Q,5)

To compute the Sobolev norm of a spline function we must take its derivatives. The
derivative of a box spline is another box spline of lower order. We define a backward
difference operator V¢, = V; for i = 1,2 or 3 acting on a continuous function f € C (R?)
by Vif(z) = f(z) — f(z — &), and we let Vxo = Vo = Vg IV2VES for a € Z3., denote
higher-order differences. We also apply these operators to control nets. For u € CN(Kj)
we define V;u by (Viu)y = uy — uy—g,. Also we define a centered difference operator
(VS /) (@) = (Vs f)(@+c), where ¢ = §(B1&1 + 22 + P3€3). Note the centered difference
operator is not affected by a sign change or permutation in the direction set. Specifically,
if Y = X -diag(£1,+£1,+1) - P is another direction set, differing only by the orientation
of the individual directions and a permutation matrix P, then VS, = V{;. Also we
define directional derivative operators D;f = f@lg—i + ﬁi,g% and higher-order differential
operators D, = D" D3*D5?.

The key differentiation identity for a box spline basis function Mg is that for any oo < 8

(meaning «; < f3; for all 7) we have
DoMpg = VoMs_. (5.9)
Applying this identity to the box spline function (5.8) on a subcomplex L C Kg we get
Dof(z) =) (Vau)sMs_o(z —v)  forz€|L|, (5.10)

where the sum is taken over all vertices v € J(L, ) such that (V,u), is defined.
For each multi-index 3 € Z3, the truncated power function 7, i3 is a simpler piecewise

polynomial function related to Mg by the identity
Mg = VgTg. (5.11)

The truncated power function Tg is defined by

Ty(w) = vol (X))~ (@) NRYT) /y/det(X7(x7)1),
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where R, = {(x1,...,2,) : 1 > 0}. It is a polynomial on each face of Kg, is homogeneous
of degree |3| — 2, and agrees with the box spline basis function Mg in the neighborhood of
the origin. A box spline function with bounded support can be represented as a truncated
power series. Suppose u, is zero for all but finitely many v € Kg, then f(x) given by (5.6)
may be written as

fl@) = uw(VsTp)(z —v) = Y (Vgu)uTs(x —v). (5.12)

vEKs vEKsg

Example: Loop’s subdivision on a regular equilateral grid generates subdivision limit
functions which are box spline functions. Using equilateral affine coordinates, the box spline
basis function is Msgs, shown in Figure 5.1(a), with support shown in Figure 5.1(b). The
basis function, and hence Loop’s subdivision functions, are piecewise quartic polynomials
and C?. The truncated power function is composed of two non-zero polynomial pieces as

shown in Figure 5.1(c). These polynomial pieces can be computed explicitly as

T, (z) = 227 — 4323 + %xlx% — %x% (5.13)
and
T (z) = 22} — 4a3a? — %xlmg — %x% (5.14)

5.2 Boundedness of Loop’s Subdivision and Restriction

In this section we show that the subdivision limit operator for Loop’s scheme 8§°° is bounded.
To do this we need Sobolev norms and semi-norms on CN(L) for an arbitrary simplicial sub-
surface L C Kg. In this section, we also define the restriction operator R and show that
it satisfies similar semi-norm estimates. The semi-norm estimates that we prove will later
be used to show that the composition ) = 8°° o A o R satisfies the semi-norm estimates in
(5.3).

On the regular grid Kg, in equilateral affine coordinates, Loop’s subdivision functions
are quartic box splines. Given u € CN(Kg), the subdivision limit function is given by the

formula

8¥u(x) = Z Uy Maga(x — v + 2&3)
vEKg
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b
(a) (b) (c)

Figure 5.1: Quartic box spline basis function. (a) The Moo basis function. (b) The support
of Moos. (C) The support of Thos.

where the sum is over v € Vertex(Kjg). Recall the mask width of Loop’s subdivision scheme
is 2, so by Proposition 8, if L. C K is a subcomplex of a simplicial surface K without
boundary, and N;(L) — Kg is an embedding into the equilateral grid, then the embedding
defines an affine coordinate system (|N1(L)|°, z). With respect to these coordinates we have
§Pu(z) = Z Uy Maga(x — v + 2€3) for x € |L]|.
veN (L)
We now define norms and semi-norms for the control net spaces CN(L), where L C K
is a simplicial sub-surface of Kg with the equilateral realization. The LZy(L)-norm of

u € CN(L) is defined by
HUH%EN(L) = Z“g .

veL
Then the H{} (L)-semi-norms and norms are defined using the backward difference operators

Vq for a € Zi by

m
2 _ 2 2 _ 2
‘U|HC";,(L) = Z ||VaUHLgN and ||U”Hg,l\,(L) = ZOIU|H*5N(L)7
S=

laj=m
where each LZ\-norm ||Vul| 1z, is computed over the set of vertices where the differenced
control net V,u is defined.
Let
Z™(L) = {u € CN(L) : |u|gm ) = 0} (5.15)
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be the HZy-null space. Given a function f € C(|L]), let f; € CN(L) be the control net

obtained by restricting the function to the vertices of the control net.

Proposition 60. Let L C Kg be a non-empty, connected simplicial sub-surface. Then for

any m = 0,1 or 2 we have

Z™(L)=A{p;L:p € Pm-1},

where we interpret P_; to be {0}.

Proof. 1t is clear that {p; : p € Pp,1} C Z™(L) for m = 0,1 or 2, since a second-order
difference of a linear function is 0. Conversely, we show that Z™ (L) C {p; : p € Pry—1}.
This is clear for m = 0 or 1, so we need only consider m = 2. Let v € Z2(L). For any face
T € L, there is a unique p € P; that interpolates u on the vertices of T, i.e., u, = p(v) for
all v € Vertex(T'). The control net p|;, € CN(L) is an extension u of ujp € CN(T') such that
u € Z*(L). We show that, given ujr € CN(T), there is a unique extension @ € Z?(L), and
therefore u = p|z, completing the proof.

To show that the extension u € Z2(L) is unique, we prove the following claim:

Suppose K C Kg is a non-empty, connected simplicial surface, and T is a face
of K¢ such that KUT C Kg is also a connected simplicial surface. Then for any

u € Z?(K), there is a unique extension u € Z2(K UT).

The proposition follows from the claim, since starting with only 7 we can add one face at
a time until we get L =T + T, + --- 4+ T},. As each face is added we extend % in a unique
way.

To prove the claim, notice there is at most one vertex w in K UT which is not in K. If
there is no such vertex, then u is already a control net on K UT. If there is such a vertex w,
let 7" be a face in K such that TNT" is an edge of K. There is a vertex vy € Vertex(T UT")
and a multi-index a € Zﬂ"r with |a| = 2 and with indices ¢; and i3 such that a;, = a4, =1,

and such that

{vo, wo—&,, wvo—&, wo—&, —&,} = Vertex(TUT).
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Now, any @ € Z?(K UT) must satisfy
(Vall)y, = 0.
This is a linear equation with one unknown value ., so there is a unique solution. O

We redefine the H''-Sobolev norms on |L| so that they have a parallel construction with
the control net norms. They are redefined as
m
2 2 2 2
|f’Hj4n(L) = Z ”DocfHLi(L) and Hf”HXL(L) = Z|f|Hg(L)
laj=m s=0

These norms are equivalent to the standard Sobolev norms on |L| given by

T Z / (D7 (@) de,

where v € Z%r and D7 = (8%1)71 ( a‘z )72. Note that we use the upper indices to denote partial
derivatives and lower indices to denote directional derivatives in the grid directions. To prove
that the norms are equivalent, we consider the linear map x = Bz = (_%/2 \}5/52) (2) .

Then by Proposition 40 we have an equivalence of norms

lflgmwy < Wf o Bllam-11) < Cllfllam Ly - (5.16)

The linear map B transforms the standard grid into the equilateral grid, and therefore for

a multi-index « € Zi

(Do f)(Bz) = D@1F3:02)( £ o B)(2) 4+ D@1:024a3) (£ o B)(z).

So we have
iy = 3 [ Ded@e= 3 [ (Daf(B2)) et Bl
la|<m |a|<m B
2
Z / Da1+a3’a2(f o B)(z) + D*e2tes(f o B)(z)) |det B| dz .
—1 L|
ja<m 7 B
Therefore, there are constants such that
cllf o Blzms-1r) < 17y < Ol © Bllipmp-1r - (5.17)

Combining (5.16) and (5.17) proves that these are equivalent norms.
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Proposition 61. Let T be a face in K, with an embedding N1(T) — Kg, then for any
control net w € CN(N1T') we have

8% ulgm(r) < lulmm (1)
for any m = 0,1 or 2.

In computing the bounds for the subdivision and restriction operators we will use a
general form of Young’s inequality, which as Folland [10] says “should be more widely

known”.

Proposition 62 (The Generalized Young’s Inequality). Let (X, u) and (Y,v) be o-
finite measure spaces, and let 1 < p < oo and C > 0. Suppose K is a measurable function

on X XY such that

sup / |K(x,y)| dv(y) < C and sup/ |K(x,y)| du(z) < C. (5.18)
rzeX JY yeY JX
Given f € LP(Y), the function
Tfa) = | K@) rw)in) (519)

is well defined almost everywhere, and T'f is in LP(X) with | T f|[zr(x) < C| fllr(v)-

The proof can be found in Folland [10]. It relies on some clever applications of Holder’s

inequality:.

Proof of Proposition 61. For any u € CN(/V;T') and any multi-index |o| = m we have,
by (5.10),

Da(8%u)(z) = Y (Vau)oMaz oz —v+26)  forx €T, (5.20)

v
where the sum is taken over the index set J on which V,u is defined. The operator
Veu — D8 u in (5.20) may be viewed as an “integral” operator of the form (5.19) in the
Generalized Young’s Inequality. Specifically, take X = |T'| with Lebesgue measure, Y = J

with counting measure, and the kernel K to be

K(z,v) = Mago—_o(x — v+ 283).
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We take C =1 for the constant in Young’s Inequality, since by Proposition 59 we have

ZMzgg_a(a: —j)=1forz e |T| and / Mogo_o(x —j)dx < 1forjeJ.
= T

Therefore by Young’s inequality we get

1Da(8w)l 22 < IVatll 2, 0.

Summing over all multi-indices || = m yields
8% ulfrmry = D 1Da8™ )2y < Y ||Vau\|%gN = lultym (v -
|a|=m |a|=m

O

To define rotation equivariant operators, we first define the operator on a wedge W of
K,, then extend in a rotation equivariant way to all of K,,. Let (|N3(W \ N3(vo))|°, z) be

an affine equilateral coordinate system as shown in Figure 5.2.

Figure 5.2: The equilateral affine coordinate system of (|N3(W \ N3(uvp))|°, x) .

We define the restriction operator R : L} | (K,) — CN(K,) by integrating the function
over balls. We fix a constant 0 < p < V3 /2 which will define the radius of these balls. For
each v € Vertex(W) \ vp and f € LKlOC(Kn) we define

1
mp? B,

(Rf)y = flo+xz) dx, (5.21)
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where B, = {z € R? : |z| < p}. We extend restriction to a vertex v € K,, \ vy using a
rotation o of K,, such that o=tv € W, then define (Rf), = (R(f 0 0)),-1, so that R is
rotation equivariant.

For the central vertex vg € K, let y : |K,| — R? be an equivariant characteristic
coordinate chart such that |y(v)| = 1 for v € Ny(vg) \ vo. We define restriction at the

central vertex by

1
R )y = —— dy | 29
Rheo =z [ S0+ )y (5.22)
where B, = {y € R?: |y| < p}. The bound on p gives the following locality property of R
if f=0on |[Ny(v)| then (Rf), =0. (5.23)

Proposition 63. For any L C K,, such that there is an embedding N1(L) — Kg, we have

the semi-norm estimate

[Rflam ) < Clflapavny  form=0,10r2,
computed in the affine coordinates on Ni(L).

To prove the lemma, we introduce a more general restriction operator for a subcomplex
L C Kg. The restriction operator R4 : L (L — Q) — CN(L) is defined in terms of a
function A € L*°(R?) that is supported on a bounded set 2. The set difference notation

means A+ B={x+y:z € A and y € B}. The general restriction operator is defined by
(RAf)y = / A(v — z)f(x)dz  for f e L (L —Q). (5.24)

Lemma 64. Suppose A € L>®(R?) is supported in a bounded set Q. For any subcomplex

L C Kg, the restriction operator is bounded in the L?-norm as follows

HRAfHL%N(L) < RN fll2t—a - (5.25)

where
) = max s, | S 1ac- o, (5.26)
veEKg

is a constant independent of L.
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Proof. The operator R4 is an integral operator of the form (5.19) in the Generalized Young’s
Inequality. Specifically, let X = Vertex(L) with counting measure, ¥ = |L| — Q with
Lebesgue measure, and K(v,y) = A(v — y) be the kernel. Both the bounds in (5.18) are
satisfied by (5.26), proving the Lemma. O
We introduce an integral operator, which we use in the proof of Proposition 63,

0
LiA(z) = / Alx —t&) dt fori=1,2 or 3 (5.27)

~1

and the iterated version I® = I7" [52 15" for a multi-index a € Zi.

Lemma 65. Suppose A € L™ (R?) is supported in a bounded domain Q. Then we have the

following:

(i) For any subcomplex L C Kg, multi-index o € Z3., and function f € Li (L — ), we

loc

have

VoRAf =RIAD, f

wherever the differenced control net is defined.

(ii) The constant in (5.26) satisfies the inequality

RIA| < |RA].

Proof. (i) For any function A as in the hypothesis and ¢ = 1,2 or 3 we have
(VifRAf)w = (:RAf)w - (:RAf)w*&
— [ Aw-2)(f@) - flo - &) do
0
= /A(w - .r) / le(a: + t&z) dt dx
~1
0
— [Dit@) [ Atw-a 1) dtds
-1
= /Dif(x)IiA(w —z)dx

= (RIiADif)w .
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(ii) Computing for i = 1,2 or 3 we get the inequalities

0
ILAL: = / L A()| de < / / Az — t6)] de dt = || Al
-1

and
0
LAz —v) = A——i<H A-—H.
S LA( - o) /_12 (v —teydr < || A _
vEKs vEKg vEKs

Therefore [RIA| = maxc{|LA| 1, [, i, LA — 0) |} < [RA].
O

Proof of Proposition 63. The embedding N1L — Kg defines an equilateral affine coor-

dinate system (|N1L|°, x). In this coordinate system we have
A 1
Rf=R*f on L, where A= —x(B));
P2

i.e., A is a multiple of the characteristic function of the ball of radius p centered at the
origin. Let o € Z3 be a multi-index with |a| = m, and let J, be the index set on which

Vau is defined for uw € CN(L). By Lemmas 64 and 65 we have

HV‘J‘RAfHLgN(Ja) — ”waADafHLgN(JQ) by Lemma 65 part (i)
< R4 1D fllL2(L-B,) by Lemma 64
< ’:RA! 1D fll L2(ny 1) by Lemma 65 part (ii).

Summing over a we get

IR a2y = 1R gy = D IVaRA T2, <C I flZ2v ) = C 1 iimviny-

loe|=m |o]l=m

0

5.3 A Quasi-Interpolant on K,

We construct the averaging operator A : CN(K,,) — CN(K,) in this section, completing the
definition of the quasi-interpolant Q = 8*° o0 AoR on K, for Loop’s subdivision scheme. We

then prove Theorem 57, showing that the quasi-interpolant ) has the desired properties.
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This theorem depends on the solutions to a family of linear systems. The existence of these
solutions is the subject of the remaining sections of the chapter.

The quasi-interpolant ) must reproduce both components of the characteristic map and
a constant function. Let 7 : |K,| — R? be an equivariant characteristic map, generated by
a control net 7 € CN(K,,) of the same name. The quasi-interpolant @ will reproduce these

functions if for all vertices v € K,
(ART)y =Ty (5.28)
and
(A1), = 1. (5.29)
Indeed if these equations are satisfied for every v € K, then

Qr=8AR(T) =Y (ART)y bv =) Toty =T,

and similarly Q1 = 1. Notice, if (5.28) is satisfied for a single characteristic map 7 then the
same equation is satisfied for any characteristic map, since any characteristic map can be
represented as a composition of 7 with a linear transformation.

In some neighborhood of the origin we need only reproduce the linear polynomials in
characteristic coordinates. We denote the restriction of A to a subcomplex K C Ky, by Ak :
CN(K,) — CN(K). We say the operator A|x has support width d’ if for any subcomplex

L C K C K,, we have the implication
ifu=0on Ng(L,K,) then Ajgu=0on Vertex(L). (5.30)

Lemma 66. For any valence n and integer d' > 2, we can define AN, (o) SO that it has

support width d' and satisfies (5.28) and (5.29) for every vertex v € Ng (uvp).

Proof. For each v € Ny (vg), let v1(v) and ve(v) be vertices in Ny (vg, K,) \ vg closest to v.

Suppose A|n, (v,) is of the form

(Au), = wguvo + wlljuvl(v) + w?}uvz(v), (5.31)
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with undetermined coefficients w?, w) and w?. Since {vg,v1,v2} C Ng(v), the operator

A|N, (vp) has support width d’. We write (5.28) and (5.29) as a linear system

1 1 1 w) 1
wl | = : (5.32)
(:RT)M (:RT)”UE N To
0 w?

We show that (5.32) has a solution. Note (R7),, is non-zero. Let o be the rotation of K,
such that ov; = ve. Since 7 is equivariant, there is a 2 X 2 rotation matrix ¢ such that

Too =0 -7. Then by the equivariance of R and 7 we have
(RT)yy = (RT) g0, = (iR(T o U))U1 =R(@ T)y, =07 (RT)y, -

Therefore, since & is a rotation other than the identity, the lower right 2x2 submatrix in

(5.32) is non-degenerate, and so the system has a unique solution. O
X2
sl 011 010 09
512 03 52 08
, | A13 04 50 51 07
514 J5 6 918
3 015 016 017

X1

Figure 5.3: The stencil of offsets for the 2 neighborhood.

Away from the central vertex we must reproduce affine quadratic polynomials as well

as characteristic linear polynomials. We work in the affine coordinate system (|Ns(W \
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N3(vg))|°, ) shown in Figure 5.2. If we define A on W \ Ng(vp), then we can extend A to
K, \ Ng(uvg), so that it is rotation equivariant. Specifically, for any v € K,, \ Ny (vg), let o
be a rotation of K,, such that c~'v € W, and define

(Au)y = (A(uoa))g-1, - (5.33)

For a fixed vertex v € W \ N3(vg) with coordinate representation z(v) = (v1,v2), we

consider the following basis for Ps:

fo(z) =1 f3(x) = (21— v1)(z2 — va)
filx) =x1 — v fa(x) = (21 — v1)? — (22 — vo)? (5.34)
fa(x) = 22 — v fs(z) = (21 — U1)2 + (22 — 02)2 - %102

We construct convolution operators L; : CN(Nao(W \ N3(vg))) — CN(W \ N3(vg)), which
have a certain duality property with the basis {fr}. Let {0;}18, be the sequence of x-
coordinate offset vectors, shown in Figure 5.3. The convolution operator L; for j =0,...,7

is defined by the formula

18

(Lju)y = Zmé U5, for w € W\ N3(uvp), (5.35)
=0

where the masks m; = {mg 18, are shown in Figure 5.4.

Proposition 67. For any vertez v € W\ N3(vg), let { fr} be the basis of Pa given by (5.34).
Then (Lj R fr)y = 0ji for any 0 < j <7 and 0 <k < 5.

Proof. Since the operators L; are translation equivariant and the basis functions are also
translation equivariant, it suffices to prove the proposition for a single vertex v. Thus the
proof reduces to 48 cases that need to be checked. Let fi(z) = fi(z) for k =0,...,4, and let
fs(z) = (21 — v1)2 + (22 — v2)%. We first claim that (Rfy)w = fx(w) for any w € Na(v) and
k=0,...,5. This follows from the mean value property, except for case k = 5, which must
be computed explicitly. Most of the 48 cases can be checked easily by finding a suitable
reflection symmetry of the mask and the control net J?k| Na(v)> Such as a reflection about an
axis. For instance, the mask m; has an odd symmetry with respect to reflection across
the line 1 = vy, and ﬁ),};7ﬁ and ]75 are even with respect to this reflection, therefore

Lifo=L1fo = Lifs = L1 f5 = 0. Other cases must be checked individually. O
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=
o=

2 10 -10 2

Y 10 42 -10 1

e A | L il vy -1 2 10 -10 2
my ms me L 2 4
my
Figure 5.4: The masks my, ..., m7. The number above the stencil is a common factor, which

is multiplied into all elements of the mask. Elements of the mask which are not shown have
a value of 0.
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We define ‘AW\Nd/ (vo) by
7
Zw% (Lju)y for v e W\ Ny (vp). (5.36)
7=0

The parameters d’ and w) are, for now, undetermined.

We use the quasi-interpolant theory on the regular grid Kg to help determine the coeffi-
cients wj. From Chapter IIT of deBoor, et. al. [6], we know that Q : C(R?) — 8(Kg) given
by

Qf(z) = Z (nf)v Maza(x — v + 2&3),

veEKg

with

=20 -5 S fw) (537
weN (v)\v

is a quasi-interpolant which reproduces all polynomials of degree at most 3. Since our quasi-
interpolant @ is supposed to locally reproduce P9, we expect A o R to behave exactly like n

on Py. That is, for each v € W\ Ny (vg) we require that
(AR fr)v = (0fk)v for k=0,...,5. (5.38)

Notice that if (5.38) is satisfied at a vertex v, then by linearity (AR f), = (n f), for any
f € Py. By the definition of A (5.36) and Proposition 67 we get

7
(AR fr)o = > wi(L; R fr)y = wk . (5.39)
7=0

A simple computation shows
(k) = _fk ka 0 k=1,234 (5.40)

So from (5.38), (5.39) and (5.40) we conclude w) = 1,wl = --- = w} = 0, and w) =

—3(1+p?).
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Substituting (5.36) and the known values of wY, ..., w) into the left side of (5.28) yields
a 2 x 2 system that w® and w! must satisfy

w®

_ (T — LoRrT+ 1(1 + ,02)L51R7‘> (5.41)

v

( LgRT  L7RtT )U o7

at each v € W\ N3(vg). We call (5.41) the polynomial reproducing system.

Lemma 68. Suppose for some valence n and integer d' > 3 we define AWA\N, (vo) bY (5.36),

where the coefficients wl satisfy

wl =1, wl=-- =wt=0, wsz—%(1+p2), (5.42)

v

and equation (5.41). We extend A to K,, \ Ng(vo) using (5.33) so that it is rotation equiv-
ariant, and extend it to all of Ky, by defining A|n,, . (v) as in Lemma 66. Then Q = S AR
is order 3 with support width d = d' + 1.

Proof. Since Ak, \N, (vo) has support width 2 and A|y,(y,) has support width d—-12>2,
the support width of A is d’ — 1. Then the support width of @) is d = d’ + 1 since the mask
width of Loop’s subdivision scheme is 2 and (5.23) gives the support width of R. To show
that @ is order 3 we first show that ) reproduces characteristic functions. We do this by
showing that (5.28) is satisfied for every vertex v € K,. Equation (5.28) is satisfied for
v € Ngy_1(vg) by Lemma 66 and for v € W \ Ng(vg) by the derivation of (5.41). For a
vertex v € K,, \ Ny (vp), let o be a rotation of K,, such that o~1v € W\ Ny (vg). Then by
equivariance
(ART)y = (AR (70 7))y,
and since 7 o 0 is also a characteristic map, by (5.28) we have

(‘ART)U = (T © 0)0—1v =Ty -

Similarly @ reproduces constant functions on all of K.

Secondly, we need to show that for any K C K, with an affine coordinate system
(|INgK|,Z), and f(Z) a polynomial of degree at most 2, we have Qf = f on |K|. By the
quasi-interpolant @ on the regular grid we have

f(@) = Z (nf)oMaz2(T — v + 2¢3) for 7 € |K]|.
vENLK



101

Now, v € N1 K implies v € K, \ Ng(vg). Let o be a rotation of K,, such that o~ 'v €
W\ Ng(vo). The coordinate representation of o, namely = o(z), is an affine linear map,
so f oo is polynomial of degree at most 2 in z-coordinates on N3(o~1v), and by rotation

equivariance

(nf)o = (n(f ° U))(,fl

- (AJQ(foa))U
— (ARf),.

(2

Therefore,

F@) =D (AR f)uoo(@) = (S ARf)(E) = Qf(T)  for T € |K|.
O

The following lemma, which we prove in the remaining sections of the chapter, states that

the required solutions to (5.41) exist. Assuming this lemma holds we can prove Theorem 57.

Lemma 69. For each valence n there exists an integer d,, > 3 and a constant C, such
that for each v € W\ Ng (vo), equation (5.41) has a solution wi, for j =6 or 7 satisfying
lwi| < C.

Proof of Theorem 57. By Lemmas 68 and 69 there is a map Q : L}x,loc(Kn) — 8(Kp)
and a constant d,, = d,, + 1 for each valence n, such that @ is local with support width d,,
and of order 3. We need only show for each n that ) satisfies the alternative boundedness

criteria, i.e., there exists a constant ||@Qy|| such that

Qf [y < N@ulllflep e, 1

for m = 0,1 or 2 and any face T € W \ Ween(d,,). Then, by Lemma 55, QF = ¢ **QcF*
defines a quasi-interpolant on K.
For any face T' € W \ Ween(dy), the quasi-interpolant on T' is decomposed as follows
Qur - HE(N,T) -2 CN(NST) ™22 eNviT) &5 1) (5.43)

By Propositions 61 and 63 we have semi-norm estimates for §°° and R, specifically

18Ul 1y < lulgm (v, 1) (5.44)
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and

R f 1z, (vsry < 1RV L (va) (5.45)

for m = O, 1 or 2. Notice |f|H;{L(N4T) < |f|H1T(N§ T) since dn = d{n +1> 4 and NdT C NC%T

So we only need to prove a semi-norm estimate for the averaging operator

To analyze the averaging operators Ay, 7, first notice that any two neighborhoods
CN(N3T) and CN(N3T) are isometric. To be precise, let T be a face of W \ Ween(dp)-
Then for any other face T' € W\ Ween(dy,), there is a simplicial map ¢ : N3T — N3T so that
¢* preserves the HZ\-semi-norms. Using this identification, we consider Ay, : CN(Ngf ) —
CN(NLT), for every face T € W \ Ween(dn).

For each m = 0,1 or 2 we decompose CN(NgT) into Y™ @ Z™, where Z™ = Zm(NgTv)
is the null space of the H?N(Ngf)—semi—norm, as defined in (5.15).

Lemma 69 implies a uniform bound on the operators A|y,7. The map Ay, can be
represented as a matrix. Lemma 69 implies that the entries of these matrices are bounded,
and hence the operators are uniformly bounded in any norm. The HZj, (Ngf)—semi—norm is
a norm on the subspace Y. So there is a constant |A| such that for any 7' € W \ Ween(dy,)
we have

\Aul gz () < WAl ulag vy foru e Y™ (5.47)
Now we consider Ay, applied to z € Z™. By Proposition 60, z = PNy T for some
polynomial p € P,,,_1. Notice that Rp = PNy T and np = PNy So by (5.38) we see that
A|N1T P\NsT = PNy T

for any T € W \ Ween(d,) and p € P;. Then by the definition of Z™(N,T) we have

v 2l g ) =0 (5.48)

N
for any face T, control net z € Z™, and integer m = 0,1 or 2.
Decomposing u € CN(N3T) into u = y+z, with y € Y™ and z € Z™, we get the desired
semi-norm estimate (5.46) by (5.47) and (5.48), completing the proof. O
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5.4 Solving the Polynomial Reproducing System

The goal for the remainder of the chapter is to prove Lemma 69, showing that the polynomial
reproducing system (5.41) has solutions for all v € W sufficiently far from the central vertex,
and moreover, that the solutions are uniformly bounded. We apply the contraction identity
for the characteristic map 7 to rewrite (5.41) as an equation in terms of 7 in a bounded
neighborhood independent of v € W.

We define scale dependent convolution operators Lh L?(R?) — L?(R?) based on the

discrete convolutions Ly, ..., L7 and restriction R. For any h > 0, let

th =h"% Z m; / fly+hd; + x)dx. (5.49)
B(hp)
Notice L} = L;j o R. The constants s; are defined by

j‘01234567

55 ’ 01 1 2 2 2 3 4
We will see in Section 5.5 that the constant s; is chosen, as in a finite difference scheme, so
that L;‘ approximates a differential operator as h — 0.

Recall that we have a coordinate system (|N3(W \ N3(vg))|°, =) shown in Figure 5.2,
and in these coordinates c(x) = x/2, therefore the contraction identity (2.15) for 7 is
7(2/2) = M (z). For any v € W, let h = 27% then we have v/h = ¢ *(v) € Vertex(W).
Applying a change of variables and using the contraction identity for 7, we derive a scaling

relation for L;-LT

18
—5; 7 1 v .
v) = h™% ;:0 ijrpQ /B(p) T(h(h +0; +a))dx

18
P i 1 v e
= Ah70) jmjmﬁ/B(p)r(h + 0+ @)de = AR5 (LiT) 0, - (5.50)
=0

There is also a contraction identity for the control net 7% € CN(KF) which generates
the characteristic map. Since (87)cy = A7y, we have 70 = (8%7), = M7 x, = Mz 3.
Substituting this identity and (5.50) into (5.41), and dividing by A™*h3, we get

6
w®(v, h 1
(v, h) + p L

(zr() nbr(v) ) o )7 o (7 - Ehr) + ), (551)
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where we have written w’(v, h) for wi Ih
Next, we simplify the right side of (5.51) by expressing the control net in terms of the

spline function it generates.

Proposition 70. Suppose f(x) = 3, cpre, foMao2 (57 + 283) is a quartic box spline on a

scaled equilateral 3-direction grid. Then for any v € Vertex(hKg)
fo=fv) — LR*Af(v). (5.52)

Proof. We can express the Laplacian in terms of derivatives along the grid directions by
A = 2(D} + D3 + D3). Then from the differentiation formula for a box spline (5.10) we

have

D X A5 4260 ) = s 3 (Y1), M55+ 260).

vehKe vehKe
The box spline Mags_2,, is continuous and is supported on the convex hull of the remaining
directions. For example, the support of Myge is the convex hull of {0,2&s,2¢3,2(& + &3)}.
From this we see that Mags_2.,(v) = 0 for all v € Kg, except v = & + & + & — &. Since
ZveKﬁ Ma22_9.; = 1 by Proposition 59 part (iii) we conclude that Maga_oc, (§1+E2+E3—E) =
1. Thus for any v € hKg,

Df( Z FiMaga (5L + 253)) =2 (V?f)whgi = w(forne = 2fo + fone)

jEhKg le=v

and hence

Af(v) = %(D% + D3 + D3)puf

1 2
:ﬁ(—élfv—&—g > fu). (5.53)
Ni(v,hKg)\v
By an explicit computation we get Mago(1,0) = % and Ma2(2,0) = %, and therefore
we have
f0) = 2 fy+ oot (5.54)
v =50t - .

Ni(v,hKg)\v

Combining (5.53) and (5.54) we derive (5.52). O
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Using this proposition to rewrite the right side of (5.51) we get

( Lhr) nLtr(v) ) R ) i) (5.55)
TV TV - ) .
’ ' w’ (v, h)
where
1 1 1 1+ p?
h __ . _ h h
RN =5l — oA — 5 Lg + —— L5 (5.56)

Using (5.55) we can rewrite the polynomial reproducing system at a vertex in W in terms
of scaled operators acting near a fundamental region. Define the subcomplex Wi, C W
by W1 = Na(vg, W) \ Ni(vg, W). The region |W;| is a fundamental domain of |K,| \ vo
with respect to the group generated by a rotation of |K,| and the contraction c. Let
E = Edge(W1) \ {&2,&3} be the edges of W) except the edge nearest the central vertex, and
let A=2¢3 and B = & + &3 be vertices of W1, as shown in Figure 5.5.

CAC
VAo Vi

Figure 5.5: The fundamental region |IW|. The edges E C Edge(W7) are highlighted.

We represent a vertex in N3(W \ N3(vg, K;,))* for some k > 0 by a pair (v, h), where v
is the z-coordinate of the vertex and h = 27% is the scale. We consider the following three

disjoint collections of vertex and scale pairs:
(i) Let V7 be the collection of pairs (v, h) such that for some face F' € Wy, we have

|N2(v, K37)| C |F).

(i) Let Vir be the collection of pairs (v,h) ¢ Vi such that |N3(v, KF)| C |F_| U |Fy|,
where Fy € Face(K,,) and F_ NF, € E.
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(iii) Let V777 be the collection of pairs (v, h) ¢ V;UV such that | N3(v, KF)| € | N1 (ug, Ky)],

where ug = A or B.

Figure 5.6 shows an assignment of all but finitely many of the vertices of W to one of
three classes. A vertex v € W is considered to be in class I, for instance, if by applying
repeated contraction ¢* and possibly a rotation o, we get (oc¥(v),27%) € V;. Notice not
every vertex in W falls into one of the three classes above, but every vertex v € K, \ N1o(vo)
does. We consider each of these classes in the next three sections. In each case we show
that the solutions to (5.41) exist and are bounded. Therefore we have solutions to (5.41)

for all v € W sufficiently far from wvy.

. Class I
Class 11
e Class III

Figure 5.6: Three classes of vertices in W. The shaded region is Wj. The lines are the

images of Edge(W1) under the maps c¢~*.

5.5 Class I: Away From Edges

Suppose (v,h) € Vi and k = —logy h. We show that w®(v,h) = w’(v,h) = 0 is a trivial
solution to (5.55). We see that LE7(v) and L27(v) depend on 7 on | No(v, K¥)|. This domain
is contained in a single face of K, and so 7 is a polynomial on this domain.

We first develop the relationship between the convolution operators L;-‘ and certain

differential operators. The differential operators we consider are the Laplacian A = 59_;2 +
1
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the bi-Laplacian A2, and Dqq1 = 1 6—3 —3_9 _ yhich is differentiation in the three

82’ 4895 4 0z 8:1:2’

grid directions of the equilateral grid.

The box spline functions spanned by translates of Mago are piecewise quartic polynomials
as we see from Proposition 59 part (iv). However, not all quartic polynomials are Mg box
spline functions. By differentiating the two polynomial pieces of Tha9, given by (5.13) and
(5.14), we see that A?TL = 0. So, by (5.11) it follows that A%2Ma9s = 0 on each face of Kg.

We denote the space of bi-harmonic, degree-4 polynomials by
P$ = {p € Py: A%p = 0}.

The following proposition shows that the right side of (5.55) is zero for (v, h) € V7, and
so w8(v, h) = w'(v, h) = 0 is a solution to (5.55).

Proposition 71. For any polynomial p € IP’4A we have the following identities:

Lip=p+ 3% (hp) Ap L{p = Diuip
Lip=1Ap Lhp=0
th =0

Proof. We expand p as a finite Taylor series about v, i.e., p(v+z) = > é(DO‘p)wxa, where
D%p =0 for || > 4. Scaled moments of the ball B(hp), defined as Wlpﬁ fB(hp) x®dx for a

multi-index a € Z2, are listed below for |a| < 4:

a2

;|0 1 2 3 4

h2 2 h4 4
01 0 2 o K
1 0 0 0

h4 4
2 21

The moments are symmetric in the indices. So we only show the cases where oy > ;.

Using these moments we compute
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For the other convolution operators, we first analyze the finite difference operators. We

substitute the Taylor series expansion of p(v+x) into the finite difference to get the following:

6
h™2Y mEp(v +hé;) = 1Ap(v) + 51> A%p(v)
=0

6
B3 Z mép(v + héz) = —D111p(’l))
=0
18 )
Rty mép(v + hé;) = Ap(v)
=0

Integrating over B(hp) we get the following:

7
1 )
Lip(v) = h2) mi hé;)d
5p(v) m(hp)2 /B(hp) rar: myp(v +x + )dx
1

_— LAp(v+ z) + Zh2A%p(v + ) dx
m(hp)? /B(hp) 12 )+ ( )

2
= JAp(v) + EF R A%p(0),

7
Lipw) = T('(}:ZL/))Q /B(hp) h3 ; mi p(v + 2 + hé;) dx
= ﬁ /B(hp) Dinip(v +z) dx
= D111p(v),
and
h 1 R
Lip(v) = )2 /B(hp) h ; ms p(v + = + hé;) dx
= 77(;,0)2 /B(hp) A?p(v + ) dx
= A%p(v)
Combining the other parts of this proposition, we see also that R"p = 0. O

5.6 Class II: Near an edge

We show that there is a solution to (5.55) for any (v,h) € Vi and moreover that the

solutions are uniformly bounded. For a fixed (v,h) € Vir let F_ and Fy € Face(K,)
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be such that |N3(v,KF)| € |F_|U|Fy|. Let U = F, UF_ be a subcomplex of K.
From the definition of F C Edge(W1) (Figure 5.5) one sees that there is an embedding
N1U — Kg. So we can define an equilateral affine coordinate chart = on |N;U|° such that
z(F- N Fy) = {0,&} € Edge(Kg) with x(v) = (v1,v2) and v; < 0. The mask width of
Loop’s subdivision scheme is 2 so, by Proposition 8, we can write the characteristic map on
|U| as

T(x) = Z TuMazo(x — u + 2&3) for z € |U]. (5.57)
ueN1U

We can extend the control net 7,y to all of K¢ by setting 7, = 0 for all vertices not in
N;U. This extension does not effect the value of 7 on |U].

We use the truncated power series form of a box spline (5.12) to write 7y = p + G with
p € P{ and G a piecewise polynomial that is zero on |F_|. Using (5.12) and (5.57) we can
write 7 as a truncated power series

T(x) =Y (Vss7), Taza(a — u). (5.58)
u€Keg

Recall that V¢, is a centered difference operator defined in Section 5.1.

Most of the terms of (5.58) are in P{ on |U|. Only when u = —jé3 with j > 0 is
T522(x — u) non-polynomial on |U|. We decompose these non-polynomial terms into a

polynomial component and a non-polynomial component that is zero on F_. Define

gi(e) = %as, and  go(e) = Fhaagy, (5.59)

where 2"} is the single variable truncated power, i.e., 2"} = 2™ when z > 0 and 2"} = 0

otherwise. Using the explicit form of The in (5.13) we get
Tooo(z) = (ngg(x) — T,(:B)) +T_(z) = go(x) + T—(x) for z € |U|.
Then the non-polynomial piece of 7 on |U] is given by

Gx) = ) (VaaaT)—jes92(2 + 53)

<Z V227) J£3> (ZJ V322T) j£3> 91 ().
7=0 7=0

M

i
o
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We conclude that we can decompose 7 on |U] into
7(z) = p(z) + G(z), where G(z)= c191(x)+ cag2(x) (5.60)
for some ¢; € R? and p € P{.
Proposition 72. At any point y = (y1,y2) € R? and for any h > 0 we have
L? 92(y) = ylL? 91(y) for 7=0,5 or 7. (5.61)

Proof. Let Fy(x1,x2) = (—x1,x2) be reflection about the zo axis. We also let Fy denote the

corresponding permutation of the stencil indices, so that dp,;) = F2(0;). The mask my is

symmetric with respect to F5, i.e. mJ =m; B0 We compute Lh g2(y) as follows:
L g2(y)
1, 1
S [N hd; ho g, ; d
18

16 . o1
- h™ Zrn E /( : ((y1 + héiq + 21) + (y1 — hig + 21)) (Y2 + ki + 22) L da
i B(hp

32 . _ . | / 3 3
= ——h™% mi——— y1(y2 + hd; 2 + x2) dx + / z1(y2 + hdi2 + x2)idx | .
3v3 ; T (hp)? ( B(hp) ( & B(hp) +

The second integral in the previous line is zero since the integrand is odd with respect to

Fy. Thus the right side is equal to ylL? 91(y), proving (5.61). O

The operator R" on the right side of the polynomial reproducing equation (5.55) is
linear. Applying R" to the decomposition (5.60), we see, by Proposition 71, that R"p = 0.
Since G = 0 on |F_| we have G(v) = AG(v) = 0 and therefore

1+ p?

R'r(v) = o,

LEG(v) + —LEG(v). (5.62)

h3

Now substituting G = ¢1g1 + c292 into (5.62) and using Proposition 72 we get

R'r(v) = 3L (c191 + c2g2) (v ) 5(c191 + c292)(v)

h

:( hSLogl( V) + 1+ o7 L5 g1(v ))(cl+v1c2). (5.63)

+
2h
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In particular the right side of (5.55) is a scalar multiple of ¢ + v1co € R
We now show that the second column of the matrix in (5.55) is also a scalar multiple of

c1 + vice. Computing we get

hL} T(v) = hL¥ (p + c191 + cag2)(v) by (5.60)
= hcl(L? g1)(v) + hCQ(LéL g2)(v) by Prop. 71
= h(c1 + vico) (L2 g1)(v) by Prop. 72.

We have either vy = 0 or —@h, and g1 () is a homogeneous function of degree 3 in the
variable z9, i.e., g1(hx) = h3g1(z). Therefore L;‘ g1 is homogeneous of degree (3 — s;), and
so the scalar in (5.63) is a function of vy/h. Similarly hL7 g1(v) is a function of va/h whose

values can be computed as follows:

ALY 91(v1,0) = B2 (1 = 30" + 50 0")
hLY gu(vr, = h) = G+ p° = 220"

Therefore for any (v, h) € Vi a solution to (5.55) is given by

2
LIl g1(v) — 5 LB g1(v)

6 7
w’(v,h) =0 and w'(v,h) = ,

(5.64)

with |w” (v, h)| < C for some constant C.

5.7 Class III: Near a Corner

We solve the polynomial reproducing system at (v, h) € Vi for sufficiently small h. The
pairs (v, h) € Vi are divided into two cases Virr 4 and Virr g based on whether v is near
the point A or B € K,,. Consider case Virr 4 (case Vi p is similar) let = be an equilateral
affine coordinate system centered at A. A vertex v in the pair (v, h) € Vs 4 is represented
in z-coordinates as v = hu where u is one of the 32 points shown in Figure 5.7. Many of
the computations in this section are done with the aid of a computer algebra program such
as Mathematica.

We write the characteristic map 7(z) in the form

T(z) = p(x) + G3(x) + Ga(x), (5.65)
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I

N @

Figure 5.7: Offsets u to a vertex.

where p € P{ and Gs(x) and Gy4(z) are homogeneous of degree 3 and 4 respectively. This
decomposition will allow us to isolate the effect of the scale A on the systems of equations
and will give us asymptotic descriptions of the resulting systems. When L;L and R" are

applied to the function G} we get homogeneity identities
L'G(hu) = B" % LiGr(u)  and  R'Gy(hu) = h* P R'Gy(u).

From Proposition 71 we know Lgp = D111p, which is a linear polynomial. We decompose

this linear polynomial into
Lg p(x) = Dinip(x) = Dinp(uo) + ¥(x), (5.66)

where ¥(z) is a homogeneous polynomial of degree 1.
Now using the decomposition (5.65) we can rewrite (5.55) at v = hu and scale h as
M (hu, h) (Z%ZZZ%) = R"r(hu), where

M) = (Duipluo) + LiGs T4Gs) +h (V413G LiGr) (567
and

R'r(hu) = R*'G3(u) + hR'G4(u) . (5.68)
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5.7.1 Two Symmetric Box Spline Decompositions

We exploit the symmetry of 7 in organizing the computations that follow. We decompose
the spline function 7 on |Nj(A, K,,)| or |[N1(B, K,,)| into components that are even or odd
with respect to certain reflections.

For each case Virr 4 or Virr.p we choose an equilateral affine coordinate chart z and an
equivariant characteristic chart 7. In case Virr 4 the x-coordinate system is centered at A
and satisfies x(vg) = (—2,0), and we choose 7 so that 7(A) is on the z;-axis. Notice, such
a choice exists since an equivariant characteristic map composed with a rotation is still an
equivariant characteristic map. Let F; be the reflection across the x;-axis for i = 1 or 2.
Now since 7 is equivariant we have 70 F) = Fj o7 on Nj(A), showing that the components
of 7 = (71, 72) are even and odd respectively with respect to the reflection Fj. Similarly
for Case Vir.p we choose an equilateral affine coordinate chart centered at B such that
z(vg) = (0,v/3), and we choose 7 so that 7(B) is on the zy-axis. Then since 70 Fy = FhoT
on Ni(B) the components 71 and 79 are odd and even respectively, with respect to the
reflection F5.

In this section we decompose a quartic box spline function in the 1-neighborhood of
a vertex into terms which are symmetric with respect to one of the reflections F; or Fb.
The first proposition deals with the Fj reflection, while the second proposition describes
a decomposition with respect to Fy. Let o(x1,x2) = (\/lé?? _1//32/2) (i;) be rotation by
7/3 radians. Define 6 wedges W; = {(r,0) : §i <0 < (i + 1)} for i = 0,...,5 in polar
coordinates; i.e., 1 = rcos(f) and xo = rsin(fd). As shorthand notation we write W; ; for
W; UWj. Let T = Tho be the truncated power function for the quartic splines. A quartic
spline on Nj(0, Kg) is given by

f@)y= > fubap(z—u+28),  for x € |Ni(0, Kg)|. (5.69)
uENz(O,Kg)

Proposition 73. The quartic box spline on N1(0) as given in (5.69) has a representation

f@)=p(x)+ > CiEi(x)  forz € |N:(0,Kg), (5.70)

where p € IP)4A and the sum is taken over i =0,1,2,4,5,6 and 8. The functions E; are given
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as follows:
Eo(z) = g1(z) + g1(F1) Ey(z) = g2(z) + g2(F12)
Ey(z) = g1(ox) — g1 (o F1) E5(z) = g2(ox) — g2(o F1x)
Es(z) = g1(ox) + g1 (0 F1z) Eg(z) = g2(ox) + g2(o F12) (5.71)
Es(z) =T(x)

The function E; is even or odd with respect to Iy when j is even or odd respectively, and
Ey, E1 and Es are homogeneous degree 3 while the other functions are homogeneous degree
4.

The coefficients C; are computed in terms of the truncated power series coefficients a, =
(VS92.f )u for u € Kg where we have extended the control net f by f, =0 for u ¢ Na(0, Kg).

The coefficients are given as follows:

1< 1o
Co = 9 Zja—&aj Cy = 9 Za_§3j
j=1 J=1
1< 1o
Cr = 2 Z] (a—&j - a—ﬁzj) Cs = B Z (a—flj - a—Ezj)
j=1 Jj=1
1 1o
Cr=35 ) Jla—gj+ag;) Co =75 (a-gj+agy) (5.72)
j=1 Jj=1
Cg = ap

Proof. We first comment that the functions E; clearly satisfy the symmetry and homo-
geneity conditions. We write f as a truncated power series in terms of 7" using (5.12),
namely,
f@)=>" (Vsuf),T@—u)= > aT(x—u) forze|Ni(0,Kp)|. (5.73)
u€Keg u€Ke
For most u € Kg the shifted truncated power T(z — ) is in P{ on |N1(0, Kg)|. So these
terms all contribute to p(z) in the decomposition (5.70). We list the other terms in (5.73)

explicitly

4 4 4
f(x) = pla)+aoT(@)+)_ agiT(e+E0)+ ) a—g T(@+ej)+)_ a—gT(e+Ej). (5.74)
j=1 j=1 j=1
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Analyzing the first sum of (5.74) we see that for z € |N1(0, K¢)| and j > 1 we have

r+ &35 = (x1 + J,22) € Wy 5. So, from (5.13) we have
T(z) = p(x) + 3\[$1|m2| for x € Wy 5,

where p € IP’4A. Therefore,

a—gyj(@1 + j)|w2f?

M’“

4
D g T + &) = pla) + 505

j=1

.
Il
—

| =
-

—p@)+ 5 | Yjaes | (0@ +aRn)  (G75)

1

J
+3 Za & | (02(@) + 2(Fa))
= p(z) + CoEo(z) + CyEs().

Next we analyze the second sum in (5.74). Let & = oz be a rotated coordinate system.

Expressing T' in this coordinate system we get
~4 =272 | 16 ~ =3 | 2 24 ~
—2x1+4x1x2+m:ﬂ1x2—|—§x2 for €Wy
T(z) = § 22373 i€ Ws
0 otherwise .

In particular we have T'(z) = Sg—jgi"liir for £ € Wy 5. In Z-coordinates we have Z(—§;) =
(—1,0) and if £ € [N1(0, K¢)| and j > 1 then  + &1j = (Z1 + j,Z2) € Was. Therefore we
have

Za e 1T + &) = 3\[Za &5 (T1 +])$2+’

Jj=1 7=1

and in x-coordinates

Za el (x+&j) = Z]CL & | 91(ox) Za ¢ | g2(oz). (5.76)
7j=1
Similarly, for the third summation term of (5.74), let & = oFjx be a rotated and

reflected coordinate system. The truncated power function is given by T'(z) = S‘ri/gi:lm‘;’ .



116

for € Wy 1. In Z-coordinates we have z(§2) = (1,0) and if & € |[N1(0, K6)| and j > 1 then

&4 &Jj = (T1 + j, &2) € Wo,1. Therefore we have

4 4
Z a—g,; T(2 + §2) = % Z a—gy5(21 + ])f%%_,_
j=1 j=1
and in z-coordinates
4 4 4
Z a—gi T (x4 &) = Zja_§2j g1(cFix) + Z a—gyj | g2(cFiz). (5.77)
j=1 j=1 j=1

Substituting (5.75), (5.76), and (5.77) into (5.74) and rearranging terms gives the de-

composition. O

The next proposition is similar except we construct a decomposition which is symmetric
with respect to the reflection F. Let X = [£1, &2 ,&3] be as in the definition of the equilateral
grid (5.5). Let X1 = [£3,&2, —&1] and X9 = [—&3, &, —&1], be alternative direction sets for
the equilateral grid, and let T; = TX;m for ¢ = 1 or 2 be the corresponding truncated power
function. The corresponding centered difference operators are equal since we have only

changed the orientation of directions, i.e., V%45 =V

X222 = V§,,. Expressing a quartic box

(&
222
X2

spline function as a truncated power series (5.12) we get
fl@) =Y (Vipaf)Ti(x —v) = Y (Vi f)uTo(x —v).
veKg vEKe
Therefore with T = (T} + T3) we have
f(z) = Z a,T(x —v), (5.78)
veEKg

where a, = (V$95f)v. The piecewise polynomial representation of 7" is

(

Ty(x) = %xlx% for e Wy,
To(x) = —2af+4ai2d+ 225 for x € Wy,
T(z) = » (5.79)
T (x) = —3—\/§x1x% for x € Ws,
0 for x € W3, Wy, or Ws.
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Proposition 74. The quartic box spline function on N1(0) given in (5.69) can be written

f(x) =p(x) + Z CiEi(z)  forz € |N1(0, K¢)|, (5.80)

Eo(z) = g1(z) E3(x) = g2(2)

Ei(z) = g1(0x) — g1(0 Fax) Ey(z) = ga(ox) + ga(o Fox) (5.81)
Ey(z) = g1(0x) + g1 (0 Fyx) Es5(z) = ga(0x) — ga(0 Fyx)

Eg(x) = T(x)

The function Ej is even or odd with respect to Fo when j is even or odd respectively, and
Ey, Eq, and Es are homogeneous of degree 8 while the other functions E'j are homogeneous
of degree 4.

The coefficients C; are computed in terms of the truncated power series coefficients a, =
(VS99 f)u, where we have extended the control net f by fi, = 0 for u ¢ N2(0,Kg). The

coefficients are given as follows:

4 4

U S R

Co=3 > ilasje +aje,) Ci1=5 D ilavie —aje)
j=1 i=1

1 1l

Cr=5 ) ilayje +aje) Cs =5 (aje, —aje,) (5.82)
j=1 i=1

1 d 1

Ci = B Z a—jez T Ajg Cs = B Z A—jéa — Aj&
j=1 i=1

56 = ag

Proof. We first comment that the basis functions Ej clearly satisfy the symmetry and ho-
mogeneity conditions. Combining all the terms in (5.78) that are polynomial on |Ny(0, Kg)|
into a single term p(z) we have

4

4
f@) =p)+aT(x)+ D aje,T(@—j)+Y  a_je,T(a+j&)+Y  aje T(z—j&1). (5.83)
1<]j|<4 j=1 j=1
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Thus for x € |N1(0, K¢)| N Wy 1,2 the first sum in (5.83) can be written as

4
> aeT(x—j&s) = Y aje,Ti(x+ &) + aje, T (z — j&s)

1<]j|<4 J=1

16 ) .
= ﬁ Z a_jes (21 + §)23 — aje; (w1 — j)as

16 .
= Z A—je3 — a]§3 xle + 5= 33 -Z::lj (a—jfs + aj{s) &z
= C()E()(x) + CgEg(x) . (5.84)

Let £ = ox be a rotated coordinate system. We can represent 7" in Wi as a sum of

pE Pf and a truncated power function, namely,

T(z) = ( 2x1x2 + 3\/j1 %) 3\%@@% forz € Wis.

So if # € [N1(0, K¢)| and j > 1 then T — j& = (Z1 — j, Z2) € W12 and thus

4
> e T(E - j&) = Z aje, (F1 — §)T54
j=1

and in x-coordinates we have

Zaﬂfl (x — j&) = Z]a]& g1(ox) Za151 g2(ox) (5.85)

Similarly, let & = 0 F5(z) be another coordinate system. On Wy ; we can again represent
T by T(z) = p(z) — %iﬁ:&r, where p € P$. So if # € |N1(0, Kg)| and j > 1 then
T +j§2 = (.@1 —j,i‘z) € WO,l and thus

Z a—je, T (2 +j&2) = p(2) Z a—]fz - x2+
7j=1
and in z-coordinates we have

4 4

4
Y a e, T(w+i&) =p@)+ [ D jaje | gi(oFw) = (D aje, | g2(cFox).  (5.86)

J=1 J=1 J=1

The proposition follows from (5.85) and (5.86) by rearranging terms. O
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We end this section with a proposition about the basis functions.
Proposition 75. For j = 0,1 or 2 we have LgEj = LgEj =0.

Proof. We begin by noting that Lg; = 0. Indeed, since g;(x1,x2) is only a function of za,
we see that the integral in

6

|
Ligi(v) =h2) mi——0 / g1(v + hé; + x)dx
0 ; S7(hp)2 JB(hp)

is the same for 7 and 4’ if 6; 2 = 0, 2. But in this case, m% = —mg, SO ngl =0.

Next notice that for j = 0,1 or 2, the basis function E; is composed of a sum of functions
of the form g; o o, where ¢ is an orthogonal map which leaves the stencil invariant. In
particular, we write o(d;) = 6,; and we have m? = +m!. This allows us to conclude that

& 1

Ligioo(w)=h"3y mi——- / 91(0v + héy; + ox)dx
0 ; S1(hp)? JB(hp)

6

. 1
= +h73 [ —— hé; d
; m67r(hp)2 /B(hp) g1(ov + hé; + x)dx

= +Lkg1(ov) =0.

5.7.2 Corner Case A

Since 71(x) is even with respect to Fy, while 7 (x) is odd, we can apply Proposition 73 as
in (5.65) to get 7 = p+ G3 + G4 on |[N1A|, where
1 WEy + b2 Es bWE, + WEg + b3 Fyg
p= . Gz=| " ! and Gy=|[ " ! 0 s
D2 b%El ngg,
Starting with the 2-neighborhood control net for an equivariant characteristic map as
in Figure 2.6, we can apply Loop’s subdivision rules twice and rescale to compute the 5-
neighborhood control net. Then we extract the control net on Ny(A), which determines 7

on |N1A|, compute the truncated power series coefficients a = V$§,,7, and apply (5.72) to
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get the following;:

50— —3 (1+2 cos(4Z)) B sm(%)

L) (342 cos(22)) (5+ 4 cos(2E)) 2 (3+2 cos(QT“))
b2 — 2COS(%)2 (142 cos(22))

! (3+2 (:05(2—”))2

4 Gcos(§ )? (142 cos(22)) 5 sin(8X)

te ( +2 COS(QT”)) ( +4 COS(2 )) b= 2 (3 + 2 (303(2777))2 (5.88)

) 5008(5) (142 cos(21))

' (3+2 (:05(27”))2

b — —6003(%)2 (142 cos(4X))
' (3+2 COS(ZWW))2

To compute the D111p(A) term in (5.67), notice that D111 FE;(0) = 0 for all 4, therefore
D1117(A) = D111p(A). The left side of this equality can be computed from the control net.
By (5.10) we have

Dinr(z) =Y (Vinr), M (z — v + 263).
The box spine Mjq; is the piecewise linear hat function defined by Mi11(v) = 6(v,&3), so
Dini7(A) = (VinT) aye, = (Vinma.

So applying the difference operator to the characteristic control net we get

-2—-4 cos(‘%) 0
(342 cos(22)) (5+4 cos(22))" )’

Di117(A) = < (5.89)

which is zero only if n = 3 or 6.
Now we write the matrix M (hu, h) in (5.67), using Proposition 75 to get
Dinimi(A) WLAE(u) + b3 LLEs (u
M, ) = 1171(A) b/ L7Eo(u) + b1 L7 Ex(u) Lom).
0 bILIE: (u)
Lemma 76. There are constants hg and C > 0 such that for any (v, h) € Virr.a with h < hg

we have solutions wb(v, h) and w” (v, h) to the polynomial reproducing system (5.55) such

that |wS(v, h)| and |w”(v, h)| < C.
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u LIE)(u)

(l ﬁ) 64 (—64 /3 p+81 7 (—14p?))
2072 2437

(§ ﬁ) —64 (=323 p®+27 7 (1+p?) )
2072 2437
(g ﬁ) —2048 p3
27 2 40537

128 (=16 V3 p3+27 7 (—=2+p2
(17\/3) ( /;437r ( p))

—64 (—128v/3 p3+135 7 (1+p2
R

Figure 5.8: Values of L E; (u).

Proof.

Case 1: n =3 or 6. From (5.88) we see b = bl = 0 for i = 0,...,8, so the components
of the Loop characteristic map are polynomials on | N1 A|. Therefore by Proposition 71, the
right side of (5.55) is 0. So w®(v,h) = w”(v,h) = 0 is a trivial solution.

Case 2: n# 3 or 6, and (hu,h) € Vypa with u; # 0 and uz # 0. Since by # 0 and
LiEi(u) # 0 (as shown in Figure 5.8), we see that in the limit, as h goes to 0, the matrix
M (hu, h) is invertible. Hence solutions exist and are bounded for sufficiently small h.
Case 3: n# 3 or 6, and (hu,h) € Vi1 o with uz = 0. Since 7, is odd with respect to
Fi, we have Lim(u) = Lim(u) = Rime(u) = 0, i.e., the bottom rows of (5.67) and (5.68)
are 0. Then since Dy1171(A) is non-zero, we have solutions w®(hu, h) and w”(hu, h) = 0 for
sufficiently small h satisfying a bound |w®(hu, h)| < C.

Case 4: n # 3 or 6, and (hu,h) € Vyr o with u; = 0 and us = ++/3. In this case the

analysis is more complicated. From an explicit computation one can show LiFEj(u) =
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R'E;(u) = 0. So (5.67) reduces to

Dinmi(4) LG U, + LGy LAG
M(hu, h) _ 111 1( ) 7G31 ‘h 1 64,1 74,1 (5'90)
0 0 Uy + LiGyo LiGyo
and
R'G51(u
R'(u) = 31(4) + hR'Gy(u) . (5.91)
0

Computing the determinate of M (hu,h) we get
det(M(hu, h)) =h (D111T1 (A) . L%G472(’U,) - L%G&l(u) . (\IJQ(U) - LéG4,2(u))) + O(h2) .

By an explicit computation we show that the coefficient of & is non-zero. Let M, (hu, h)|R"r(u)
be the matrix formed by replacing the j-th column of M (hu, h) with R (u). Then clearly
det(M; (hu, h)|R"7(hu)) = O(h). So by Cramer’s rule

det(M;(hu, h)|R"(u))
det(M (hu, h))

for j =1 or 2. Thus for a sufficiently small h, solutions exist and are bounded.

w? (hu, h) =

5.7.3 Corner Case B

Here 71(x) is odd and m»(z) is even with respect to Fh. Starting with the 2-neighborhood
control net for an equivariant characteristic map, as in Figure 2.6, we can apply Loop’s
subdivision rules twice and rescale to compute the 5-neighborhood control net. Then we
extract the control net on No(B) which determines 7 on |N1B|, compute the truncated

power series coefficients a = Vx7, and apply (5.82) to get the following:
—3 cos(Z) (1+2 cos(4X))

by =0 by =
' 2 (3+2 (303(27”))2

_ 4008(%)2 (sin( ) — sin(3% )+ Sln(#))
(3+2 COS(TW))2
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Applying Proposition 74, as in (5.65), we get 75,5 = p + G3 + G4, where

0 ViE
p= P ) G3 = ~ G4 = ~ 1 ~
P2 b3 Eo biEy + b Eg
One can compute Dlllﬁv’i(()) = 0 for all 4, therefore Dy117(B) = D111p(B) which can be
computed from the control net using (5.7.2). We compute

2 (sin(Z) — sin(2X) 4 sin(22)) 0)
(3+2COS(%))(5+4COS(%))7 ’

Din7(B) = ( (5.93)

which is zero only if n = 3 or 6. Now we write the matrix on the left side of (5.67) in terms

of u and h. We use Proposition 75 to get

Dy (B 0
My — | P B) o).
0 b LIEy(u)

Lemma 77. There are constants hyg and C' > 0 such that for any (v,h) € Virr.p with
h < ho we have solutions w%(v, h) and w”(v, k) to the polynomial reproducing system (5.55)
with |w8(v, h)| and |w(v,h)| < C.

Proof.

Case 1: n =3 or 6. From (5.88) we see bt = b =0 for i = 0,...,8, so the components of
the Loop characteristic map are polynomials on |N1B|. Therefore, by Proposition 71, the
right side of (5.55) is 0. So w%(v,h) = w”(v, h) = 0 is a trivial solution.

Case 2: n# 3 or 6, and (hu,h) € Vypa with |us| < /3. We claim that M (hu,h) is
invertible in the limit. Since D117 (B) and b3 are non-zero, we need only show that L%Eo (u)
is also non-zero.

For any u = (u1,u2) € W we have

LYEo(u Zm7 / Eo(v + x + 6")da
=0

18 39
= mh——— V9 + xg + 05)3 dxidas .
v L 03

So this quantity depends only on s and p. Figure 5.9 tabulates these values showing that

they are not zero.
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’17,2 L%Eo(u)
2048 p3
i\/ﬁ 40537
64 (—128 V3 p3+135 7 (14-p?
i\/g/ 2 ( 12157 ( )

—128 (=323 p®+45 7 (—2+p?))
0 405

Figure 5.9: Values of L%Eg(u).

Case 3: n# 3 or 6 and (hu,h) € Vi1 with |ua| > v/3. Here, the analysis of case
2 does not apply because L%E’o(u) = 0. Since Ey and E3 are in P2 on N3(u), we have
LIE; = R'E; = 0 for j =0 or 3.

Thus the linear system reduces to

D111 (B)+O(h 0
Mhuh)= | 1(B) +0(h) N _ (5.94)
O(h) h(b§LAE, + b§LLES )
and
b 0
R'1(u) =h _ |- (5.95)
b%R1E4 + bgRlEﬁ

By explicitly computing b%L%EE; + bgL%E@ at the four possible points u € W one can show
this is non-zero and hence there is a solution of the form wS(hu,h) = 0, and w”(hu, h)

depends only on u. O
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Chapter 6

APPLICATIONS AND FUTURE DIRECTIONS

We have proved that Loop’s subdivision functions approximate functions in a second-
order Sobolev space. Our main theorem, which proves this, gives the order of decay of
the approximation error when approximating a sufficiently smooth function. In this final
chapter we summarize the theory developed in this thesis and discuss possible directions for
extensions and an application of the theory.

In Section 6.1 we summarize this work and discuss the methods and results. In Sec-
tion 6.2 we discuss possible extensions to the theory which could be explored in future
investigations. Section 6.3 briefly outlines how subdivision surfaces can be used with the
finite element method to solve a differential equation, and we show how our approximation

theory can be applied to derive convergence rates for this application.

6.1 Summary

6.1.1 Smooth Structures on Simplicial Surfaces

In Chapter 2 we developed the basic theory of stationary subdivision surfaces defined on
simplicial surfaces. In Section 2.1 we reviewed simplicial complexes, and defined subdivision
schemes and subdivision (limit) functions. The definitions are similar to, and motivated by,
the definitions in Chapter 2 of Zorin [25], although I think the definitions here are cleaner.
In Section 2.2 we defined an affine atlas on a simplicial surface K, excluding extraordi-
nary vertices. Loop’s subdivision functions are piecewise polynomial in affine coordinates.
In Section 2.3 we defined the n-regular complexes K, and the contraction map which
acts on K,. The n-regular complexes are the model neighborhoods. The analysis of a
subdivision scheme reduces to considering the scheme on the n-regular neighborhoods. The

symmetries of K, and the scaling provided by the contraction map play an important
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role. The symmetries are generated by a rotation and a reflection. But notice, there is no
translation symmetry on K. Recall translation symmetry underlies many of the analysis
techniques on R”, e.g., the Fourier transform.

In Section 2.4 we introduced the key tools for analysis of subdivision surfaces, the sub-
division map (or subdivision matrix) and the characteristic map. Since subdivision surfaces
were introduced by Catmull, Clark, Doo and Sabin in [4, 7] the analysis of these surfaces
has been based on the subdivision matrix. The characteristic map, derived from the eigen-
vectors of the subdivision matrix, was introduced by Reif in [16]. He proved that if the
characteristic maps are regular and injective, then subdivision surfaces are C'' for almost
every control net.

We defined characteristic coordinate charts on a simplicial complex in Section 2.5. Sup-
pose 8 is a stationary subdivision scheme with characteristic maps for every valence. For
any finite simplicial complex K without boundary and a vertex v € K, the interior of the 1-
neighborhood |N;(v)|° is a characteristic coordinate neighborhood. We used a characteristic
map to define a characteristic coordinate chart on this neighborhood.

This is primarily a different interpretation of the work of Reif. In the parallel theory,
we showed that if subdivision functions are C" away from extraordinary vertices and the
characteristic maps are regular and injective, then characteristic charts on a complex K
form a C" atlas on |K|. We call such a scheme a C"-subdivision scheme. We then showed in
Proposition 17 that subdivision functions are C'! with respect to this atlas. As a corollary

we have the following.

Corollary 78. Given an R3-valued control net on a simplicial surface without boundary, if
the generated subdivision function is injective and everywhere of full rank, then its image is

a C-surface embedded in R3.

A subdivision surface is the image of a C'!-differentiable map f : |[K| — R3. This map
is the natural generalization of a parameterization for the surface. Actually, the surface
is covered by local parameterizations. This framework is advantageous since, given a C"-
subdivision scheme, we have a class of C” functions on a subdivision surface, even though

the surface itself is only C'. We exploited these smooth functions in our approximation
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theorem.

In Section 2.6 we extended the degree of smoothness by introducing the class Cﬂ)’i,
consisting of functions that are of class C" and for which all the derivatives of order r are
locally Lipschitz. For instance, since Loop’s subdivision scheme is a C’focl -subdivision scheme

o . 2.1 . ..
it induces a C) .-smooth structure on a simplicial surface.

In the final section, Section 2.7, we prove a number of geometric facts in characteristic

coordinates about the simplicial neighborhoods N4T for faces T € K.

6.1.2 Approximation in Sobolev Spaces

In Chapter 3 we defined Sobolev norms on a simplicial surface using the Cﬁ’cl—atlas induced
by a stationary subdivision scheme. A function defined on a simplicial surface |K]| is in the
Sobolev space H*(K) for s < R+ 1 if its characteristic coordinate representations are in
HS.

The Sobolev norm is especially well suited to studying approximation properties of
stationary subdivision schemes such as Loop’s. We discuss three benefits. First, Sobolev
norms measure derivatives as well as function values. In geometric modeling applications it
is important to at least approximate first derivatives accurately, since, for instance, the first

derivatives are explicitly used in the form of normal directions for lighting calculations.

Secondly, a Sobolev norm is more forgiving at isolated points than the corresponding
supremum norm of derivatives. For instance, Loop’s subdivision functions are not C? at
extraordinary vertices [17]. However, as we showed in Theorem 42, Loop’s subdivision
functions on a simplicial surface |K| are in H?(K). Furthermore, Theorem 2 shows that
subdivision functions can approximate the curvature of a surface to arbitrary accuracy as

measured in the L2-norm.

Thirdly, in certain applications such as the finite element method it is approximation
in the Sobolev norm which ensures convergence of the method. Applications to the finite

element method are discussed in Section 6.3.

In Section 3.3, we constructed approximations to a function f on |K| using local ap-
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proximations in characteristic coordinates. Suppose a family of local, linear operators
Qk : Lll\,loc(Kn) - S(K];L:) (61)

satisfies the approximation error bound

1Q¥f — fllas = ONGm ™) (6.2)

for a function f € H"(K,). We used a partition of unity {p, : v € Vertex(K)} subordinate
to the covering {|N1(v)|° : v € Vertex(K)} to construct cut-off local representatives f, =
pv - f in each coordinate chart. We used the local operators Q¥ to approximate the cut-off
representatives and then added the approximations to get a global approximation

Prf=>"Qp,- f) €8(K").

veEK

Theorem 43 gives a bound for the global approximation error,
1P* = Fllas ey = OOl ™%).

6.1.83 The Main Theorem

The main result of this thesis gives the approximation order of Loop’s subdivision functions.
We restate the main theorem and two immediate corollaries.

Theorem 2. Let 8(K*) be the space of Loop’s subdivision functions on the k-times
subdivided complex K*. For integers 0 < s < r < 3 and any ¢ > 0 we have the following

bound on the minimal H*(K)-approzimation error of a function f € H"(K):

dist(f, S(K*)) s (re) < CeMinad™ I £l (rc) (6.3)

where the constant C. = C(e, K) is independent of k and f.
Corollary 3. Given a smooth function f € H3(K) we have

dist(f, S(K")) r2(s) = O(AETF) (6.4)

for any € > 0, where A = Apax(K).
Corollary 4. The space of Loop’s subdivision functions at all levels | g~ 8(K*) is dense
in H?(K).



129

The second corollary is proved by approximating a function f € H?(K) by smoother
functions in H3(K) then applying Theorem 2. We say the approximation power of Loop’s
subdivision functions is order 3 because of the exponent in (6.4).

The comparable theorem for quartic triangular splines shows that quartic splines have

order 4 approximation power.

Theorem 79. Suppose 8¥ = span{¢(2¥(- — v)) : v € 27%Z2} are nested spaces of splines
where ¢ = Maos is the quartic triangular box spline basis function. Then for integers

0 < s <r <4 we have the following approximation error bound
dist(f, 8*) e < C(5)" |- (6.5)
where C is independent of f and k.

The two main differences between the estimates (6.3) and (6.5) are the base and the
maximum exponent in the rate of decay for the approximation error. The maximum factor
of k in exponent is the approximation order. The approximation order for Loop’s subdivi-
sion functions is one less than the approximation order for quartic triangular splines. The
decrease in approximation power is caused by the behavior of subdivision surfaces at ex-
traordinary vertices. The natural strengthening of (6.3) to a higher-order of approximation
would involve || f[| g4k, but this space is not even well defined for a Cfgcl—subdivision scheme
such as Loop’s. To prove that the bound in Theorem 2 is sharp is open.

The base Amax in the decay rate of (6.3), as compared to the base 5 in (6.5), is due to the
characteristic coordinate chart. In the introduction to Chapter 4, we reviewed a standard
application of the quasi-interpolant method to prove Theorem 79. The base % in (6.5) came
from the equality diam N4T' = C (%)k for any face T in the subdivided regular grid K}. The
base Apax in (6.3) was similarly derived from diam Ng7T'. In this case T is a face in the sub-
divided n-regular complex Kff, and the diameter is measured in characteristic coordinates.

In Section 2.7 we proved that diama (NgT) < CAE

¥ ax(Kn). For Loop’s subdivision scheme,

the sub-dominant eigenvalue of the subdivision map for a vertex of valence n is given by

)\:%—I—%cos(%).

n
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So for valences greater than 6, the rate of error decay in (6.3) for r = 3 and s = 0 is less

than (5)3%.

6.1.4 Approximation via Quasi-Interpolants

We defined the properties of a quasi-interpolant on K, in Chapter 4, and proved a bound
on its approximation error.

We could directly apply the quasi-interpolant technique to the problem of approximation
on K,. By constructing a family of maps QF : Lzl\,loc(Kn) — 8(K¥F) that is local, bounded,
and reproduces quadratic polynomials in characteristic coordinates, we could prove that the
approximation error of the quasi-interpolant would satisfy the estimate (6.2). However, for
Loop’s subdivision scheme, and most other subdivision schemes that produce C'-smooth
surfaces, the quadratic polynomials on K, are not subdivision functions. It is necessary
to have quadratic polynomials on K, as subdivision functions in order for a scheme to
produce C2-surfaces with non-zero curvature at extraordinary points (see Zorin [23]). So
direct application of the quasi-interpolant method on K, would involve constructing a
quasi-interpolant that reproduced linear polynomials in characteristic coordinates. Such a
quasi-interpolant would only demonstrate second-order approximation power.

The key to showing Loop’s subdivision functions have third-order approximation power
is to also take advantage of polynomial reproduction in affine coordinates. By Definition 44
in Section 4.1, an order r quasi-interpolant on K, must reproduce polynomials in charac-
teristic coordinates of degree less than r — 1, and must locally reproduce affine coordinate
polynomials of degree less than r away from the central vertex. Theorem 45 is the main
theorem of Chapter 4. It shows that a quasi-interpolant on K, of order r results in an order
r approximation error as in (6.2).

The approximation theorem on K, (Theorem 45) is proved in Section 4.3. The proof
follows the same outline as the proof for the approximation theorem for quartic splines
which we proved in the introduction to Chapter 4. We proved the result by estimating
the approximation error ||Q*f — f|| g3 (1) on a single face T of KPF. We approximated f

on a neighborhood of T' by a quadratic polynomial g € Py(K,,), and we used the triangle
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inequality and the boundedness and locality of QF to get

Q" f — fHHf\(T) <|Q"(f - Q)HH/S\(T) +1|Q%g — QHH/S\(T) +If = g”Hf\(T)

< (L4 OIS = gll g vary + 1Q%9 = gllag (1) - (6.6)

Now since @) does not reproduce P2(K,,), we had to estimate the last term in (6.6). In
Section 4.3.2 this term was bounded using the polynomial reproducing properties of the
quasi-interpolant in affine coordinates.

We presented an alternative boundedness criteria for a quasi-interpolant on K, in Sec-
tion 4.4. This new criteria is simpler to verify as it only concerns the level k£ = 0 instance of
QF. The bounds are in affine coordinates, where the subdivision functions are translation

invariant, making them easier to analyze.

6.1.5 Construction of a Quasi-Interpolant

The main theorem of Chapter 5 is Theorem 57, showing that we can construct an order 3
quasi-interpolant on K, for Loop’s subdivision functions. By Lemma 55 we had to construct
a rotation equivariant map @ : L} 1..(K,) — S(K,,) that is local with support width d and

that satisfies the semi-norm estimates in affine coordinates

QF gy < 1QI | f 1y ver) (6.7)

on each face T' € K, and m = 0,1 or 2. Additionally, Q) has to reproduce linear polynomi-
als in characteristic coordinates and locally reproduce functions that are locally quadratic
polynomials in affine coordinates.

We constructed the quasi-interpolant as a composition of three maps

Q: L} joe(Kn) 5 CN(K,) 25 CN(K,) 25 8(K,,) (6.8)

namely, the restriction map R, the averaging operator A, and the subdivision limit operator
8%°. Properties of box splines are catalogued in Section 5.1. In Section 5.2, we introduced
Sobolev norms and semi-norms on control net spaces, which are the intermediate spaces in
the composition (6.8). We then analyzed the boundedness of each component separately.

The restriction operator produces a control net from a function on |K,|. The control value
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at a vertex is calculated by averaging the function over a small ball centered at the vertex.
Propositions 61 and 63 showed that §°° and R satisfy semi-norm estimates that were used,
together with similar estimates on A, to prove (6.7).

In Section 5.3 we constructed an averaging operator A, to achieve the desired polynomial
reproducing properties. Locally, in the neighborhood of a face T' € K, the quasi-interpolant
) must reproduce an 8-dimensional space of functions, consisting of the 6-dimensional space
of affine quadratic polynomials and the 2-dimensional space spanned by the components of
a characteristic map. For each vertex v € K, and control net u € CN(K,,), we defined (Au),
to be a weighed average of control values of u in the 2-neighborhood of v. In particular, we
defined an 8 parameter vector space of possible weights. Then at each vertex v € K,, we
wrote an 8 x 8 linear system that the weights had to satisfy so that a basis of polynomials
would be reproduced. This system was simplified to a 2 x 2 system called the polynomial
reproducing system. Lemma 69 claims that the polynomial reproducing system has solutions
for all vertices sufficiently far from the central vertex. We used this Lemma to prove
Theorem 57, the main theorem of Chapter 5. In Sections 5.4-5.7 we proved Lemma 69 by
considering three different classes of vertices v € K. The classes are distinguished by how

many polynomial pieces the characteristic map has on the N3(v, K,,) neighborhood of v.

6.2 Future Extensions of the Theory

It would be useful to have a more general theory. In particular, the main theorem only
applies to Loop’s subdivision scheme. Chapters 2, 3 and 4 do however apply to general
stationary subdivision schemes defined on simplicial surfaces. For instance, one might be
able to use a modified Loop’s subdivision scheme, as defined in Section 2.1.4, to get the
subdominant eigenvalues A of the subdivision map closer to % for valences greater than 6.
The new scheme is a 01203 subdivision scheme if the characteristic maps are injective and
regular. Then if we could construct an order 3 quasi-interpolant, we could get a rate of decay
for the approximation error that is faster than that for Loop’s subdivision functions. Zorin,
Peters and Reif [23, 14] have presented general methods to determine if the characteristic

maps for general subdivision schemes are injective and regular.
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Extending the approximation result to Catmull-Clark’s subdivision scheme and its gen-
eralizations is also desirable. Catmull-Clark’s subdivision schemes generate C''-smooth sur-
faces so the characteristic maps could be used to construct a C’i’i—manifold on an initial
mesh. Chapter 4 is still applicable with small changes to accommodate rectangles instead
of triangles. The existence of a high-order quasi-interpolant for these schemes would have

to be shown.

Numerical corroboration of the result and the sharpness of the result are two other issues
which should be explored. The estimate is sharp if the rate of decay of the approximation

error Ao is the fastest possible for all f € H3(K).

6.3 Application: Finite Element Method on Surfaces

Approximation theory has been a powerful tool in the analysis of applications which rely
on producing approximations to some ideal result. Examples include signal processing,
image processing, numerical solution of differential equations, numerical integration and
data fitting. In particular, we discuss the application of subdivision surfaces to the problem

of approximately solving partial differential equations on surfaces.

The finite element method (FEM) is a numerical technique to approximate the solution
to a partial differential equation. We show how to construct FEM approximations, for
a partial differential equation on a surface, that are subdivision functions. Cirak et al.,
[9], describes how to use subdivision functions to solve elasticity problems on thin shell
structures. As an example, we discuss a simpler problem, the Poisson problem on a surface.
Then we use the standard error analysis technique for the FEM (see Brenner and Scott
[3]) together with our approximation theorem, to show the convergence rate of the finite

element method.

Let ¢ : | K| — R3 be a Loop’s subdivision surface on a base simplicial surface K without
boundary. We represent a function on the surface ¢(K) as a function on |K|. There are
differential operators A and V acting on functions defined on the surface, which generalize

the Laplacian and gradient on R? (see Taylor [21] for their definitions). The Poisson problem
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is to find a function u on |K| such that
Au=f on |[K| and (6.9)
/uds:O, (6.10)

where [ fds =0 and ds represents integration with respect to surface area. This equation
models, for instance, the steady-state temperature distribution on a surface due to a steady
source f. Since there is no heat lost through a boundary, the net effect of the source must
be zero to ensure a steady state.

The first step in applying the FEM is to rewrite the differential equation as a variational

problem. The operators A and V satisfy a Green’s identity

/Auwds = —/(Vu, Vu)ds, (6.11)

where (-,-) is the dot product of vectors on the surface. Multiplying both sides of (6.9)
by v € H'(K) and integrating over the surface, we get the variational form of Poisson’s

equation: Find u € H}(K) = {f € HY(K) : [ fds = 0} such that
/(Vu, Vo) ds = — /fvds for all v € HY(K). (6.12)

We construct an approximate solution from the trial space 8o(K*) of Loop’s subdivision
functions at level k, i.e. v € S§(K*), such that [vds = 0. Notice that for any v € S(K*),
we have vg = v — m Jvds € 80(K}), where area(K) is the surface area of ¢)(K) . The
Galerkin FEM approximation uy, € 89(K*) is defined as the solution of the finite-dimensional

version of the variational problem
/(Vuk, Vu)ds = — / fovds for all v € So(K*). (6.13)

This is a linear problem with a unique solution.
By standard FEM error analysis, we now show that the Galerkin approximation uy is,
in a sense, the best approximation to the true solution u from the space 8o(K*). We define

a symmetric positive definite bilinear form a by

alfg) = [(V5.9g)ds. (6.14)
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and the induced norm ||f||g = a(f, f)'/? on H}(K) called the energy norm.
From (6.12) and (6.13) we see that a(u — uy,v) = 0 for all v € §(K*). Therefore, for

any v € S¥ we have
lu —wrllf = alu — ug, w — )
=a(u — ug,u—v) +alu —up,v—u).

The second term is zero since v —uy, € 8¥, and therefore, by the Cauchy-Schwarz inequality,

we have ||u — ug||? < ||u — ug||gllv — v||g. Dividing by ||u — ug||g we get
lu —uklle < ||lu—2|Eg for all v € 8.

The energy norm on H{(K) is equivalent to the H!(K)-norm as we have defined it in

Section 3. Therefore there is a constant C' such that
|u — ug| g < C dist(u, S(K™)) g1 .
Assuming that u € H3(K), we apply our main approximation theorem to get
lu = ug ]| g < OA*

for any A < Amax.

6.4 Conclusion

Subdivision surfaces are a smooth geometric modeling primitive that can model surfaces
of arbitrary topology. We have proved an approximation theorem for Loop’s subdivision
surfaces in Sobolev spaces. Loop’s subdivision functions have order 3 approximation power.
This is a higher-order of approximation power than for piecewise linear functions or trian-
gular meshes, which have order 2 approximation power. However, the approximation power
of Loop’s subdivision functions is not as high as the approximation power of the quartic
triangular splines from which they are derived. These have order 4 approximation power.
This result can be used to give convergence rates for finite element methods using sub-

division functions.
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