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Abstract. We present explicit formulas for the distributions of the extreme eigenvalues of
the complex Jacobi ensemble in terms of the hypergeometric function of a matrix argument. Our
methods extend to the quaternion Jacobi ensemble case.
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1. Introduction. Complex random covariance matrices arise naturally in ap-
plications involving wireless communications [2, 5, 8]. Various statistical methods,
such as hypothesis testing, principal component analysis, canonical correlation anal-
ysis, multivariate analysis of variance, etc., are then based on the distributions of the
extreme (generalized) eigenvalues of these matrices [13].

In this paper we present explicit formulas for the distributions of the extreme
eigenvalues of the complex Jacobi ensemble in terms of the hypergeometric function
of a matrix argument. The formulas are natural analogues of the formulas in the
real case. Recently, Ratnarajah, Vaillancourt, and Alvo produced formulas for the
distributions of the extreme eigenvalues of the complex Wishart ensemble [14]. Their
results, too, are the natural analogues of the real case discussed in Muirhead [13].

Such explicit formulas become increasingly important now that there are algo-
rithms for their efficient computation in practice [9, 10].

Our methods easily extend to the less well-known quaternion Jacobi distribution.

This paper is organized as follows. In section 2 we introduce the formal definitions
of the Wishart and Jacobi ensembles and the hypergeometric function of a matrix
argument that we need later on. In section 3 we survey the existing formulas for
the distributions of the extreme eigenvalues of the real Jacobi ensemble. We present
our main result—formulas for the distributions of the extreme eigenvalues of the
complex Jacobi ensemble—in section 5. In section 6, we introduce the quaternion
Jacobi ensemble, and present formulas for the distributions of its extreme eigenvalues.
Finally, we present numerical experiments in section 7.

2. Background. In this section we recall the definitions of the Wishart and
Jacobi random matrix ensembles, and of the hypergeometric function of a matrix
argument.
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We begin with the real and complex Wishart distributions, since they are the
building blocks for the respective Jacobi distributions.

If the n x m real Gaussian random matrix Z is distributed as N(0, I, ® ), then
the matrix A = Z7Z is called m x m real central Wishart matriz with n degrees
of freedom and covariance matrix ¥ [13, Def. 3.1.3, p. 82]. Similarly, if the n x m
complex Gaussian random matrix Z is distributed as N (0, I, ® ), then the matrix
A= ZH 7 is called m x m complex central Wishart matriz with n degrees of freedom
and covariance matrix 3 [14]. The real and complex central Wishart ensembles are
denoted as Wy, (n, %) and CW,,(n, ¥), respectively.

If A~ W,,(n1,%) and B ~ W,,(n2,X), then C = A(A + B)~! is said to have
(real) Jacobi distribution. Analogously, if A ~ CW,,(n1,X) and B ~ CW,,(n2,X),
then C' = A(A + B)~! is said to have complex Jacobi distribution.

The Jacobi distribution is sometimes called “multivariate beta distribution” [3]
and is closely related to the “MANOVA” (Multivariate ANalysis Of VAriance) dis-
tribution [13] (the difference is that MANOVA studies the matrix AB~! instead of
A(A+ B)™h).

DEFINITION 2.1 (Hypergeometric function of a matrix argument). Let p > 0 and
q > 0 be integers, and let X be an m X m complex symmetric matriz with eigenvalues
T1,%2,...,Tm. The hypergeometric function of a matriz argument X and parameter
a > 0 is defined as
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is the generalized Pochhammer symbol, and C(X) is the Jack function [7].

The Jack function C(®(X) is a symmetric, homogeneous polynomial in the eigen-
values 1, g, ..., Ty of X. We refer the reader to the excellent survey of Stanley [15]
for the explicit definition of C{(X) as we do not need it here.

In the complex case, « = 1, C{™(X) equals the well-known Schur function (appro-
priately scaled), in the real case, @ = 2, the zonal polynomial, and in the quaternion
case, o = %, the quaternion zonal polynomial ([11]).

In this paper we are primarily concerned with the complex case, & = 1; in Section
1

6 we deal with the case o = 5-

We also utilize the multivariate Gamma function of parameter o, defined as
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3. Survey of the real case. Let A ~ W,,(n1,%), B ~ Wy(ne,X), where
n1 > m and ny > m. Then the matrix C = A(A + B)~! has the Jacobi real
distribution. For the distribution of its largest eigenvalue, we have from [3, eq. (61)]
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The distribution of the smallest eigenvalue is closely related to the distribution of the
largest one:

Pnin(C) < 2) =1 = P(Auin(C) > gc)
—1-P(A(A+B)™' > aI)
—1-P(A >x(A+B))

(3.2) =1-P(B(A+B)™' < (1-2)I).

The latest expression is now easily evaluated using (3.1) to obtain
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Interestingly, we have an explicit formula for the density of the smallest eigenvalue
of C [1, eq. (9)]
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4. Integral formulas for 1 F{" and >F" functions. Theorem 7.4.2 in Muir-
head [13] gives integral representations of the 1 F{* and o F? functions (the real case).
Here we present their complex versions.

THEOREM 4.1. The 1 F}" function has the integral representation

(4.1) 1F" (a0 X)
TR
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valid for R(a) > m — 1,R(c) > m — 1,R(c —a) > m — 1. The oF" function has the
integral representation

(4.2) oF " (a,b;c; X)
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valid for || X|| <1, R(a) > m—1, R(c—a) > m —1. The expression B < C, where B
and C' are matrices, means that the matriz C' — B is Hermitian positive definite.

Proof. We proceed analogously to the proof of Theorem 7.4.2 in Muirhead [13
p. 264]. From Proposition 2.5 in [14]
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when R(a) > m — 1 and R(b) > m — 1.
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To prove (4.1) we expand

= COXY
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[6, eq. (89), p. 488] and integrate term-by-term using (4.3).
To prove (4.2) we expand

det(I — XY)~ ZZ )i’ R CW(XY)

k=0 rkk
[6, eq. (90), p. 488] and integrate the integral in (4.2) term-by-term using (4.3). O

5. The extreme eigenvalues of the complex Jacobi ensemble. Let the ma-
trix C' = A(A+ B)~! have complex Jacobi distribution, where A ~ CW,,(n1,%),n; >
m and B ~ CW,,(na,3),n2 > m. We now derive formulas for the distributions of
Amax (C) and Apin (C).

THEOREM 5.1. The distribution of Amax(C) is
L) (i +no)l50(m)
'S (ng +m)T5 (n9)

Proof. The density of A is [6, section 8]
(det 3)™
L (n1)
The joint density of A and B is

(det )~ (m1-+n2)
L) (na)T) (n2)
Let U = L='AL™T, where L is the Cholesky factor of A+ B. The matrices U and C
thus have the same eigenvalues. By repeating, verbatim, the argument of Theorem
3.3.1 in Muirhead [13, p. 109], we conclude that the density function of U is
L5 (1 + no)
Lo ()T (n2)

To compute the distribution of the largest eigenvalue of U we integrate the density
(5.2) from 0 to af
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(5.2) (det U)™ =™ . det(I — U)™2~™.
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We make an m?2-dimensional change of variables Y = U in (5.3) to obtain
I (ng 4+ ng)a™m
L) (n1)Td (n2)

We use (4.2) to evaluate the integral in (5.4) and obtain (5.1). O
COROLLARY 5.2. The distribution of Amin(C) is

(5.4) P(U < zI) =

/ (det V)™= . det(I — zY)"™ ™ (dY).
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Proof. Directly from (3.2) and (5.1). O
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6. The quaternion case. The quaternion Wishart and Jacobi ensembles are
somewhat less known in the world of multivariate statistics and its applications than
the real and complex ones, just as the Gaussian Symplectic ensemble is somewhat less
known in the quantum physics and mechanical statistics world than the Orthogonal
and Unitary ones. One reason for this discrimination is the fact that quaternion
normal variables are harder to sample from in existing software.

The triad real-complex-quaternion (or equivalently, using the orthogonal symme-
try invariance, orthogonal-unitary-symplectic) is what defines the “threefold way” in
random matrix theory (see Dyson, [4]): the three division algebras over the real num-
bers, over which the concept of a multivariate normal variable is well-defined, and
random matrix models of i.i.d. standard Gaussians can be constructed.

A quaternion standard Gaussian variable is defined as ¢ ~ %(nl +ngitng j+ng k),
where n1,n9,nz, ny are standard real normals, and i, j, k are the quaternion roots of
—1, ie., i? = j2 = k2 = ijk = —1. The quaternion conjugate for ¢ = a; + as i +
as j+askis §=a1 —axi—as j—as k; q7=||q|* = /a? + a3 + a3 + .

If the n x m quaternion Gaussian matrix Y is distributed as HN(0,,, ® X),! the
matrix A = YPY has the quaternion central Wishart distribution with n degrees of
freedom and covariance matrix 3. Here Y'? denotes the dual (or quaternion conjugate
transpose) matrix of Y; if Y = Y, the matrix Y is called self-dual (and has real
eigenvalues). We denote by HW,,(n, ) the quaternion central Wishart ensemble.

Similarly, if A ~ HW,,(n1,%) and B ~ HW,,(na, ), the matrix C = A(A+B)~!
has quaternion Jacobi distribution.

Our methods of calculating the extreme eigenvalue distributions for the complex
Jacobi ensembles extend immediately to the quaternion case; we hence state the
results without repeating the proofs.

1
THEOREM 6.1. The 1F1(2) function has the integral representation

_ / etI‘ (XY)(det Y)a—2m+1 det([ . Y)c_a_2m+1(dY)7
) Jo<y<I

valid for R(a) > 2(m —1),R(c) >2(m —1),R(c—a) >2(m —1). The QFI(%) function
has the integral representation

(6.2) 2F* (a,bic; X)

1
11(5>
= ml(c) / det(I—XY) 7 %(det V)2~ 2mH det (I —Y)“ ¢~ 2mFL(dY),
2 (a)02 (¢ — a) Jo<y<i

valid for | X|| < 1, R(a) > 2(m—1), R(c—a) > 2(m—1). The expression B < C, where
B and C are matrices, means that the matrizx C — B is self-dual positive definite.

THEOREM 6.2. Let C' have quaternion Jacobi distribution, C = A(A + B)™1,
where A ~ HW,,(n1,%) and B ~ HWp,(n2,X). Then the distributions of Amax(C)

IThe notation H stands for William Hamilton, who introduced the quaternions in the 1850s.
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Complex Jacobi, (n1 nz,m) =(3,5,2) Complex Jacobi, (n1 nz,m) =(8,10,7)
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Fic. 7.1. The distribution of the largest eigenvalue of the complex Jacobi ensemble. The solid

line is the empirical distribution resulting from a Monte—Carlo experiment with 10,000 replications.

The circle “o” represents the formula (5.1).

and Amin(C) are
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7. Numerical Experiments. We performed extensive numerical tests to con-
firm the correctness of Theorems 5.1 and 6.2 against Monte—Carlo experiments; we
used MATLAB [12] to compute and plot our distributions. We detail several of those
tests here whose results were typical.

In the complex case we choose two sets of parameters? (ny,n2,m) and for each
set compared the empirical distribution from 10,000 replications with the analytical
formula (5.1), computed using the algorithms from [9, 10]. In both cases, the results
were a perfect visual match—see Figure 7.1. We generated our matrices in MATLAB
as C=A/(A+B), where A ~ CW;,(n1,1), B ~ CW,,(na,I). In turn A was generated as
A=7’%Z/2, where Z=randn(n,, m)+i*randn(ni,m), and B was generated analogously.

In the quaternion case, we side-stepped the need to simulate quaternion vari-
ables. Instead, we tested with the very elegant (real, tridiagonal) [-Jacobi matrix
constructed by Sutton [16, Chapter 5]. For 5 = 4 it has the same eigenvalue dis-
tribution as the quaternion Jacobi matrix C' = A(A + B)™!, A ~ HW.(n1,%),
B~ HW (TLQ, )

2Note that we can assume that ¥ = I without any loss of generality [13, Thm. 10.6.8].
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Quaternion Jacobi, (n1,n2,m)=(3,5,2) Quaternion Jacobi, (n1,n2,m)=(8,10,7)
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FiG. 7.2. The distribution of the largest eigenvalue of the quaternion Jacobi ensemble. The solid
line is the empirical distribution resulting from a Monte—Carlo experiment with 10,000 replications.

“

The circle “o” represents the formula (6.3).

The [3-Jacobi matrix is defined as Q = Z7 Z, where

/

Cn  —SpCp_q

!
7 = Cn—15p—1

—$20)
18]

with

Cr ~ \/Beta(g(nl —m+k), S (ny —m+k), sp=4/1-c;
Cp ~ \/Beta(gk,g(nl +ny —2m+k+ 1)), sy =1/1— 2.

We plotted the empirical distribution of the eigenvalues of ) against the analytical
formula (6.3) in Figure 7.2, for the same triplets (n1,ng,m) we used in the complex
Jacobi case. Once again we obtained a perfect visual match.
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