0
n b )
Electr® abiljty

Vol. 14 (2009), Paper no. 8, pages 161-241.

Journal URL
http://www.math.washington.edu/~ejpecp/

The Aizenman-Sims-Starr and Guerra's schemes for the SK
model with multidimensional spins

Anton Bovier
Institut fir Angewandte Mathematik
Rheinische Friedrich-Wilhelms-Universitat Bonn
Wegelerstrasse 6
53115 Bonn
Germany
e-mail: bovier@uni-bonn.de

Anton Klimovsky®
Department Mathematik
Friedrich-Alexander-Universitat Erlangen-Nirnberg
Bismarckstrasse §
91054 Erlangen
Germany
e-mail: klimovsk@math.tu-berlin.de

Abstract

We prove upper and lower bounds on the free energy of the SherringtonKirkpatrick model with

multidimensional spins in terms of variational inequalities. The bounds are based on a multidi-
mensional extension of the Parisi functional. We generalise an unify the comparison scheme
of Aizenman, Sims and Starr and the one of Guerra involving the GREMinspired processes and
Ruelle's probability cascades. For this purpose, an abstract queshed large deviations principle
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of the Gartner-Ellis type is obtained. We derive Talagrand's represetation of Guerra's remain-
der term for the Sherrington-Kirkpatrick model with multidimensio nal spins. The derivation is
based on well-known properties of Ruelle's probability cascades ad the Bolthausen-Sznitman
coalescent. We study the properties of the multidimensional Parsi functional by establishing a
link with a certain class of semi-linear partial differential equations. We embed the problem of
strict convexity of the Parisi functional in a more general setting and prove the convexity in some
particular cases which shed some light on the original convexity prodem of Talagrand. Finally,
we prove the Parisi formula for the local free energy in the case of mulidimensional Gaussian a
priori distribution of spins using Talagrand's methodology of a priori estimates.

Key words: Sherrington-Kirkpatrick model, multidimensional spins, quenched large deviations,
concentration of measure, Gaussian spins, convexity, Parisi funatinal, Parisi formula.
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1 Introduction

The Sherrington-Kirkpatrick (SK) model of a mean- eld spin-glass has long been one of the most

enigmatic models of statistical mechanics. The recent rigorous proof of thecelebrated Parisi for-

mula for its free energy, due to Talagrand [30], based on the ingenious interpolation schemes of
Guerra[17] and Aizenman, Sims, and Starr[ 1] constitutes one of the major recent achievements of
probability theory. Recently, these results have been generalise to spherical SK-models[29] and to

models with spins taking values in a bounded subset ofR [21].

In this paper, we are mainly concerned with the question of the validity of the Parisi formula in
the case where spins take values in a-dimensional Riemannian manifold. We address the issue of
extending the approach of Aizenman, Sims and Starr, and the one of Guerra to the mulidimensional
spins. We study the properties of the multidimensional Parisi functional. Motivated by a problem
posed by[31], we show the strict convexity of the local Parisi functional in some cases.

We partially extend Talagrand's methodology of estimating the remainder term to the multidimen-
sional setting. In the case of the multidimensional Gaussian a priori distribution of spins we prove
the validity of the Parisi formula in the low temperature regime.

De nition of the model

Let§ 2 RY and denote §, © §". We de ne a family of Gaussian processesX ~ f X(¥) Gy, as
follows

X

1
N ij=1

X(¥) = Xn(¥a) -~ g s, ¥4, (1.2)
where the interaction matrix G ~ f gi,jgi’\"jzl consists of i.i.d. standard normal random variables and,

for x,y 2 RY, hx, yi~ 3:1 Xy Yy is the standard Euclidean scalar product. In WheB follows all
random variables and processes are assumed to be centred. We shall cafly (%) ~ i NXy(%9) a
random Hamiltonian of our model.
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Throughout the paper we assume that we are given a large enough probabity space (- ,F ,P) such
that all random variables under consideration are de ned on it. Without fu rther notice we shall
assume that all Gaussian random variables (vectors and processes) are centred.

We shall be interested mainly in the free energy
_., 1 € p_ S
pn(T) —log  exp T NX(%) dtN(%), 1.2)
N 5,
where ~ , 0is the inverse temperaturand ! 2 M ¢(8) is some arbitrary (not necessarily uniform or
discrete) nite a priori measure We assume that the a priori measure! is such that (1.2) is nite.
We shall be interested in proving bounds on the thermodynamic limits of these quantities, e.g., on

p()" im (). (L3)

Remark 1.1. Note that there is no need to include the additional external eld terms intdhe Hamilto-
nian (1.1), since they could be absorbed into the a priori measure

Mean- eld spin-glass models (see, e.g.[7]) with multidimensional (Heisenberg)spins were consid-
ered in the theoretical physics literature, see, e.g.,[ 25] and references therein. Rigorous results are,
however, rather scarce. An early example i§15], where the authors get bounds on the free energy in
the high temperature regime. Methods of stochastic analysis and large deiations are used in[34] to
identify the limiting distribution of the partition function and also to obtain some information about
the geometry of the Gibbs measure for small . More recent treatments of the high temperature
regime using the very different methods are due to Talagrand[27], see also[ 28, Subsection 2.13.
The importance of the SK model with multidimensional spins for understanding the ultrametricity
of the original SK model [26] (which correspondstod = 1 and! being the Rademacher measure in
the above notations) was emphasised in[ 33].

For the SK model, Guerra's scheme gave historically the rst way to obtan the variational upper
bound on the free energy in terms of the Parisi functional. The scheme is lased on the comparison
between two Gaussian processes: the rst one being the original SK Hamtbnian (1.1) and the other
one being a carefully chosen GREM inspired process indexed b¥:2 § . The second important in-
gredient is a recursively de ned non-linear comparison functional acting on th e Gaussian processes
indexed by %2 § .

The Aizenman-Sims-Starr (A$) scheme[1; 2] gives an intrinsic way to obtain variational upper
bounds on the free energy in the SK model. The scheme is also based on a corapson between
two Gaussian processes. The rst process is the sum of the original SKdamiltonian X and a
GREM-inspired process indexed by additional index spaceA = N". The second one is another
GREM:-inspired process indexed by the extended con guration space§ y £A . The scheme uses a
comparison functional de ned on Gaussian processes indexed by the extendg con guration space
equipped with the product measure between the original a priori measure and Ruelle's probability
cascade (RPC) 24]. The role of the comparison functional in the AS? scheme is played by a free
energy functional acting on the Gaussian processes indexed by the extendedon guration space. In
[22] Panchenko and Talagrand have reexpressed Guerra's scheme for the SK model usitige RPC.

Talagrand [ 30] using Guerra's scheme and the wealth of other ingenious analytical insights shwed
that the variational upper bound is also the lower bound for the free energy in the SK model. This
established, hence, the remaining half of the Parisi formula.
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A particular case (d = 1, * with bounded support) of the model we are considering here was treated
by Panchenko in[21]. He used the techniques of[30] to prove that in the case d = 1 upper and
lower bounds on the free energy coincide (cf. (1.14) and in this chapter). However, the

results of [21, Section 5 and the proofs of Theorems 2, 5 and 9 are based on relatively detailed
differential properties of the optimal Lagrange multipliers in the s addle point optimisation problem

of interest. These properties are harder to obtain in multidimensional situations such as that we
are dealing with here. In fact, as we show in Theorems| 1.1 and 1.2, one can obtain he same
saddle point variational principles without invoking the detailed prop erties of the optimal Lagrange
multipliers. This is achieved using a quenched large deviations princige (LDP) of the GAd'rtner-Ellis
type.

The most advanced recent study of spin-glass models with multidimensional sps was attempted
by Panchenko and Talagrand in[23], where the multidimensional spherical spin-glass model was
considered. The authors combined the techniques of 30; 21] to obtain partial results on the ultra-

metricity and also get some information on the local free energy for their model.

Main results

In this paper, we prove upper and lower bounds on the free energy in the SK model with multidi-
mensional spins in terms of variational inequalities involving the corresponding multidimensional
generalisation of the Parisi functional (Theorems|1.1,/1.2,/5.1,/5.18). For this purpose, we gener-
alise and unify the AS? and Guerra's schemes for the case of multidimensional spins, and employ
a quenched LDP which may be of independent interest (Theorems 3.1 and 3.2). Bdt schemes are
formulated in a unifying framework based on the same comparison functional. The functional acts
on Gaussian processes indexed by an extended con guration space as in theiginal AS? scheme. As
a by-product, we provide also a short derivation of the remainder term in multidimensional Guerra's
scheme (Theorem 5.4) using well-known properties of the RPC and the Blthausen-Sznitman coa-
lescent. This gives a clear meaning to the remainder in terms of averages withrespect to a measure
changed disorder. The change of measure is induced by a reweighting of thdRPC using the expo-
nentials of the GREM-inspired procesg. See[22] for another approach in the case of the SK model
(d=1).

We study the properties of the multidimensional Parisi functional by establishing a link between
the functional and a certain class of non-linear partial differential equations (PDEs), see Proposi-
tions 6.1, and Theorem[6.2. We extend the Parisi functional to a continuous functional on a
compact space (Theorems 6.1}, 6.2). We show that the class of PDEs corresponds the Hamilton-
Jacobi-Bellman (HJB) equations induced by a linear problem of diffusion control (Proposition 6.4).
Motivated by a problem posed by[31], we show the strict convexity of the local Parisi functional in

some cases (Theorem 6.4).

We partially extend Talagrand's methodology of estimating the remainder term to the multidimen-
sional setting (Theorem|5.4, Proposition|7.1, Theorem/7.1). In the caseof multidimensional Gaus-
sian a priori distribution of spins we prove the validity of the P arisi formula (Theorem [1.3).

We patrtially extend Talagrand's methodology of estimating the remainder term to the multidimen-
sional setting (Theorem|5.4, Proposition|7.1, Theorem/ 7.1). Though the main technical problem of
the methodology in the general multidimensional setting remains (Remark 7.5). In the case of the

YIn d = 1 the latter fact was also known to the author of [3], private communication.
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multidimensional Gaussian a priori distribution of spins we prove th e validity of the Parisi formula
(Theorem[1.3).

Below we introduce the notations, assumptions and formulate our main results. The other results
(mentioned above) are formulated and proved in the subsequent sections.

Assumption 1.1. Suppose that the con guration spac& is bounded and such thaD 2 intconv §,
whereconv8 denotes the convex hull & .

The examples listed below verify this assumption:

1. Multicomponent Ising spins. § = fj 1;1g" — the discrete hypercube.
1

©
2. Heisenberg spins.§ = 'v%2 RY: k¥k, = 1 —the unit Euclidean sphere.

©
3. 8= %2RY:k¥%k,- 1 - the unit Euclidean ball.

Remark 1.2. The boundedness assumption can be relaxed and replaced by concentratimpepties of
the a priori measure. In Section 8 we will exemplify this in the case of a@sian a priori distribution.
In general a subgaussian distribution will suf ce.
' ©
Consider the space of allsymmetric matricesSym(d) ~ 'a 2 R¥%djo=a ®  Denote
Sym*(d)” =2 Sym(d)j=° 0,

where the notation & © 0 means that the matrix & is non-negative de nite. We equip the space
Sym(d) with the Frobenius (Hilbert-Schmidt) norm

xd
kMkZ* M2, M 2 Sym(d).

u,v’
u,v=1

We shall also denote the corresponding (tracial) scalar product byh¢¢i. For r > maxfk %k% 1 %2 8g,
de ne

U’ U2Sym(d)jue° 0,kUk,- r
We will call the set U the space of the admissible self-overlaps analogy to the usual overlap in the
standard SK model, we de ne, for two con gurations, ¥ = (%), %,... %) 2 §y,i= 1,2, the
(mutual) overlap matrix Ry (¥, %4?) 2 R% 9 whose entries are given by

1 X
Ru (7Y, %42) 7 < YDy uv2 [1;d]\ N, (1.4)

1,v?
i=1
Fix an overlap matrix U2 U . Given a subsetV % U, de ne the set of the local con gurations,
§n(V) %28NjRy(3%%) 2V

Next, de ne the local free energy
z

1 P
pn(V) N|og e NXAg1- Ny, (1.5)
Sn(V)
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We also de ne
P(V) " p( V)" lim py(V), (1.6)

where the existence of the limit follows from a result of Guerra and Toninelli [19, Theorem 1].
Consider a sequence of matrice® " f Q® 2 Sym(d)g'** such that

k=0

0" QWAQWA .. LAQM™D " y, 1.7)

where the ordering is understood in the sense of the corresponding giadratic forms. Consider in
addition a partition of the unit interval x " f xkgEZé, ie.,

0" Xp< X1<...< Xp+1 L. (1.8)

Let fz(K gE:O be a sequence of independent Gaussiad-dimensional vectors with

Givena 2 Sym(d), de ne

z p_ Dx E
Xne1(X,Q,U,8) " log exp 2 2, Y + %Y dt (3). (1.9)
§ k=0

Dene, for k2fn,...,0q, by a descending recursion,
o1
Xk(X1Q!U1m) X_Iog Ez(k) exp kak+l(X!Q1U10) (110)
k
with
Xo(X,Q,U,n) i EZ(O) Xl(X,Q,U,Q) ’ (111)

where E,« [ § denotes the expectation with respect to the¥-algebra generated by the random vector
(k)
z

Remark 1.3. Section 5.4 contains the more general framework of dealing with the resive quanti-
ties (1.11) which in particular brings to light the links with certain non-linear parabolic PDEs.For
these PDEs the recursiqii.2) is closely related to an iterative application of the well-known Hopf-Cole
transformation, see, e.g.[14].

De ne the local Parisi functionalas
—2X0 £ S
f(x,Q,U,n) "jh o, Uij - Xk kQ(k+1)k|2:ik Q(k)k'Z: + Xo(x,Q,U,n). (1.12)
k=1

Assumption 1.2 (Hadamard squares) We shall say that a sequencéQ(i)gi”:l, of matrices satis es
Assumption 1.2, if

€Q(1)&2 A.. A €Q(”)S_2A €Q(”+1)S_2. (1.13)
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Remark 1.4. The above assumption on the matrix order parametef3 is necessary only to employ
the AS scheme. In contrast, Guerra's scheme (Theoréms| 5.1 and 5.18) doesrequire the above
assumption.

One may verify that the matrices q and Y2 in [28, Theorems 2.13.1 and 2.13.9 correspond to the
matrices QY and Q? of this paper (n = 1). (See also (1.25) below.) Furthermore, a straightforward

application of the Cauchy-Schwarz inequality shows that the matricesq and ¥ actually satisfy As-
sumption[1.2. We also note that in the simultaneous diagonalisation scenario h which the matrices
in (1.7) are diagonalisable in the same orthogonal basis (see Sections 6.3 and 8.pthis assumption
is also satis ed.

The rst main result of the present paper uses the AS scheme to establish the upper bound on the
limiting free energy p(" ) in terms of the saddle point problem for the local Parisi functional (1.12).
Theorem 1.1. For any closed sé¥ ¥ Sym(d), we have

p(V)- sup inf f(x,Q,a,U), (1.14)
u2viu (x.Q.P)

where the in mum runs over all x satisfying(1.8), all Q satisfying both(1.7) and Assumption 1.2,
and all @ 2 Sym(d).

We were not able to prove in general that the r.h.s. of (1.14) gives also the lower bound to the
thermodynamic free energy. See, however, Theorem 1.3 for a positive gample.

To formulate the lower bound on (1.3) we need some additional de nitions.

Let the comparison index spacke A~ N". Given®b &2 2 A |, de ne

Q@D @) Qe E?) (1.15)
where g (&Y, ®3) is the (normalised) lexicographic overlaple ned as follows

0 e" & @?

1) 2)y -
qL(®( l®( ) 1+ maxl k 2 [1’ n] \ N: [®(1)] K= [ ®(2)] K s otherwise.

(1.16)

Given ad £ d-matrix M and p 2 R, we denote by M P the d £ d-matrix with entries

€ 8 € §
M P My,

u,v

The matrix valued lexicographic overlap (1.15) can be used to construct the mutidimensional (d ,
1) versions of the GREM (see, e.g.[ 8] and references therein for a review of the results on the one-
dimensional case of the model). Here we shall need the following two GREMinspired real-valued
Gaussian processesA” f A%, ®) G5, eoa and B f B(®)gepa With covariance structures

E A(3/4(1),®(1>)A(3/4<2),®<f))_: 2mR(¥AY, %), Q@ , @?)yi,
E B@)B@?) = k@Y, &?)k2.
Note that the processA can be represented in the following form:
1=2 XN

A%H®)= hA(®), %1, (1.17)
i=1
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where fA, " f A /(®)ggpa gi’\‘:1 are the i.i.d. (for different indices i) GaussianRY-valued processes with
the following covariance structure: for i 2 [1;N]\ N, forall &Y &2 2 A andallu,v2 [1;d]\ N
assume that the following holds

E A@Y)A@P), =@, e?),,

Givent 2 [0;1], we de ne the interpolating AS® Hamiltonian

Hi (3%, ®) " P T(X(¥)+ B@®)+ 1 tA(¥®). (1.18)
Next, we de ne the random probability measure Y4 2M (8 y £A ) through
77N N_ »,

where » = »(x) is the RPC[24]. We denote by f»(®)gga the enumeration of the atom locations
of the RPC and consider the enumeration as a random measure o\ (independent of all other
random variables around). De ne the local AS Gibbs measur&,(t,x,Q,U,V) by

Z

. 1 P N H (%®
Gy(t,x,Q,U,V) f =~ ——— f(¥%®)e N MO qy, (3, ®), (1.19)
ZN(t1V) §n(V)EA

where f : 8§y £A ! Ris an arbitrary measurable function for which the right-hand side of (1.19)
is nite. For V % U, de ne the AS remainder termas

Rn(x,Q,U,V)
Z, , .

g % E Gu(t,x,Q.U,V)-G n(t,x,Q,U,V) kRy(%®, %®); Q@Y &@)k2 dt. (1.20)
0

We de ne also the limiting AS? remainder term

R(x,Q.U)" lim lim Ry(x,Q,BU,") - 0, (1.21)

where B(U,") is the ball with centre U and radius . (The existence of the limiting remainder term
is proved in Theorem[1.2.)

The second main result of this paper uses the A3 scheme to establish a lower bound on [(1.3)
in terms of the same saddle point Parisi-type functional as in the upper bouwnd which includes,
however, the non-positive remainder term (1.21). In one-dimensional situations Talagrand [30]
and Panchenko[21], respectively, have shown that the corresponding error term vanishe on the
optimiser of the Parisi functional.

Theorem 1.2. For any open seV ¥ Sym(d), we have

p(V), sup inf f(x,Q,a,U)+ R(x,Q,U) , (1.22)
u2viu (x,Q,m)

where the in mum runs over all x satisfying(1.8), all @ 2 Sym(d), and all Q satisfying both (1.7)
and Assumption 1.2.
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Remark 1.5. The comparison scheme of Guerfd 7] (see also more recent account82], [18] and
[2]) is also applicable to our model and is covered by our quenched LDP apphpaee Theorenis 5.1
and|(5.18 for the formal statements. Guerra's scheme seems to beemamenable (compared to the
Aizenman-Sims-Starr one) for Talagrand's remainder estimat¢80], see Sectioh 7. The scheme is
based on the following interpolation

8, (¥ ®) P tIX(¥)+ 1) tA(3,®) (1.23)
which induces the corresponding local Gibbs meas(tel9) and remainder term(1.20) by substituting
(1.18) with (1.23). Guerra's scheme does not include the process B and, hence, doesqoire As-
sumption/1.2. Recovering the terms corresponding@g, (x, U )[ B] (see,(4.23)) in the Parisi functional
requires then a short additional calculation (Lemma 5.1).

Note that the results of Talagrand [28, Theorems 2.13.2 and 2.13.3 imply that at least in the high
temperature region (i.e., for small enough ) the Parisi formula for the SK model with multidimen-
sional spins is valid with n= 1
p(")= f(x,Q%0,U% = sup inf f(x,Q,z,U), (1.24)
u2u (Q.m)

2(2) =

where the matrices Q U® and Q°M) solve the following system of equations:
8

<@Ef\)’f(x,Qn,0,Uu): 0, uv2[1;d]\ N, (1.25)
C @uf(x,Q%0,U%)=0, uv2[Ld\N. '

Note that the system coincides with the mean- eld equations obtained in [28, see (2.469)
and (2.470)].
Let§ ~ RY and x some vector h2 RY. Let® 2 M ((8) be the nite measure with the following
density (with respect to the Lebesgue measure on §)

& -,
detC 1hC:3/ Vi + hh, % (1.26)

exp | —hC¥%,¥i 7 . .

(24)° 2
where C 2 Sym" (d). Note that, given m 2 R and C 2 Sym* (¢ such that detC 6 0, the density
(2.26) with h © Cm coincides (up to the constant factor exp j %I“Cm, mi ) with the Gaussian
density with covariance matrix C' ' and mean m.

dt ’
I(%) =

Remark 1.6. It turns out that only matrices C with suf ciently large eigenvalues will radt in nite
global free energy, cf. Lemnia 8.8. The local free energy is, in contradtyays nite, see Lemma 8.7
and Theorem 1.3.

Consider the function f : (0: +1 )2! R given by
8

p_
<72y2+ logcuj cu+ 1, u2 (0; 51,
p_

: (2p§_i cu+ log < % 1+ log2 , u2(2—3;+1].

f(c,u)= (2.27)

The following result shows that, at least, in the highly symmetric situation (1.26) with h = 0 the
multidimensional Parisi formula indeed holds true (see Lemma/8.7 for an explanation why the result
is indeed a Parisi formula).
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Theorem 1.3. Let! satisfy(1.26) with h = 0. Assume that the matrices U and C are simultaneously
diagonalisable in the same basis. Denote lbg, 2 R, 93:1 and fu, 2 R, 93:1 the eigenvalues of the
matrices C and U, respectively. Moreover, assume thah, u,, > 0 and min, ¢, > O.

Then we have

xd
lim fim py@En(BU M= f(Gw).

v=1

Remark 1.7. Close results have previously been obtained in the case of the sphemcalel in[23],
from where we borrow the general methodology of the proof of th&éélorem/ 1.3. As noted i 23],
another more straightforward way to obtain the Theorem 1.3 is to diamalise the interaction matrix G
and use the properties of the corresponding random matrix ensemble.

Organisation of the paper

The rest of the present paper is organised as follows. In Section 2 we reord some basic properties
of the covariance structure of the processX and establish the relevant concentration of measure
results. The section contains also the tools allowing to compare and interpdate between the free
energy-like functionals of different Gaussian processes. In Section |3 we erive a quenched LDP of
the GAdrtner-Ellis type under measure concentration assumptions. Sectiof contains the derivation
(based on the AS scheme) of the upper and lower bounds on the free energy of the SK modelith
multidimensional spins in terms of the saddle point of the Parisi-like functional. In Section [5/we
employ the ideas of Guerra's comparison scheme in order to obtain the uper and lower bounds
on the free energy and we also get a useful analytic representation of theremainder term. In
Section 6 we study the properties of the multidimensional Parisi functional. Section|7 contains the
partial extension of Talagrand's remainder term estimates to the case of mulidimensional spins.
In Section|8 a case of Gaussian a priori distribution of spins is considezd and the corresponding
local Parisi formula is proved. In the appendix we prove the almost supe-additivity of the local free
energy, as an application of the Gaussian comparison results of Subsectio®.3.

2 Some preliminary results

2.1 Covariance structure

Our de nition of the overlap matrix in (1.4) is motivated by the fact that , as can be seen from a
straightforward computation

” _ Xd S

€ 3
E Xy (D)X (42 = Ru(#D, %2y, % = KRy (%D, %42)k2, 2.1)

uv=1

that is, the the covariance structure of the processXy(%4) is given by the square of the Frobenius
(Hilbert-Schmidt) norm of the matrix Ry (¥4, %4?). The basic properties of the overlap matrix are
summarised in the following proposition.

Proposition 2.1. We have, for all¥{V, %2 %2 § ,
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€ S
1. Matrix representation. Ry (%%, %@)= & %1 "%,
2. Symmetry #1. RGY (74D, 3%42) = RiY(F2, 74D).
3. Symmetry #2. R."(%, %) = R (¥4 %).
4. Non-negative de niteness #1. Ry (%, %) ° O.

5. Non-negative de niteness #2.
™

" Ry(¥Y, %Y) Ry (%Y, %)

Ry (¥, %) R (%2, %) "0
6. Suppose U Ry (%Y, %V) = Ry (%P, %4?), then
kR, %2)k2 -k UKZ.
Proof. The proof is straightforward. O

2.2 Concentration of measure

The following concentration of measure result for the free energy is standard.

Proposition 2.2. Let(8,S) be a Polish space. Supposeis a random nite measure on8. Sup-
pose, moreover, that X34), %22 8 is the family of Gaussian random variables independent bfwhich
possesses a bounded covariance, i.e.,

there exists K> O such that sup  jCov(X(¥Y), X(%?))j- K. (2.2)
¥ 3(2) 28

Assume that
z
f(X)" log @ d1(3)<1.
8§

Then
, t2CE
P ijf(xX)ij E[f(X)]j. t - 2 i —
If(X)i E[F(X)], exp 7K

Remark 2.1. An analogous result was given in a somewhat more specialised cageisj.

Proof. This is an adaptation of the proof of [ 28, Theorem 2.2.4]. We can not apply the comparison
Theorem[2.5 directly, so we resort to the basic interpolation argument as stated in Proposition[2.1.
For j = 1,2, let the processesX;(® be the two independent copies of the processX(9. Fort 2 [0;1],
let

P, P—

Xi¢ X+ 1 tX
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and
z € S
Fi(t)" log exp X(%) d*(%).

Fors2 R, let

"s(t)" E exp s(Fi F)

Hence, differentiation gives

"(t)=sE exp s(Fi R) (Ri F) (2.3)
(the dots indicate the derivatives with respect to t) and also
z
1 € S il
Fi(t)= > , exp X (%) d (%)
§€ i 1=2 i 1=2 S € S
£ t X (F) 0 (10 1) TTOX(Fe) exp X (¥a) d (%4). (2.4)

8

Now, we substitute (2.4) back to (2.3) and apply Corollary 2.1 to the res ult. After some tedious but
elementary calculations we get
2 , Z Z E ,
' ()=FE4exp (Fi F) expXy (YAt (%)  expXy (¥a)dt (%)
Z § § o ™
Cov(X(¥Y), X(¥4?)) exp€x1,t(3/4(1)) + xzyt(~“s/4<2>)so|1 (¥ dr (49
§

Thus, thanks to (2.2), we obtain
L) - KS (1),

The conclusion of the theorem follows now exactly as in the proof of [ 28, Theorem 2.2.4].
O

We now apply this general result to the our model and also to the free enegy-like functional of the
GREM-inspired processA

Proposition 2.3. Suppose8 2 B(0,r), forr > 0. For- % 8§, denote
Z -

€p_ S
P(,-) “ log  exp ION‘xN(%) dr - N3,

and
y "
PSREMT,-) 7 log exp ~ 2 hA(®),%i dYa(¥a®).
- £A i=1

Then, for all- %8, we have
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1. Forany t> 0,

a , E

§_ - £2

P —PI\S]K(_!_) i E P’\SJK(_!_) >t - 2exp i

2N (2:9)

2. Forany t> 0,
8§ " — a , ) E

P PSREM™,.) | E PCREMT,5) >t - 2exp | (2.6)

8 2r4N

Proof. 1. We would like to use Proposition[2.2. By (2.1) and the Cauchy-Bouniakowsky-Schwarz
inequality, we have, for all N 2 N, %%, %3 2 g, that

X
A, v Ving? w2 rh (27)

1
CouXyy (%4, %42)) = KRy (D, %@z = =
i,j=1

Hence, for all N 2 N and all subsets- of § y, we obtain

sup  j Com(X (%), X (7)) 14,
(1) 3228

Thus (2.5) is proved.
2. We x an arbitrary N2 N, ¥V, %2 2 §,, @V, &2 2 A . We have

CovAZD, @) AT, @) = E AZY, @A, &)

X
= @Y, &%, %2,
1

Bound (2.7) implies that, for any U 2 U , we have kUk, - r?. Since Q@& ,@?) 2 U , we
obtain

iQED, @)%Y % jj .k @D, @ )kok¥i ko k¥4 k,
-k Q@Y @Pk,r? . 14,

Therefore, using Proposition/2.2, we obtain (2.6).

2.3 Gaussian comparison inequalities for free energy-like functiona Is

We begin by recalling well-known integration by parts formula which is the source of many compar-
ison results for functionals of Gaussian processes.

Let F: X! R be a functional on a linear spaceX. Given x 2 X and e 2 X, a directional (Gateaux)
derivative of F at x along the direction eis

@ (F(x)" @F(x+ te):t:o' (2.8)

With this notation the following lemma holds.
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Lemma 2.1. Letfg(i)g,, be areal-valued Gaussian process (the set | is an arbitrary index sat)d h
be some Gaussian random variable. De ne the vecto2R' as i) " E hg(i) ,i21.LetF:R'!l R
such that, for all f 2 R', the function

R3t7! F(f + te) 2R (2.9)

is either locally absolute continuous or everywhere differentiable &h Moreover, assume that the
random variables hRg) and @ (F(g) are in L*.

Then

y

E[hF(g)]= E @ <F(g) . (2.10)

The previous proposition coincides with [21, Lemma 4] (modulo the differentiability condition on
and the integrability assumptions which are needed, e.g., for [5, Theorem 5.1.2]).

The following proposition connects the computation of the derivative of the free energy with respect
to the parameter that linearly occurs in the Hamiltonian with a certain Gibbs average for a replicated
system.

Proposition 2.4. Consider a Polish measure spa¢®,S) and a random measure: on it. Let X =
fX(¥) s and Y " f Y(¥) 0,5 be two independent Gaussian real-valued processes. F@r R, we
de ne

Hy (%) " uX(¥)+ Y(3).

Assume that, for all u2 [a, b] &R, we have
z Z

exp Hy(¥%) dt (%) <1, X(¥exp Hy(¥) di (%) <1

almost surely, and also that
—_ Z ™
E log exp Hy(3%) dt(3w) <1.

Then we have
d — Z ™
E log e d1(35) = uE[G(uU)-G (u)[VarX(¥)i E[X(%), X()I .

whereG(u) is the random element oM ;(8) which, for any measurable f: 8§ ! R, satis es

Z
1
G(u f = m f(¥exp H,(¥) dt (%9).
Proof. We write
d z M % z eHu(¥)
— WAL (3 = X(¥ —d? (34), 2.11
Jolog e (%) (A= (2.12)
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R _
where Z,(7) © e Hu(™d1 (3). The main ingredient of the proof is the Gaussian integration by
parts formula. Denote, for ¢ 2 §, &(¢) "~ E X(¥)Hyu(¢) - By (2.10), we have

™ 2 | 3

eHu(¥) . eHu(¥) .
E X(3 — =E R— (X;e)92. 2.12
5y “EY@ Rppo— (69 (2.12)

Due to the independence, we have
E X(¥Hy(¢) = uE[X(¥a), X()] -

Henceforth, the computation of the directional derivative in (2.12)lamount s to

@4 5 eHu(3/4)+ tu Var(%s) 5
@y eHu(e)+ tuCou(¥é) (1 (2)
, Z E ,, z
= et gt (3) uVarX(¥)et®  efuledg (,)
z E
i €@ ucCov[X(¥), X(¢)] et (¢) . (2.13)
Substituting the r.h.s. of (2.13) into (2.11)] we obtain the assertion of the proposition. O

The following proposition gives a short differentiation formul a, which is useful in getting comparison
results between the (free energy-like) functionals of Gaussian procsses.

Proposition 2.5. Let(X(%)) 325, (Y(%))s.25 be two independent Gaussian processes as before. Set

H (%)~ pr(3/4)+ 1j tY(%).
Assume that
z Z
et (3 <1, XF)e®di (3 < 1,
Z
Y (et M1 (35 < 1

almost surely, and also that, for all t2 [0;1],
— Z ™
E log e"™d1(3) <1.

Then we have
_ 7 ™ _ 7 ™
E log €™di(3%) =E log e"™d (%)
V4 y
1 u€

S
G(1)-G (1) VarX(¥Y) VarY ()

NI -

e — " —5—
i Cov X(¥Y),X(#?) | Cov Y(#Y), YD) dt, (2.14)
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whereG(t) is the random element oM ;(8) which, for all measurable f: § ! R, satis es
Z

1
G(t) f = —— f(¥)exp H((3) dt (3. (2.15)
Z(t)
Proof. Let us introduce the process

Wu,v(?/“) ’ LIX(3/4)+ VY(3/4).

Hence,
He (%) = WP P 5 (%4). (2.16)
Thus
_ 7 ™ , _ 7 ™
d 1 1 @
—E log e"®di(3%) == p=—E log e (%
5 E log (B =5 prgF lo9 N
_ Z TME
1 s —
i p—@E log eYv(d1 (%)
1j t@v P P
u=" t,v= 1jt
. . Ry .
Applying Proposition|2.4/and 0 @t to the previous formula, we conclude the proof. O

3 Quenched Gartner-Ellis type LDP

In this section, we derive a quenched LDP under measure concentration assumijains. Theorems 3.1
and[3.2 give the corresponding LDP upper and lower bounds, respectively The proofs of the LDP
bounds will be adapted to get the proofs of the upper and lower bounds on the free energy of the
SK model with multidimensional spins. However, they may be of independent interest.

Note that the existing “level-2" quenched large deviation results of Comets[10] are applicable only
to a certain class of mean- eld random Hamiltonians which are required to be “macroscopic” func-
tionals of the joint empirical distribution of the random variables rep resenting the disorder and
the independent spin variables. The SK Hamiltonian can not be represented insuch form, since
the interaction matrix consists of i.i.d. random variables. Moreover, it is assumed in[10] that the
Hamiltonian has the form Hy (%) = NV(%3), where fV(¥2)gy, 5, is a random process taking values
in some xed bounded subset of R. Since the Hamiltonian of our model is a Gaussian process, this
assumption is also not satis ed, due to the unboundedness of the Gaussin distribution.

3.1 Quenched LDP upper bound

The following assumption will be satis ed for the applications we have in mind. As is clear from
what follows, much weaker concentration functions are also allowed.

Assumption 3.1. SupposefQNgﬁ|=l is a sequence of random measures on a Polish sp@Xe X).

Assume that there exists some>L0 such that for any Qy-measurable set A2 X we have
11— - ! &
© t2

P' logQu(A) i E logQn(A) >t - exp i o (3.1)
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Note that Assumption|3.1 will hold in the cases we are interested in due to Proposition|2.2.

Lemma 3.1. Supposa‘QNgI{l=1 is a sequence of random measures on a Polish spate X) and for
fA, Y2 X :r 2f1,...,pggis a sequence of rmeasurable sets such that, for some absolute constant
L > 0 and some concentration function y(t) : R, ! R, with the property

Z .
’ N i 2
. n(tN)dt n&ml 0, (3.2)
we have
1 NG
P logQn(A)i E logQn(A) >t - 7 n(1). (3-3)
Then we have
- —TM
li 1E ;i 4 A E | A E =0 3.4
Jm S 0gQn e rsz?fpg ogQn(A) — =0. (3.4)

r=1
Remark 3.1. As is easy to extract from Assumption 3.1, we will apply this result inehvery pleasant
situation, where
1 t2 E
‘n(D=exp | —
n(t) P i N

However, our subsequent results hold for substantially worse concetidrafunctions satisfying(3.2) .

Proof of Lemma 3.1.First, (3.3) gives
Yo — - Y

P max logQu(A)i E logQn(A) , t - p n(b).
r2f1,...,pg

Since, for a, b 2 RP, the following elementary inequality holds

“maxa, | maxb,”- maxja, i bj,
r r r

we get

«

angE logQn(A) — t - p" n(EN).

1 —— M Z 4
—E — max logQn(A)i max E logQn(A) — - p ~ N (tN)dt, (3.5)
N r2f1,...pg r2f1,...pg 0

and the r.h.s. of the previous formula vanishes asN " +1 due to (3.2). O
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LetQn 2M (X ), N 2 N be a family of random measures on(X , X). De ne the Laplace transform

z

L@~ eM™oTdQy(x).
X

Suppose that, for alla 2 RY, we have

o1 _
I () IUT NE logLy(®) 2R=R[fil ,+1g.

De ne the Legendre transform
1°(x) " inf[jh x,zi + 1(9)] .

De ne, for +> 0,
7 Ya
15(x) " max 19(x)+ *,j

+ |

Lemma 3.2. Suppose
02intD(l)” intfe:l(x) < +1g.

Then

1. The mapping F(9 : X ! R is upper semi-continuous and concave.

2. Forall M > 0,

fx2X :1%(x) - Mgis acompact.

Proof. 1. Since, foralla 2 D (1), the linear mappings

X 7Vih & xi + 1(9)

(3.6)

(3.7)

(3.8)

(3.9)

are obviously concave, the in mum of this family is upper semi-continuous and concave.

2. See, e.g.,[13] for the proof.

Theorem 3.1. Suppose that

1. The family fQug satis es condition (3.4) .
2. Condition is satis ed.
3. Condition is satis ed.

Then, for any closed se¥ ¥2RY, we have

— 1
lim —E | V) - 17(x).
N'T N 0gQn(V) fgvp (x)
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Proof.

2.

1. Suppose at rstthat V is a compact.
Thanks to (3.7), for any x 2 X , there existsa( x) 2 X such that

ih x,a(x)i + 1(®( x)) - 1](x). (3.11)
For any x 2 X , there exists a neighbourhoodA(x) ¥2 X of x such that

sup hy i x,8(x)i- =.
y2A(x)

S S
By compactness, the covering ,,, A(X) %V has the nite subcovering, say leﬁ(xr) Ya V.

Hence,

|
p

1 1 '
S10gQu(V) - log T Qu(AX) - (3.12)
r=1
Applying condition (8.4), we get
M — | i E I 0 3.13
fm GE max 10gQu(A(X) i max E logQy(Ax) - 0. (3.13)

By the Chebyshev inequality,
Qn(A(X)) - Qn §2X thy i x,8(x)i- #
. g +N eNhyi x,8( x)idQN(y)
X

= i *Ngi NI | (a( x)). (3.14)

Hence, (3.14) together with (8.11) yields

1 | 1
Tm SE logQu(A(X)) - fim ihx;,8(x)i + logLy(a(x) i *

= jh x;, 80X )i + 1(a(x;)) | *
12(x,) i = (3.15)

Combining (3.12), (3.13), (3.15), we obtain

— 1
lim —E lo V) - max I.(x,)j *
Jim JE logQu(v) - max 12(x) i

Taking + # + 0 limit, we get the assertion of the theorem.

Let us allow now the setV to be unbounded. We rst prove that the family Qyp is quenched
exponentially tight. For that purpose, let

1
Ru(M) " SE logQu(X n [i M; M1
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and denote

R(M)~ N@ Ry(M).

We want to prove that

lim R(M)= il
m, RO = i

(3.16)

Fix someu2f1l,...,dg Supposet,,2f0,1gis the standard Kronecker symbol. Lete, 2 RY

be an element of the standard basis ofRY, i.e., for all p2fl,...,dg we have

(&)p " Zup:
Thanks to the Chebyshev inequality, we have
Z
Onfx, i Mg- e NM el NX&iga (%), as.
Rd
Now, we get
z z
e th’e”idQN(X) = eNMmel eJidQN(X)
Rd LN (n e) Rd
_ LN(nei eu)
= ————, as.
I-N (’J e)

Hence, combining (3.17) and (3.18), we obtain

1
NE logQnfXxy i Mg i M+ Iy(®ei )i In(e).

Using the same argument, we also get

1
NE logQnfXy, Mg i M+ Iy(me+ g)i In(ae).

We obviously have
1 h [ i
RN(M)' NE IOgQN Xy i M [ Xu s M
u=1
Applying condition (3.4) to (3.21), we get

1. h [
Nl.i.I;_nl NE log Qn . Xg'i M [ Xy, M
“oon oi
i max max E[logQy X,:i M ],E[logQy Xx,., M 1]
u2f1,...,dg
Applying (3.19) and (3.20)/in (3.22), we get
1 h [ i
Nl.l.';_nl NE log Qy - Xeri M [ x4, M
i Mi @)+ max max (mei @) l(me+e) .
u2f1,...,dg

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

. (3.22)

(3.23)



The bound (3.23) assures (3.16). Now, since we have (with the help of (3.4) and (3.10))

fm —E logQu(V) - im —E logQu((V\ [i M;MI%[ (Xn[i MiM]%)
N*+1 N N"+112 Y,
- max sup 1%(x),R(M) (3.24)
x2(V\ [i M;M]9%)

the assertion of the theorem follows from by taking the lim ., in the bound (3.24).

O
3.2 Quenched LDP lower bound
Suppose that, for somez 2 RY and all N 2 N, we have
VA
"™ dQy(y) < +1 ..
X
Let@y . 2M (X) be the random measure de ned by
Z
Ona(A = e"™ldQy(y), (3.25)
A

for any Qn measurableA%2 X .

Lemma 3.3. Suppose the family of random measuresatis es the following assumptions.

1. Measure concentration. For all N2 N, there exists some & Oand” \ : R, ! R, such that, for
any Qy-measurable set Az X , we have

- - ©
P' TogQu(A) i E logQu(A >t - ().

Assume, in addition, that, for some p 0, the concentration function satis es
Z .

NP “n(NDdtg o, (3.26)
0

2. Tails decay condition. Let
C(M) f x2X :kxk< Mg

There exists 2 N such that

Z +1 ]/21 374
lim lim P —I o(X N C(NP) > j K+t dt=0. 3.27
ARV N 109 €@no (X N C(NT)) > (3.27)
: ©
3. Non-degeneracy. The family of the set8; 2 X :j2f1,...,qg satis es the following condition
- - - 1 ” J—
there exists someyj2f1,...,qgsuch thathﬂNE log®@n . (Bj) > il . (3.28)
N"1
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Then, for any= 2 RY, we have

im —E log® - E”IQ B) -0 3.29

im —E lo a i i max o] a(B: - 0. .

N"L N g%, i1 Y1 ag 9@n.0 (By) (3.29)
Remark 3.2. The polynomial growth choice of M= My~ NP made in assumptiong3.27) and (3.26)
is made for speci city. Inspecting the following proof, one can easily ratt the conditions
and for general M, dependencies. Effectively, the growth rate ofyMs related to the covering
dimension of the Polish spadeX , X).

Proof of Lemma 3.83.We x some j2f1,...,qg. Take an arbitrary "> 0, M > 0 and denote Jy; » ~
Z\ [ik skM=";kakM="]. Consider, fori 2 Jy, -, the following closed sets

A f x2Bji(ji )" -he,xi- j"g

We get
1 [ 1 q
N'09€ne B - 109@y. B\ C(M) [ (XnC(M))
j:l l : ]:1
- g max  max log@y.(B;j\ C(M)),
j2f1,..q9 '
© log(g+ 1)
log®©y o (X n C(M)) + —N (3.30)
We have
1 1 X
Ni"
N 109@us(B)\ C(M) - Tlog  eMQu(A)
2y -
Lo, L log(cardJy )
xRl W)t 3.31
i2f1.. og N gQN(Ai,j) N ( )
Denote
L1
Gn(") " max max "+ TlogQu(A)
and

N.m
N©jara,

™

1
(") max E max i"+ —lo o ,
n(") 21y 12 N gQn(A )

1
"n(M)" 109 €N (X N C(M)).
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We also have
1 1
109€n0(B), 10g@y(B;\ C(M))
comax (i 1) %IogQNw,-)
o1 .
=ir2th':1A§ [ +NIOQQN(Ai,j) i

a
P @ (")i &(") >t - "n(tN)gcardy .
We put M~ My~ NP, and we get

cardJy » - 2kakM="+ 1
- 2kakNP="+ 1.

Due to condition (1), we havg_

Let

Xn(M, ") " maxte (M), ®(")gi N
then we have

PfXy(K,") > tg- Pfoy(M)>" y+ tg+ PI®y(") > y+ to

Due to property (3.28), there exists K > 0 such that we have
Pfon(M) >+ tg- Pfey(M) > K+ tg
Thanks to (3.32), we have
PI®(")> N+ tg- PI®(")> & (") + ti "g
Fort >", we apply (3.33) and (3.34) to (3.37) to obtain
PI@\(") > N+ tg- (2kakNP="+1)q" \(tN).

Combining (3.30) and (3.31), we get
q

E log@y .o ) B i jzm ....
lo +1 log (2ka kNP="+ 1
CE Xy(M.") g(q )+ g( )_
N N
Now, (3.35), (8.36) and (3.38) imply
+1
E Xy(M,") - P Xy(M,")> t dt
0
A
P Xy(M,")>t dt+"
Z.,
Pfon(M) > | K+ tgdt
Z .,
+(2kakNP="+1)q  ~ n(tN)dt+"
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Therefore, taking sequentially WN--+l ,limg-,1 and lim.., o in (3.40), and using (3.26), we arrive
at

AEE Xy(M,") - 0. (3.41)

Bound (3.41) together with (3.39) implies the assertion of the lemma.

O
Let QN,D be the (random) probability measure de ned by
. &y
Qun :
Ly (2)

Lemma 3.4. Suppose that the measure Qsatis es the assumptions of the previous lemma.
Then(3.29) is valid also forQy .
Proof. Similar to the one of the previous lemma. O

Remark 3.3. Recall that a point x2 X is called an exposed point of the concave mappirfyifl there
existse 2 RY such that, for all y2 X nf xg, we have

1°(y)i 1°(x) < hyi x,®i. (3.42)
Theorem 3.2. Suppose
1. The family Qy:N 2N %M (RY) satis es the assumptions of Lemma 3.3.
2. G %2 X is an open set.
3. ;6 E(17) % D(17) is the set of the exposed points of the mapping |

4. Condition is satis ed.

Then

1
lim —E logQn(G\E) , supl®(x). (3.43)
N"+1 N x2G

Proof. Let B(x,") be a ball of radius " > 0 around some arbitrary x 2 X . It suf ces to prove that

1

lim lim —E logQyn(B(x,")) ., 1°(x). (3.44)
"#+0 g1 N

Indeed, since we have

Qn(G), Qn(B(x,")), (3.45)

applying %Iog(d), taking the expectation, taking lim
x 2 G in (3.45), we get (8.43).

n+1 0 #+0and taking the supremum over
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Take any x 2 G \E . Then we can nd the corresponding vector &, = & ,(x) 2 RY orthogonal to
the exposing hyperplane at the point x, as in (3.42). De ne the new (‘tilted”) random probability
measure®y on RY by demanding that

dQy
—(y)= Nhy.2el (3.46)
dQN LN(oe)
Moreover, we have
— Z ™
1 . 1
NE 109Qn(B(x,")) = SE log dQn(Y)
B(x.") -7 ™
1 1 i Nhy,ai
= —E logLy(ay + —E el NWEeldQy (y)
N N© e
1 . 1 " -
. NE 109ln(Ee) ihx0eii "kagky+ E logQu(B(x.") -
Hence,
lim lim —E | B(X," hx,ag+l@y) + lim li 1E"IQB ) .
im lim — X ih x,o im lim — X .
fim im JE 1ogQu(B(x.") . ihxmei+1(ag) + fim lim TE logQu(B(x.")
Since we have
ihx,mel + 1(ag), 1°(x),
in order to show (B.44) it remains to prove that
im lim ~E | On(B(X,") =0 3.47
-'LToh%N ogQn(B(x,")) =0. (3.47)
The Laplace transform ofQy, is
Ly(o+a
ﬁN(U)Z N( e)
LN(Qe)
Hence, we arrive at
f@) = I(m+2 i 1(=y).
Moreover, we have
P(x)= 19(x)+ hx,mgij 1(ay). (3.48)

By the assumptions of the theorem, the family Qy satis es the assumptions of Lemma 3.3. Hence,
due to Lemmal 3.4, the family Q, satis es (3.4). Thus we can apply Theorem/3.1 to obtain

I | . )
lim —E logQy(RnB(U,")) - sup f°(y). (3.49)
N*+1 N y2U n B(x,")
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Lemmal 3.2 implies that there exists somexy 2 X n B(x,") (note that x, 8 x) such that

sup  1(y) = 1(xo).
y2Xn B(x,")

Sincer is an exposing hyperplane, using (3.48), we get
%(x0) = 1°(xp) + hxg, el I(m)
- [1%(x) + hxg, @il i [17(X)+ hx,m4i] <0,
and hence, combining (3.49) and (3.50), we get

— 1 q o
N|‘!I’I|1 NE logOn(RYNB(x,")) < 0.
Therefore, due to the concentration of measure, we have almost surely
Nll_[rnl %IogQN(Rd nB(x,")) <0
which implies that, for all "> 0, we have almost surely
Jim Qu(RTnB(x,")= 0,

and (3.47) follows by yet another application of the concentration of measure.

Corollary 3.1. Suppose that in addition to the assumptions of previous Theorem 3.2 Wave
1. 1(9 is differentiable onint D(1).

2. EitherD(1)= X or

lim kr l(e)k=+1.
al @(l)

ThenE(1°) = RY, consequently

1
lim —E logQn(G) , supl?(x).
N+l N X2G

Proof. The proof is the same as in the classical GAd'rtner-Ellis theorem (seee.g., [13]).

4 The Aizenman-Sims-Starr comparison scheme

(3.50)

In this section, we shall extend the AS scheme to the case of the SK model with multidimensional
spins and prove Theorems 1.1 and 1.2, as stated in the introduction. We use te Gaussian compar-
ison results of Section 2.3 in the spirit of AS? scheme in order to relate the free energy of the SK
model with multidimensional spins with the free energy of a certain GREM-inspired model. Com-
paring to [1], due to more intricate nature of spin con guration space, some new effects occu. In

particular, the remainder term of the Gaussian comparison non-trivially depends on the variances
and covariances of the Hamiltonians under comparison. To deal with this obstacle, ve use the idea
of localisation to the con gurations having a given overlap (cf. (1.5)). Th is idea is formalised by

adapting the proofs of the quenched GAd'rtner-Ellis type LDP obtainedn Section[3.
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4.1 Naive comparison scheme

We start by recalling the basic principles of the AS comparison scheme (see, e.g.| 7, Chapter 11]).

It is a simple idea to get the comparison inequalities by adding some additonal structure into the

model. However, the way the additional structure is attached to the model might be suggested by
the model itself. Later on we shall encounter a real-world use of this trick. Let (§8,S) and (A ,A)

be Polish spaces equipped with measures and », respectively. Furthermore, let

X X(¥2)Qps, A" f A(%@)gz(g,zzg,,B'f B(%4) Ogpa
A

be independent real-valued Gaussian processes. De ne theomparison functional
— Z ™

©[C] " E log eCHOg 1. 5 (3,0) |, (4.1)
§£A

where C“ f C(3,®)gves is a suitable real-valued Gaussian process. Theorem 4.1 df2] is easily
@2

A
understood as an example of the following observation. Suppose9[ X] is somehow hard to compute
directly, but ©[A] and ©[ B] are manageable. We always have the following additivity property

O©[X+ B]=0O[ X]+©[ B]. (4.2)
Assume now that
©[X+ B] - ©[A (4.3)
which we can obtain, e.g., from Proposition/2.5. Combining and (4.3), we get the bound
©[X] - ©[Ai ©[B]. (4.4)

4.2 Free energy upper bound

LetV ¥2Sym(d) be an arbitrary Borell set.

Remark 4.1. Note thatU is closed and convex.

Let

§n(V) %28y Ry(¥%) 2V
= %28y :Ry(¥%%W2V\U . (4.5)

Let us de ne the local comparison functional©y (x, V) as follows (cf. (4.1))
” ” € p é

1
On(X,V)[C]~ NE log¥ay 1g,v)exp NC (4.6)

where C " f C(3,®)gv2s is a suitable Gaussian process. Let us consider the following family §l 2
®2A

N) of random measures on the Borell subsets of Syrid) generated by the SK Hamiltonian,
z
_P—

Py(V)’ e NWAgi- Ny,
SN (V)
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and consider also the following family of the random measures generated by tke Hamiltonian
A% ®)
o p T
Pu(V)’ P,;"Q' V)’ exp N bA(®),¥%i d¥Yy (3% @), 4.7)
§n(V)EA i=1
where the parametersQ and U are taken from the de nition of the process A(®) (cf. (1.7)). The
vector x de nes the random measure » 2 M (A ) (cf. (1.8)), and, hence, also the measure ¥y 2
M (@B EA).

Remark 4.2. To lighten the notation, most of the time we shall not indicate explicitly theeghendence
of the following quantities on the parameters xQ, U.

Consider (if it exists) the Laplace transform of the measure (4.7)

z
ey(® ~ eNYridpe(u). (4.8)
U
Let (if it exists)
Lo 17 —
€(0) ’me NE log€y(m) . 4.9
De ne the following Legendre transform
V)’ inf ihU,aij ©Oy(x,V)[B]+ 13(0)_. (4.10)
x2Q 91,1),
Q2Q u.d),
a2 Sym(d)
Denote, for + > 0,
Y 13/4
€(U) " max €(U)+ +,j <
Let
V)" i 1EI Pu(V 4.11
p(v) " Jim SE logPy(V) (4.11)

Remark 4.3. Note that the result of[ 19] assures the existence of the limit in the previous formula.

Lemma 4.1. We have

1. The Laplace transforn{4.8) exists. Moreover, for anyg 2 Sym(d), we have
Z

eNMoldpy ()

VZ .
€ o _Pp— S N
= exp Nhe, Ry(¥, ¥a)i + NX(%) dt™ " (34, (4.12)
Z §N(V)
eNMoldpy (V)
\%
Z p_X
= exp N, Ry(%%)i+ N DA(®)%i dvay(% ®). (4.13)
§\(V)EA i=1
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2. The quenched cumulant generating functio@.9) exists in the N* 1 limit, for any & 2 Sym(d).
Moreover, for all N2 N, we have

1
InE) "~ GE ogln(®) = Xo(x, Q.5 ), (4.14)
that is Iy (9 in fact does not depend on N.

Proof. 1. We prove (4.13), the proof of (4.12) is similar. Since U is a compact, it follows that,
for arbitrary " > 0, there exists the following " -partition of U

N ()= V,%U :r2fl,... Kg

S
suchthat 'V, =U ,V, \V =, diamV, - " and pick someV, 2 intV,, forall r 6 s.
We denote
X R o W
ey(@,n)”  eNmV exp ~ N DA(®),%i dYa (% ®).
r=1 §n(VL)EA i=1

For small enough", we have
(1i 2Nknk||)eNh],RN(3/4,3/4)| . eNh],Ul . eNl’p,RN(%,%)l (l+ 2Nkn kn) .

Therefore, if we denote

z
O
OINTAVAR S exp Nm,RN(%,%)H_pN bA (®), %1 dVay (¥4 ®),
§n(V)EA i=1
we get
X X
(1i 2Nkak")  By(V,,0) - €y(m,") - (1+2Nkak")  By(V,,0).
r=1 r=1
Hence,
(1i 2Nkek")Ry(U ,m) - €y(=,") - (1+ 2Nkak")By(U ,g). (4.15)

Let" #+0 in (4.15) and we arrive at
gy(2) = By(U ).
That is, the existence ofLy(®) and the representation (4.13) are proved.

2. For all N 2 N, we have, by the RPC averaging property (see, e.g[,2, Theorem 5.4] or Theo-
rem 5.3, property (4) below), that

l J—
SE 10g€y(U,8) =Oy(x,U) A+ NI Ry(%¥)i = Xo(x,Q,2,U).
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Proof of Theorem 1.1.In essence, the proof follows almost literally the proof of Theorem 3.1. The
notable difference is that we apply the Gaussian comparison inequality (Poposition 2.5) in order to
“compute” the rate function in a somewhat more explicit way.

Due to (4.5), we can without loss of generality suppose thatV is compact. Forany+> 0OandU 2V,
by (4.10), there exists a( U, +) 2 Sym(d), x(U,+) 2Q {1,1) and Q(U, +) 2 Q U, d) such that

ih U,a(V)i + &a(U)) - €(U). (4.16)
For any U 2 V , there exists an open neighbourhoodV (U) ¥2 Sym(d) of U such that

sup hvi U,a(U)i- =+.
V2V (U)

Fix some" > 0. Without loss of generality, we can suppose that all thg neighbourhaods satisfy ad-
ditionally the condition diam V (U) - ". By compactness, the covering ,, V(U) %2V has a nite
subcovering, say f: 1V (UMY 3, V. We denote the corresponding to this covering approximants in

(4.16) by fx(" 2Q%1,1)g"_; and fQ (N 2Q YU, d)g’_,. We have

1 1 [P
—logPy(V)- —log  By(V (UMY . (4.17)
N N 1
Due to the concentration of measure Proposition 2.3, we can apply Lemma 3.1 and gt
_— —T™
. l : [p ” _:
lim —E 4ogPy  V(U") i max E logPy(V(UM) — =o0. (4.18)
N'+1 N =1 r2f1,...,pg
In fact, since we know that (4.11) exists, (4.18) implies that
h [P i ” —
lim iE log P VUu®Dy = max lim 35 log Py (V (UM)) (4.19)
N“+1 N N - r2f1,..pgN"+1 N N ' '

For UM, x = x(0, Q = Q(, Proposition 2.5 gives

%E log Py(V (UD)) = %E l0g By (V (UD)) i ©y(x,U)[B]
+ Ry(x,QM, Ul v (Ut + o)

%E IogPN(V(U(r)))_i On(x,U)[B]+ K", (4.20)

where K > 0 is an absolute constant.
By the Chebyshev inequality and Lemma 4.1, we have
Py(V (L)) - PNfVZZ U :hvj Umr(U)i- g
. @l +N eNI’I\/] U,D(U)ide(V)

U
= @ iNe] NhU,D(U)iEN(Q( U))
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Thus, using (4.20) and (4.16), we get

lim EE" log Py(V (UM)) - Im  ihUD, a(uM)i; ©[B]+ ilogﬁ (@(u) j x+ K"
N“+1 N N N"+1 ’ N N -

= ih Uy, 8(U,)ii ©[B]+ €=(U;))i £+ K"
S B(U) i 2+ K (4.21)
Combining (4.17), (3.13), (4.21), we obtain

1 1
V)= lim —E logPy(V) - max lim —E logPy(V (U
p(Vv) Jim -3 gPy(V) amax img g Py (Vv (UY))

. max €(UM)+ K" =+
r2fl,..,pg ~

- sup€(V)+ K" =.
uzv
Taking £ #+0 and " #+ 0 limits, we get

p(V) - sup€(U). (4.22)
V2v

The averaging property of the RPC (see, e.g.[2, Theorem 5.4] or property (4) of Theorem 5.3)
gives

—2X € S
©n(x,U)[B] = 5 X kQH k2 ik QWKZ . (4.23)
k=1

To nish the proof it remains to show that, for any xed © 2 Sym(d), we have
£(o) = Xo(x,Q,8,U)

which is assured by Lemma 4.1. O

4.3 Free energy lower bound

In this subsection, we return to the notations of Section 4.2.

Lemma 4.2. For anyB Y2 Sym(d) such thatint B\ intU & ; there exists¢ %28 with int¢ 6 ; such
that

-7 ™
1 XN
|im —E exp Nhe, Ry (¥, ¥)i + hA (®), ¥%1  dYay (¥4 ®)
§n(B)EA i=17

€
Clog  exp W(T2U+m) 3% di (3> il . (4.24)
¢

Proof. In view of (1.10), iterative application of the Jensen inequality with r espect toE,« leads to
the following

E Xn+1(XaQ:an) : Xo(X,Q,Q,U).
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Performing the Gaussian integration, we get
‘ € S
E X, 1(x,Q,2,U) , log exp W 2U+ga) %% d(3),
¢

where ¢ 12§ is such that! (¢) > 0and fR(3,%) : %2 ¢ Ng¥%B. O

De ne the following Legendre transform

b"(U)’ inf ihU,aij ©[B]+ €(r)+ R(x,Q,U)_. (4.25)
x2Q 91,1),

Q2Q u,d),
o2 Sym(d)

Proof of Theorem 1.2.As it is the case with the proof of Theorem 1.1, this proof also follows in
essence almost literally the proof of Theorem 3.2. The notable differace is that we apply the
Gaussian comparison in order to “compute” the rate function in a somewhat more explicit way.

In notations of Theorem 3.2 we are in the following situation: X =~ Sym(d) and X is the topology
induced by any norm on Sym(d).

Let B(U,") be the ball (in the Hilbert-Schmidt norm) of radius " > 0 around some arbitrary U2V .
Let us prove at rst that

o1 . e
"ILTOIUI? NE log Py(B(U,™)) , P(U). (4.26)
Similarly to (4.20), for any (x,Q), we have
1
E < logPu(B(U.")
= %E IogPN(B(U,"))_i ©[B]+ Ry(X,Q,U,B(U,"))+ O("). (4.27)

The random measureP) satis es the assumptions of Corollary 3.1. Indeed:

1. Due to representation (4.14), mapping 1(§ is differentiable with respect to @. Henceforth
assumption (1) of the corollary is also ful lled.

2. Let us note at rst that, thanks to Proposition 2.3, we have D(I) = RY. Thus, the assumption
(2) of Corollary 3.1 is satis ed, as is condition (3.9).

Moreover, the assumptions of Lemma 3.3 are satis ed:

1. The concentration of measure condition is satis ed due to Proposition 2.3.

2. The tail decay is obvious since the familyf By : N 2 Ng has compact support. Namely, for all
N 2 N, we have suppPy = U . Thus the measure®y , (cf. (3.25)) generated by B has the
same support. Thus, sup@®y . = U .

3. The non-degeneracy is assured by Lemma 4.2.
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Hence, due to (4.27), arguing in the same way as in Theorem 3.2, we arrive at (426). Note that the
N"+1 limitof Ry(x,Q,U,B(U,")) exists, since in (4.27) the limits of the other two N-dependent
guantities exist due to [19]. The subsequent” # + 0 limit of the remainder term exists due to the
monotonicity.

Finally, taking the supremum over U 2V in (4.26), we get (1.22). O

5 Guerra's comparison scheme

In this section, we shall apply Guerra's comparison scheme (see the recent acaots by [18; 32;
2]) to the SK model with multidimensional spins. However, we shall use also the ideas (and the
language) of [1]. In particular, we shall use the same local comparison functional (4.6) as in the
AS’ scheme, see (5.4). The section contains the proofs of the upper (5.16) and laver (5.18) bounds
on the free energy without Assumption 1.2. The proofs use the GRE-like Gaussian processes, RPCs
as in the AS scheme. We also obtain an analytic representation of the remainder term (whth is an
artifact of this scheme) using the properties of the Bolthausen-Sznitmancoalescent.

5.1 Multidimensional Guerra's scheme

Let » = »(Xq,...,X,) be an RPC process. Theorem 5.3 0f2] guarantees that there exists a rear-
rangement» = f»(i)g,y Of the »'s atoms in a decreasing order. Recall (1.16) and de ne a (random)
limiting ultrametric overlap g, : N>! [0;n]\ Z as follows

q(i,j)© 1+ maxtk 2 [0;n]\ Z: [¥4D)] = [ YA])] k9, (5.1)

where we use the convention that max; = 0. This overlap valuation induces a sequence ofandom
partitions of N into equivalence classefNamely, given ak 2 N\ [0O;n], we de ne, forany i,j 2 N,
the Bolthausen-Sznitman equivalence relatioas follows

.. def o
>0 ali), k 5.2)

Givenn 2 N, assume thatx and Q satisfy (1.8) and (1.7), respectively. Recall the de nitions of the
Gaussian processeX and A which satisfy (1.1) and (1.17), respectively. We consider, for t 2 [0; 1],
the following interpolating Hamiltonian on the con guration space 8§y £A

H (¥ ®) " P tIX(¥)+ 1) tA(3®). (5.3)
GivenU % Sym' (d), the Hamiltonian (5.3) in the usual way induces the following local free energy
l N(t,X,Q,U), ©N(X1U) Ht ’ (54)

where we use the same local comparison functional (4.6) as in the A8 scheme. Using (1.5), we
obtain then

" (0,x,QU)=0\(x,U)[A and" (1,x,Q,U)=0\(x,U)[X]= pn(U).
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Now, we are going to disintegrate the Gibbs measure de ned onU £A into two Gibbs measures
acting on U and A separately. For this purpose we de ne the correspondent (random) local free
energyon U as follows
Z ” p —
A(t,x,Q,®U)" log exp ~ NH(3%® di N3j). (5.5)
§n(U)

For®2 A , we can de ne the (random) local Gibbs measur&(t,Q,® U ) 2M (8 y) by demanding
that the following holds

”

dG(t,x,Q,®U) p_ . —
() Ls,u)(¥dexp ~ NH(%® i A(t,x,QU,® .

dr-N

Let us de ne a certain reweighting of the RPC » with the help of (5.5). We de ne the random point
processf»ggp, in the following way

»(®)  »@®exp A(t,x,Q,U,®) .

We also de ne the normalisation operationN : M A )!'M (A ) as

. »(®)
N (»(®° P———.
aoa > (@)
We introduce the local Gibbs measur&(t,x,Q,U)2M ;(U£A ),foranyV U £A , as follows
X
G(t,x,QU)[V]~ N (»)(®)G(t,x,Q,®U)[V]. (5.6)
®2A |,

Finally, we introduce, what shall call Guerra's remainder term

—2 " -
R(t,x,QU) i ?E G(t,x,QU)-G (t,x,QU) kR, ¥2)i Q@ ,®)kE . (5.7)

Note that (5.7) coincides with (1.20) after substituting (1.18) with (1.23).

5.2 Local comparison

We recall for completeness the following.
Proposition 5.1 (Ruelle [24], Bolthausen and Sznitman[6]). For any k2 [1;n+ 1]\ N, we have

I} : ©_
E N®»)-N (» (@Y &)2A 2:q (@, k = x,.

The results of Section 4 can be straightforwardly generalised to the conparison scheme based on
(5.3). Given ",=> 0 and & 2 Sym(d), de ne

V(e,U,", %) f U°2 Sym(d) : kU% Ukpg<" , hU% U,mi<z%g. (5.8)

We now specialise to the casdJ =8 ((V(=2,U,",%)).
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Lemma 5.1. We have

@
@‘ n(EX,QV(a,U," £)) =R (t,x,Q,8(A (v,U,", 1))
—2X € S
S X kQ* VK2 ik QWKZ + O("). (5.9)
k=1

Proof. This is an immediate consequence of Proposition 2.5. Indeed, recalling thaQ(®',®') = U,
and settingU = 8&(B(U,")), we have

g' (t,x,QU)
P ,
7E€G(t,x,Q,U)-G (t,gi,U) KR, %) i UKZ2ik R, %) i Q(®, @7)kE
i kUKZik Q(®,®@%)kZ
—2 ” ” _
| 5E G(t,x,QU)-G (t,x,QU) KR, ¥)i Q®,®")k2

-2 ” -
i - E G(t,x,QU)-G (t,x,QU) kUKZ{k Q@®" &)k + O("). (5.10)

Using the Proposition 5.1, we get

P \
—E G(t,x,QU)-G (t,x,QU) kUkZik Q(®, ®@)k2
2
2 2 3
2 o€ S77
= ?ESN (» -N (»)9 kQ k2 ik QW2 55
k=0 (81 .&?)
—2X0 £ S —
= — kQU D2k QWKZ E N (»)-N (»)fk, q(@,&?)g
k=1
-2 € S
= = xe kQIFDRZ K QK2 (5.11)
k=1

Combining (5.10) and (5.11), we get (5.9)

O
Lemma 5.2. We have
—2X € S
Pn (8 N(B(U, ")) =© (X, 8n(B(U," M A > X kQ* VK2 ik QWk2
7, k=1
+ R (t,x,Q,8n(B(U,"))dt + O("). (5.12)
0

Remark 5.1. Note that the above lemma also holds if we substitute(B,") with the smaller set
V@, U,", +).
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Proof. The claim follows from (5.9) by integration. O

Proposition 5.2. There exists C= C(§,t) > 0 such that, for all U 2 Sym*(d) as above, and all
", x> 0, there exists ant-minimal Lagrange multipliera =go( U,",+) 2 Sym(d) in (1.12) such that,
forallt 2 [0;1], and all (x,Q), we have

PnEN(V (R, U,", 1)) - uzgfﬂ(d)f(X,Q,U,ﬁ)ﬂ“ C(" + %) (5.13)

and
Z,

Jm Pu(n(BUSD) LI F0Q U lim - R(t X, Q8n(B(U. ) dt

i C(" + %), (5.14)

Remark 5.2. The following upper bound also holds true. There existss<CC(8,*) > 0, such that, for
any & 2 Sym(d),

PN N(B(U,™M)) - f(x,Q,U,m)+ Ckakg". (5.15)

Proof. The result follows from Lemma 5.2 by the same arguments as in the proofs 6Theorems 1.1
and 1.2. O

5.3 Free energy upper and lower bounds

Similarly to the quenched LDP bounds for the AS scheme in the SK model with multidimensional
spins (see Section 3), we get the quenched LDP bounds for Guerra's schenia the same model
without Assumption 1.2 on Q.

Recall the de nition of the local Parisi functional f (1.12).

Theorem 5.1. For any closed se¥ Y2 Sym(d), we have

p(V)- sup inf f(x,Q,2,U), (5.16)
v2vwu (x,.Q.m)

where the in mum runs over all x satisfying(1.8), all Q satisfying(1.7) and all @ 2 Sym(d).
Proof. The proof is identical to the one of Theorem 1.1. O

De ne the local limiting Guerra remainder termR (x, Q, U) as follows
Z,
R(x,Q,U) i Iim lim R (t,8n(B(U,")))dt - 0. (5.17)
"#ON"+1

The existence of the limits in (5.17) is proved similar to the case of the AS? scheme, see the proof
of Theorem 1.2.
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Theorem 5.2. For any open seV Y2 Sym(d), we have

p(V), sup inf f(x,Q,8,U)+ R(x,Q,U) , (5.18)
u2viwu (x,Q,d)

where the in mum runs over all x satisfying(1.8); all Q satisfying(1.7) and all @ 2 Sym(d).

Proof. The proof is identical to the one of Theorem 1.2. The only new ingredient is Lemma 5.1
needed to recover Guerra's remainder term (5.7). O

5.4 The ltered d-dimensional GREM

Given U 2 Sym* (d) non-negative de nite, denote by Q (U, d) the set of all cAadlAag (right contin-
uous with left limits) Sym * (d)-valued non-decreasing paths which end in matrixU, i.e.,

Q(U,d)"f %:[0;1] ! Sym'(d)j¥4(0)= 0;%41)= U;%t) ! Ys), for t - s Y2is cadlag.
(5.19)

De ne the natural inverse ¥4 1 : Im 2! [0;1] as
¥4 1(Q) " infft 2 [0;1] j¥4t)° Qg,
where Im%2" 14[0;1]). Let x = % 1+1%2Q (1,1).

Let also QU, d) ¥ Q(U,d) be the space of all piece-wise constant paths inQ (U, d) with nite

(but arbitrary) number of jumps with an additional requirement that they hav e a jump at x = 1.
Given some% 2 Q YU, d), we enumerate its jumps and de ne the nite collection of matrices

fQMg* 2" Im%Y%RY. This implies that there exist f x, gt § %2R such that

0" Xp< X1 < ...< Xg< Xps1 1,
0’ Q(O)l Q(l)l Q(2)1¢¢¢1Q(n+1)’ U,

where %4x,) = Q. Let us associate ta/22 Q (U, d) a new path %2 Q (U, d) which is obtained by
the linear interpolation of the path % Namely, let

ti X
74t) " QU+ QMY QM) £ 2 [y Xge 1)-
Xpe1i Xk
Letg: RY! R be a function satisfying Assumption 5.1. Let us introduce the Itered d-dimensional
GREM process WLet

©
W W (1, [®] )R, (®2A k2 [0;n]\ N

be the collection of independent (for different ® and k) RY-valued correlated Brownian motions
satisfying
_ ti X
Wi(t, [@]) » (Q* D Q)2 ————
Xk+1i Xk
where fW(t)g;2g, is the standard (uncorrelated) RY-valued Brownian motion. Now, for k 2 [0; n] \
N, we de ne the R%valued processfY(t,®)j®2A ,t2[0;1]gby

xXo
Y(t,®)° 1y (Wt X1, [®] ).
k=0
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Lemma 5.3. For®Y &2 2 A , we have

” _ € S
Cov Y(t1,®(l)),Y(t2,®(2)) =% ti Mt XQL(®(1)’®(2))

Proof. The proof is straightforward. O

Assupption 3.1. Suppose ghat the function gR? ! R satis es g2 C®?(R?) and, for any ¢> 0, we
have _,exp g(y)i ckyki dy<1 andalso

€ S
sup kr g(y)ky+ kr 2g(y)k, <+1, (5.20)
y2Rd

wherer 2g(y) denotes the matrix of second derivatives of the function g a2yRY.

Assumeg satis es the above assumption. Letf = f,,: [0;1] £ RY! R be the function satisfying the
following (backward) recursive de nition
( (y) t=1
g y il = il
f(t,y)’ 5.21
ET LiogE exp xf sy + Y02 ®) 1 Y(LO) o 12[Xxen) oD

where k2 [0;n]\ N, ®2 A is arbitrary and xed.

Remark 5.3. Itis easy to recognise that the de nition of f is a continuous “algorithmisa&n” of (1.11).
Namely, X (x,Q,=,U) = f(x,0), where
z €p__ S
f(L,y)=9(y) log exp 2 vy,% +he¥%% d(3). (5.22)
§

5.5 A computation of the remainder term

Recall the equivalence relation (5.2). In words, the equivalencei » j means that the atoms of the

RPC» with ranks i and j have the same ancestors up to thek-th generation. Varying the k in (5.2),
we get a family of equivalences onN which possesses important Markovian properties, se¢6].

Lemmab5.4. Forallk2 [0;nj 1]\ N, we have

2 3
X
E N ()(ON ()DL = Xea1i X, (5.23)
4 »] 5
ik+1j
and also
hX i
E N (»)(i)®> =1i X,. (5.24)
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Proof. 1. To prove (5.23) we notice that

3
3

i» ] 5

k .
k+1]

2
X X 7
Eg N ()N ()())i N )N ()()§
ik+1j j

Ik]

2
X
EG N ()N ()())
4.

= Xgr1 i Xy
where the last equality is due to Proposition 5.1.

2. Similarly, (5.24) follows from the following observation
2 3
2 3
X _ g X _ X _ 7
E4 NZG)i)®>=E§ NEIONEG)D)I NN )L
[ i i

1i X,

where the last equality is due to Proposition 5.1.

Note that, using the above notations, we readily have
=20
A¥®)» = hy(D(1,®), %i,
i=1
where fY® " f YO(1,@)ggpa g, are i.i.d. copies of f Y(1,®)ggpa - Consider the following weights
»O(@®@) " »@) exp f(t,Y(t,®) .

As in [6], the above weights induce the permutation 74V : N ! A such that, for all i 2 N, the
following holds

SO@A ) > SO@A (i + 1)). (5.25)

In what follows, we shall use the short-hand notations »® (i) © »® (@Y (i)), YO(s,i) © Y (s TV (i))
and QY " Q(i,j) " QUZAV(I), V() g jon-

Theorem 5.3. Given a discrete order parameter 2 Q 1, 1), we have

1. Independence #1. The normalised RPC point procesk (») is independent from the correspond-
ing randomised limiting GREM overlaps g.

2. Independence #2. The reordered ltered limiting GREMY is independent from the corresponding
reordered weights>.
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3. The reordering change of measure. Given | & N, let °,(¢QQ) be the joint distribution of
fY(1,i)g5, and 9, (¢R) be the joint distribution of f Y(¥)(1,i)g,, both conditional on Q. Then

R _ " Y
(R

i2 1=»
k

exp X f(Xer1, Y(Xks1,1)) i Fe(X Y%, 1)) (5.26)

where the innermost product in the previous formula is taken over aljjeivalence classes on the
index set | induced by the equivalen@ke.

4. The averaging property. For all s,t 2 [0;1], we have
€ © S € ©
@2

S
| ~ 1 ~
»W@) o, QW » T »0@ _, QY . (5.27)

Proof. The proof is the same as in the case of the one-dimensional SK model, sg&; 3] . O

Keeping in mind (5.26), we de ne, for k2 [0;nj 1]\ N, the following random variables
Tk(®), exp Xk f(Xk+lyY(Xk+lv®)) i f(Xle(Xk1®))

Givenk 2 [1;n] \ N, assume that® &2 2 A satisfy q (&Y, ®?) = k. We introduce, for nota-
tional convenience, the (random) measure? . (t,U ) — an element of M (8 ) — by demanding the
following

T(tU) g 7 E Ti(®) CeT(®) Ty 1 (@) e 1(8F) € 6T, (@) Ty(F) B
G(t,&Y,U)-G (t,62,U) g , (5.28)

where g: U 2! Ris an arbitrary measurable function such that (5.28) is nite. Using this notat ion,
we can state the following lemma.

Lemma5.5. Forany i, j 2 N, satisfying i)li jii - j» we have
+

E G(t,i,U)-G (t,j,U) kR %) i Q(i,j)k& =1,(t,U) kRE%D) | Q(k)kg_. (5.29)

Proof. This is a direct consequence of (5.26) and the fact that under the assumptions of he theorem
Q(i,j)= QM.
O

Remark 5.4. It is obvious from the previous theorem that , is a probability measure.

The main result of this subsection is an “analytic projection” of the probabilistic RPC representation
which integrates out the dependence on the RPC. Comparing to (1.20), it hasa more analytic avor
which will be exploited in the remainder estimates (Section 7). This is also a drawback in some
sense, since the initial beauty of the RPCs is lost.
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Theorem 5.4. In the case of Guerra's interpolatioif1.23) , we have

lNl ”

R(t,x,Q,8n(B(U,"))) = > (Xks1i X)L k(L EN(B(U,"))) KR(¥, %) | Q(k)kﬁ_
k=0

+O(")+ O(1i xy), (5.30)
as"! Oandx,! 1.

Proof. Recalling (5.7) and (5.6), we write

—2 hX . .
R(t.x,Q8(U.")= —E N )N ()()
! h i
£G (t,%x,Qi,U)-G (t,x,Q,j,U) KR %) i Q(i,j)k2

Using Theorem 5.3, we arrive to

—2X v =
R(t.x,Q8(U.")= — E N)HON (»)(])

i’J ” ”

EE G(t,x,Qi,U)-G (t,x,Q.],U) kR¥L%) i Qi j)kE .

(We can interchange the summation and expectation since all summands are non-negative.)The
averaging property (see Theorem 5.3) then gives

—2X ” ” -

R (t,8(U,")) = - EN ()N (»)(j) E G(t,i,U)-G (t,j,U) kR, ¥%%) i Qi,j)kZ .
i

(5.31)

Foreachk 2 [1;nj 1]\ N, we x any indexes ig, iék), jék) 2 N such thati » jandi 1 j. Rearranging
+

the terms in (5.31), we get
—2X h " i
R(t,§(U,")= — E G(t,i{%U)-6 (1,j{9U) krRE:¥2)i QWK2
2 k3<1
£ E N (»)(i)N (»)(]))

i»i
. kJ

-2 n " X —
+ S E G(t,ig,U)-G (t,ip,U) KR, %) | UK2 E N (»)(i)? . (5.32)

Finally, applying Lemmata 5.4 and 5.5 to (5.32), we arrive at (5.30).
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6 The Parisi functional in terms of differential equations

In this section, we study the properties of the multidimensional Parisi functional. We derive the mul-
tidimensional version of the Parisi PDE. This allows to represent tle Parisi functional as a solution of
a PDE evaluated at the origin. We also obtain a variational representationof the Parisi functional in
terms of a HIB equation for a linear problem of diffusion control. As a by-product, we arrive at the
strict convexity of the Parisi functional in 1-D which settles a problem of uniqueness of the optimal
Parisi order parameter posed by[ 31; 20].

Lemma 6.1. Consider the function BRY£ R, ! R de ned as
1
B(y. 1) ;IogE exp xf(y+z(t)

where f: RY 1 R satis es Assumption 5.1 andfz(t)gi20.17 is @ GaussianR?-valued process with
Cov[z(t)] © Q(t) 2 Sym(d) such that Qt),, is differentiable, for all u, v. Then

1 X
@B(y.)= 5 Quu(t) G, B(y.)+ x@B(y,)@B(y.1) , (ty)2(O;)ERL (61)
=1

u,v:

In particular, the function B is differentiable with respect to the t-vaable on (0;1) and C?(RY) with
respect to the y-variable.

Proof. DenoteZ~ E eXf(y*Z)  By[2, Lemma A.1], we have

1
1 1 hx . :
@B(y,t)= Z@EE Qu,v(t)@:zvex (Z)Jz: y+2z(t) A .
u,v=1
A straightforward calculation then gives
1
@B(y)= @ E Q) ¥@fDQTD)* xG, () e @jpyiyy A (62)
u,v=1
We also have
1" _ —
Q,B(y.1)= ——E xe'?@ f(Diz=yszr) - (6.3)
and
1 1 b f [
@,By.)= — ~E '@ XQf()Q 1D+ @, 1@ Iryexn
1" . — . —
i B %Y@ @iz yrzy B x€9Q @iz yizy (6.4)
Combining (6.2), (6.3) and (6.4), we get (6.1). O
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S
Proposition 6.1. Denote D’ E:O(xk; Xk+1)- The function f = f,, de ned in (5.21) satis es the
nal-value problem for the controlled semi-linear parabolic Parisi-type PDE

8 1Pd d d

<@ (Y )+ 5 Lo qZan(t) @, f(y.)+ x(1)@,f(y.1)@,f(y,t) =0, (t,y)2DERY,

- f(L,y)= a(y), y2 R,
f(y,xci 0)= f(y,xc+0), k2[1;n]\ N, y 2 RY.

(6.5)

Q(k+l). Q(k) .
T;Xk, for t 2 (Xy; Xk+1)-

Note that S-94(t) =
Proof. A successive application of Lemma 6.1 to (5.21) on the intervalsD starting from (x,; 1) gives
(6.5). O

Remark 6.1. Note that a straightforward inspection of(5.21), using (6.2), (6.3) and (6.4), shows
that the function f de ned in (5.21) is C}(D)\ C([0;1]) with respect to the t-variable and €RY)
with respect to the y-variable.

Lemma 6.2. Given%2 Q YU, d), the function (5.21) satis es the following:

h X i
f,(0,0)= E log  »(®exp 9(Y(1,®) . (6.6)
®2A
Proof. This is an immediate consequence of the RPC averaging property (5.27). O

Lemma 6.3.

1. Given k2 [1;n]\ N and a non-negative de nite matrix Q2 Sym(d), we have

1 .
@w of(0,0)= i S(Xci X )ELMQ M, (6.7)
where M2 RY9 is de ned as
Muy  To(@&P) ¢ T (@) Ty, 1 (@) Ty 1(@2)) ¢ ¢ T, (@) T, (@)
@,9(2)j 1= v(1.60) @, 9(D)] 1= y(1.60)

with g, (&Y, @?) = k. Moreover,(6.7) does not depend on the choice &",&? 2 A but only
on k.

2. Given a non-negative de nite matrix 2 Sym(d), we have

1
@ of,(0,0)= EE M4 (6.8)

where M°2 Sym(d) is satis es

ME,= i@ ¢OT,(®) @, 02)+ @UD@aD |+ Oi xy)

as x,! 1. Note that (6.8) obviously does not depend on the choice®? A .
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Proof. Applying [2, Lemma A.]] to (6.6), we obtain

h X -
@E |og®2A exp g(Y(1,®)) 0=+ 50
h X h S

1 - - € : S

= 5E N (»)-N (») @ Q& , &), jow=qw+s0

. _

u,v=

n
1g-a(®0,62) &, 9(2)+ @,9(2)@,9(2)
O_

iiz= Y(1,60)

i @9@z=vaem@9@z=v182) - qw, e

Note that

(
QU,V’ QL(®(1)1®(2)): k,

€ S
) @) i =
@ Q@ @)y iqw-qusq = 0, qu&Y,e?)s k.

1. De ne M(®Y, @2 2 R a5

M@, &%), @,9(Diz=v(1,em) @, 9@z v(1,60)-

Hence, we arrive at

1 h X i
@ of(0,0)= i 5E 1qL(®<1>,®<2>):k»(®(1))>>(®(2))(®(1),®‘2>)rQ,M(®(1),®‘2))i .
eWE22A

The proof is concluded similarly to the proof of Theorem 5.4 by using the properties of the
RPC (Theorem 5.3 and Lemma 5.4).

2. The proof is the same as in (1).

O
The following is a multidimensional version of [30, Lemma 4.3].
Lemma 6.4. Forany®2 A , we have
1.
1 h
@k f1/2(0, O)Jxk: X 1 = TE Tl(®) ¢ ¢tki 2(®)Tki 1(®)Jxk: X 1
il h i i
E (X1, YXke 1 ®) Tu(@®y= v, 1 F (X0 Y(Xk, ®))
2. Let M2 Sym(d) with M, ~ @ f (X, Y(Xi, ®) @ f (X, Y(Xk, ®)), then
1 h i
@y o, f4(0,00= SE To(®) € 0T o(@)FQ, Mi
Proof. This proof is the same as in[ 30]. O
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We now generalise the PDE (6.5). Given a piece-wise continuoux 2 Q (1,1) and Q 2 Q (U, d),
consider the following terminal value problem

. §
@f + 2 rQr 2fi+xmQr f,r fi =0, (y,t)2R£(0,),

6.9
f(y,1) = a(y). ©9)

We say that f 2 C([0;1] £ RY ! R) is a piece-wise viscosity solution of (6.9), if there exists the
partition of the unit segment 0 =: X5 < X; < ... < Xuyq1 1 such that, for eachk 2 [0,n] \ N,
f (X X 1) £ R Ris a viscosity solution (see, e.g.[9]) of

8 € S
<@+ 27 r 2fi+ xMQr f,r fi =0, (y,1) 2RYE (X, Xia ),
: f(Y, Xke1+ 0)= F(Y, X210 0),

f(y,1)= a(y).

Proposition 6.2. For any %, 142 2 Q YU, d), we have
Z,
- . C 1) @)
jfy0(0,0) i fi2(0,0)j - > k2™ (t) i Y27(t)kedt,
0

where C= C(8) ~ E kMKkg .

Proof. This is an adaptation of the proof of [ 31, Theorem 3.1] to the multidimensional case. Assume
without loss of generality that the paths %4 and %42 have same jump timesf x,gi* *. Denote the

corresponding overlap matrices asf Q¥ g1 and fQ@¥g'* I Givens2 [0;1], de ne the new path

¥4(s) 2 Q (U, d) by assuming that it has the same jump timesf x, g3 as the paths %4V, %42 and
de ning its overlap matrices as QW (s) © sQ@¥K + (1 Q@K . On the one hand, we readily have

Z 4 e
kl/z(l)(t) i 1/2(2)(t)k,:dt — (X i X, l)kQ(l,k) i Q(2’k)k|:.
0 k=1

On the other hand, using Lemma 6.3, we have

X

. . C
j@f14(0,0)] - > (X i Xi 1)kQIW § QR
k=1
Finally, we have
Z,
jf,0(0,0) i fiu2(0,0)j- j@f144(0,0)jds.
0
Combining the last three formulae, we get the theorem. O

Remark 6.2. Note that using the same argument and notations as in the previous theor we get that,
forany (y,t) 2 RY£ [0;1],

C(8) Z1
T (Y, 1) i Ty, t)j- — kA (s) | 4P (s)kgds.

t
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Remark 6.3. Note that we can associate to ead 2 Q (U,d) a Sym" (d)-valued countably additive
vector measuré,, 2 M ([ 0;1], Sym* (d)) by the following standard procedure. Givepa; b) ¥2[0;1],
de ne

°y([a;b)) ~ ¥Ab)i ¥Aa)
and then extend the measure, e.g., to all Borell subsetg 0f1] .

Theorem 6.1. Given U2 Sym' (d), we have

1. The setQ (U, d) is compact under the topology induced by the following norm
Z 1

Kk~ kv{t)kedt, %2 Q (U, d). (6.10)
0

2. The functionalQ YU, d) 3 7! f.,(0,0) is Lipschitzian and can be uniquely extended by continu-
ity to the whole Q (U, d).

Proof. 1. The topology induced by the norm (6.10) coincides with the topology o f weak conver-
gence of the above-de ned vector measures. Sinc& (U, d) is a bounded set, it is compact in
the weak topology.

2. This is an immediate consequence of Proposition 6.2.
O

In the next result, we summarise some results on the PDE (6.9) for the nm-discrete parameters, cf.
Proposition 6.1.

Theorem 6.2.

1. Existence. Assume that Q is inQ (U, d) and is piece-wise €. Assume also that x is ifQ (1, 1)
and is piece-wise continuous. Then the terminal value probld9) has a unique continuous,
piece-wise viscosity solutionyf 2 C([0;1] £ RY).

2. Monotonicity with respect to x. Assume @ Q (U,d). Assume also that ¥, x® 2 Q (1,1)
are such that XV(t) - x®)(t), almost everywhere for 2 [0;1]. Let fy,w and fy @ be the
corresponding solutions 0{6.9). Then fQ,Xu) . fQ’X(Z).

3. Monotonicity with respect to g. Assume g, g, : R | R satisfy Assumption 5.1 and also
0, - O almost everywhere. Letyf, fg, : RY£[0;1] ! R be the corresponding solutions d5.9)
with g = g1, g = 0, respectively. Thenf - f, .

Proof. 1. Due to the assumptions, the diffusion matrix Q(t) = *At) in (6.9) is non-negative
de nite. Applying [9, Proposition 8] to the PDE (6.9) successively on the intervalq X,; Xx+1),
where the Yzis continuous, gives the existence of the solutions in viscosity sersand, moreovet,
gives their continuity. Uniqueness is ensured by[ 12, Theorem 1.1].
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2. By the approximation argument (cf. Theorem 6.1), it is enough to assume that x(%, x(? 2
QY%1,1) and Q 2 Q U, d). Then Proposition 6.1 gives the existence of the corresponding
piece-wise classical solutions of (6.9): fQ,X(l), fQ’X(Z). These solutions are obviously also the
(unique) piece-wise viscosity solutions of (6.9). The comparison result [9, Theorem 5 and
the non-linear Feynman-Kac formula[ 9, Proposition 8] give then the claim.

3. This can be seen either from the representation (6.6) and an approximaton argument, or
exactly as in (2) by invoking the results of [9].

O

6.1 The Parisi functional

We consider now a speci ¢ terminal condition in the system (6.5) given in (5. 22).

Given%2 Q (U, d), let f,,: [0;1] £ R ! R be the value of (the continuous extension onto Q (U, d)
of) the solution of (6.5) with the speci ¢ terminal condition given b y (5.22). Following the ideas in
the physical literature, we now de ne the Parisi functional P (7, %,18) : R, £Q (U, d) £ Sym" (d) £
Sym(d)! Rinas
21 € S
x(t)d k¥q(t)k? ihU,uai. (6.11)
0

—2
P ( ,%nr)  f,0,0)] >
The integral in (6.11) is understood in the usual Lebesgue-Stiltjes €nse.

Remark 6.4. Note that the path integral term in(6.11) equals f(0,0), where f(t, y) is the solution of
(6.9) with the following boundary condition

xd
gy)” “hy,1i=" 'y, y2R%
u=1
Obviously Q Yd) is dense inQ (d).
Theorem 6.3. We have
p() - sup inf - P (",%n). (6.12)
u2sym* (d) 72Q AU.d)
02 Sym(d)
Proof. The bound (6.12) is a straightforward consequence of Theorem 5.1. O

6.2 On strict convexity of the Parisi functional and its variational repr esentation

In this subsection, we derive a variational representation for Parisis functional. As a consequence,
for d = 1, we prove that the functional is strictly convex with respect to the x 2 Q (1,1), if the

terminal condition g (cf. (6.9)) is strictly convex and increasing. This result is related to the

problem of strict convexity of the Parisi functional in the case of the SK madel.
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Let W " f W(s)gyr, be the standard RY-valued Brownian motion and let fF 2R, be the corre-
spondent ltration. De ne

U[t;T] fu:[t;T]! RYj uisfF tGi2r, Progressively measurableg.

Givenu2U [t;1], Q2 Q (U,d) and x 2 Q (1, 1), consider the following R%-valued and adapted to
fF {gor+ diffusion
Zse S10 Zee 5,
YQxUuty)(g) = yj x(s)Q(s) u(s)ds+ Q(s) dw(s), s2[t;1].
t t

Given some function g : RYI R satisfying Assumption 5.1, de ne fq , : RIE [0;1]!' Ras
2 Z, 3

1
fox(¥,t) " sup E4g(Y@*ut¥(1)); > ku(s)kads® . (6.13)
u2U [t;1] t

Proposition 6.3. Let d= 1. If g is strictly convex and increasing, then the function& (1,1) 3 x 7!
fo x is strictly convex.

Proof. We have

Zl€ _

5 z
S te
Y@xuty) ()= y; X9

S,_
2Ueds+ Q9 TIW(S).

t t

By an approximation argument, it is enough to prove the strict convexity for the continuous x;, X, 2
Q(1,1) (x4 6 x5). Forany ° 2 (0;1), we have

Z, - Zi,. o«
. o € Si=2 €  Si»
Y@Dardi ety (q) = X1t (1i °)xQ(s)  u(s)ds+ Q(s)  W(s)
Z - Z,, ' &
, € Si=2 . € 1=2
< x1Q(s)  u(s)dsi (1 °) XQ(s)  u(s)ds
21 t
l€ -

S,-
FAY W
t
° Y(QYXLULY)(]_) +(1j ° )Y(nyzvuyt,)')(l)1 (6.14)

where the strict inequality above is due to the strict concavity of the square root function. The strict
convexity and monotonicity of g combined with the representation (6.14) implies that (6.13) is
strictly convex as a function of x, since a supremum of a family of convex functions is convex. [l

Proposition 6.4. Given a piece-wise continuous X Q (1,1) and a Q2 Q (U, d) which is piece-wise
in C1(0;1), the function fox: RY£[0;1] ! R de ned by (6.13) is a unique, continuous, piece-wise
viscosity solution of the following terminal value problem

€ S
@f+§ hQ,r 2fi+ xhQr f,r fi =0, (y,t)2RYE (0,1),
f(y,1)= g(y).
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Proof. In a way similar to the proof of Theorem 6.2, we successively usg 12, Theorem 2.1] on the
intervals (X; Xi+ 1), Where the data of the PDE are continuous. O

Theorem 6.4. Assume d= 1. Suppose also that g satis es the assumptions of Propositiér8. For
any u?2 R, the generalised Parisi functional given b§.11) with f.,(0,0) corresponding to the terminal
condition g is strictly convex on Qu, 1). Consequently, there exists a unique optimising order parameter.

Proof. In 1-D, we can choose the coordinates such thaQ = Ut, on [0;1]. Consequently,Q~ U~

conston[0;1]. Hence, it is enough check the strict convexity with respecttox 2 Q (1,1). The result
follows by approximation in the norm (6.10) of an arbitrary pair of diffe rent elements of Q (U, d)
by a pair of elements of Q (U, d) and Propositions 6.1, 6.3 and 6.4. O

Remark 6.5. Due to the monotonicity assumption on g, Theorem 6.4 does not coves ttase of the SK
model, where the terminal value g is given b{.22).

6.3 Simultaneous diagonalisation scenario

In the setups with highly symmetric state spaces8 y (such as the spherical spin models off 23] or
the Gaussian spin models, see Section 8 below), less complex order pameter spaces a€Q(U, d)
suf ce.

Given some orthogonal matrix O 2 O (d), we brie y discuss the case22 Q jz4(U, O, d), where
Quiag(VU,0,d) "f %2Q (U,d) jforall t 2 [0;1], the matrix O%4(t)O" is diagonalg.

The spaceQ 4iag(U, O,d) is obviously isomorphic to the space of “paths” with the non-decreasing
coordinate functions in RY, starting from the origin and ending at u, i.e.,

Q(u,d) " f %:[0;1] ! RYj7H0)= 0;71) = u;¥(t) 1 TXs), for t - s Wis cadlagy,
where u= OUO" 2 RY. The isomorphism is then given by

Q(u,d) 3 %7! O%0" 2 Q 4iag(U, O, d). (6.15)

7 Remainder estimates

In this section, we partially extend Talagrand's remainder estimates to the mutidimensional setting.

Due to Proposition 5.2, to prove the validity of Parisi's formula it is enough to show that all the
L terms in (5.30) almost vanish for the almost optimal parameters of the optimisation problem in
(5.16). This can be done if the free energy of two coupled replicas of the gystem (7.3) is strictly
smaller than twice the free energy of the uncoupled single system (5.4), £e inequality (7.2). How-

ever, the systems involved in (7.2) are effectively at least as complex astte SK model itself. In
Section 7.2, we again apply Guerra's scheme to obtain the upper bounds on{.3) in terms of the
free energy of the corresponding comparison GREM-inspired model. One nght then hope that by a
careful choice of the comparison model one can prove inequality (7.2). In Secticns 7.3 and 7.4, we
formulate some conditions on the comparison system which would suf ce to get inequality (7.2),

giving, hence, the conditional proof of the Parisi formula, see Theorem7.1.
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7.1 A suf cient condition for ', -terms to vanish

In this subsection, we are going to establish a suf cient condition for the measures! , to vanish.
This condition states roughly the following. Whenever the free energy of a certain replicated system
uniformly in N strictly less then twice the free energy of the single system, the meagre t | vanishes
in N! +1 limit (see Lemma 7.2).

Keeping in mind the de nition of * (cf. (5.28)) and of the Hamiltonian H,(%, ®) (cf. (5.3)), we
de ne, for &Y, @3 2 A K the corresponding replicated Hamiltonian as

HO (D, %2, @D, @) Hy(%D, @)+ H (342, ). (7.1)

Remark 7.1. We note here that the distribution of the Hamiltonian H(k, %%, %{?)) depends only on
k and not on the choice of the indice®®,®2? 2 A 2k,

Remark 7.2. The superscrip(2) in (7.1) (and in what follows) indicates that the quantity is related
to the twice replicated objects.

De ne
A @k g (@D @)2A ?2:q (@Y, &)= kg
Additionally, for any V %2§(B(U,"))? and any suitable Gaussian process,
fREEFY, %2 eV @?) : %D 9 2 5,61 & 2Ag,

we de ne the local remainder comparison functionaas

h ZZ 2z ,
(2).k,x 1 1P = ©
eV [F]* —E log exp ~ NFFD, %2 b, @)

N vV A@Kk i

dr - ND)dr - N (342)dy» (@) d» (@) . (7.2)
De ne
2 2 kh 2i

" Ok, t,x,Q V) P HP (7.3)

Lemma 7.1. Recalling the de nition (5.4), for any V %2 §( B(U,"))?, we have
" Ot x,Q V) - Pkt x,Q8(B(U,")A) = 2' n(t,%,Q,8(B(U,")). (7.4)

Proof. The rst inequality in (7.4) is obvious, since the expression under the integral in (7.2) is
positive. The equality in (7.4) is an immediate consequence of the RPC aveaging property (5.27).
O

In what follows, we shall be looking for the sharper (in particular, strict) versions of the inequality
(7.4) because of the following observation due to Talagrand[30].
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Lemma 7.2. Fix an arbitrary V ¥ § (B(U,"))2. Suppose that, for som&> 0, the following inequal-
ity holds

" O, t,x,QV) - 2 (1, X,Q,En(BU,")) i " (7.5)

Then, for some K> 0, we have

(V) Kexp j

Xl z

Proof. The proof is based on Theorem 2.2 and follows the lines off 21, Lemma 7]. O

7.2 Upper bounds on ' @: Guerra's scheme revisited

In this subsection, we shall develop a mechanism to obtain upper bounds a ' ® de ned in (7.3).
This will be achieved in the full analogy to Guerra's scheme by using a sitable Gaussian comparison
system.

Given U 2 Sym* (d), we say thatV 2 R% ¢ is an admissible mutual overlap matrix for U if
™

U

. +
U™ e 2Sym'(2d). (7.6)

Furthermore, de ne

V(U) " f V2 R%9:Vis an admissible mutual overlap matrix for Ug.

Hereinafter without further notice we assume that U 2 Sym* (2d) has the form (7.6), where V is
some admissible mutual overlap matrix for U.

LetQ 2 Q (U,2d). Letx f x 2 [0;1]gL, be the “jump times” of the path % We assume that the
“times” are increasingly ordered, i.e.,

O=X%<X<...<X%<X%+1-= 1
Consider the following collection of matrices
Q' f Q" Qx) % Sym" (2d)g ;.
We obviously then have
0=Q@WAQWA . . AQMAQMY =y, (7.7)

Such a path Q induces in the usual way the “doubled” GREM overlap kernelQ “ f Q(&®,@?) 2
Sym' (2d) j &Y, @2 2 A g, de ned as

QY @?) " Q(qL(®‘1’ @2y
We also need thed £ d submatrices of the above overlap such that

Qin(®,@2)  Qjr(@h,®2) 78
Qira(®Y,82)°  Qpy(®D,8) - |

M

Q&M @?) =
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€ Sy
Remark 7.3. For %V¥{2 2 §,, we shall use the notatior#/{% q%(z) 2 R? " to denote the vector
obtained by the following concatenation of the vecto#&?) and 342

N
D qv® vYyP 28§ BRY

=
Let us observe that the process
©
x(2) - X(Z)((,) = XYY+ X(FD) j ¢ = %D q¥?; vV 9 2 §

is actually an instance of the 2d-dimensional Gaussian process de ned in (1.1). Hence, it has the
following correlation structure, for ¢1,¢22 §2,

”

Cov X@(1), XD (2 = kRA (¢ ¢HK2.

The path % mduces also the followinggtwo new (independent of everything before) comparison
processY? ~ " Y@(®) 2 R2d j®2A , , with the following correlation structures

Cov Y(Z)(®(1)),Y(2)(®(2))_= Q(ED, @) 2 Syn* (d).

As usual, Ietf\(i(z)gi’\'=l be the independent copies ofY(?. For the purposes of new Guerra's scheme
we de ne a GREM-like process (cf. (1.17))

A2 = A2 ®): ¢ = Y q¥? %D %2 2 8§ ®2A g

as
1=2 XN 5
h(®), ¢.i-

2
AD(,®)  —
N .

i=1
We x some t 2 [0;1]. We would now like to apply Guerra's scheme to the comparison functional
(7.2) and the following two processes

1P

n (0]
Ht(z)( 1,92 @) T TIA@ (7D gy ®)

YD 7258 @24 YD Y228 @2A

These two processes are, respectively, the counterparts of the paessesX(¥2) and A(¥, ®) in Guerra's
scheme.

Consider a path® 2 Q (U, d) with the following jumps
0=V AeMA. . AeMAe™D,
' ©
Let R~ A(3/4, ®):%28\;®2A ,, be a Gaussian process (independent of all random objects
around) with the following covariance structure

E AFY, A% @) = 2mR(¥AY,%2)), @@, &f?)i.
For notational convenience, we introduce also the following process

B (D qv@ @D, @) RFD, @)+ R, @), (7.9)
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Recalling the replicated Hamiltonian (7.1) and following Guerra's scheme, we introduce, for s 2
[0;1], the following interpolating Hamiltonian

H'E?s)(syA(l)’:.y4(2),<@(l),<@(2)) . stx(Z)(s/(l) 3 (2))+ (1i S)tA(Z)(e/(l) (2),®(1))
+ "It 1 tADHD q¥?, @D, @?). (7.10)
Given",+£ > 0andL 2 Sym(2d), de ne (cf. (5.8))
VAL, U, £) f W02 Sym'(2d) i kWP Uke<" ,h% U Li<+g

We consider the foIIowing set of the local con gurations
0
§O(L,u," 1) (/1> Y{2) 2 8 £ § : R qv?, %D qui?) 2v O(L,U,",+) . (7.11)

Note that 8 f\lz)(L, U,",+) %28\ (B(U,"))2. We consider also the RPG = 3 (x) generated by the vector
x and, for any suitable Gaussian process

F f FEAY, %2 e, @) j D %2 2 8 ;e & 2A g,
de ne the corresponding local comparison functional (cf. (7.2)) as follows

ho ZZ 2Z ,

1 _p— ©
—E log exp — NFED, %, ®<1> @)
N Vv A 2k

17 N Dydr - N34 ds (@) ds ®(2))

©§/2),k,x[ F°

De ne the corresponding local free energy-like quantity as (cf. (5.4))
h [
A(st,k,xQ,8,82(L,u,",+) (;()Z)kfu . H? (7.12)

To lighten the notation, we indicate hereinafter only the dependence of A on s. Denote

Lemma 7.3. There exists G C(8) > 0 such that, for anyU as above, we have

E@SA(s,t,k xQ,8,8P(L,u," %) i BQ+cC, (7.13)
Consequently,
h
(2) @ " (2).kx P =@ /3/1) q3/(2) @1
v (K EXQE(LUTE) - O "L tA@ (Y qv? & >i)
+ 1 tAYFY q7@, @D, @@) | B+ C". (7.14)

Proof. The idea is the same as in the proof of Theorem 5.1 and is based on Propd@fon 2.5. Since
we are considering the localised free energy-like quantities (7.12), the variance terms induced by
the interpolation (7.10) in (2.14) cancel out (up to the correction O(")) and we are left with the

non-positive contribution of the covariance terms. O
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GivenL 2 Sym(2d), we consider the following stencil of the Legendre transform
2Z2 Z7Z

1 p_
©2KXLF] “ih L,Uij B*?+ —E[log expf pNF(%(l),3/4(2),®(1),®(2))
N 83 A @k

+ (%Y qvd), v qvd?ig
ot Ny V@) d @) (@) . (7.15)

De nition 7.1. Let F: Sym(2d)! R. Given+ > 0, we callL(®) 2 Sym(2d) +-minimal for F, if

Fe©@). inf F(e)+ +.
( ) a2 Sym(2d) ( )
Lemma 7.4. There exists G C(8) > 0 such that, for all U and Q 2 Q YU, 2d) as above, all',+ > 0,
there exists at-minimal Lagrange multiplier L = L(U,",+) 2 Sym(2d) for (7.15) such that, for all
k2[1;n]\ N,allt 2[0;1], and all (x,Q), we have

CO(k Q8L U 1) - inf @@kt PEaA@ @0 g3 @
N ( L] ) 1Q1§N( 3 ’ ’—)) |_2$ym(2d) (4 q 4 li )
T A (U qvi, @, 02
+ C(" + ). (7.16)
Proof. The argument is the same as in the proof of Theorem 1.1. O

! ©
Consider the family of matrices® © ' € 2 Sym*(2d)j1 2 [0:n+ 1]\ N , de ned as

o0 e @(I)TM

for 2 [0;K]\ N, and as
_ ™
(h (k)
o &7 @
Q ok e - (7.18)
for 1 2 [k+ 1;n+ 1]\ N. Additionally we de ne, for |2 [0;n+ 1], the matrices
0O(t)” tQ+(1i v)e.
Let B 2 R2922d for | 2 [0; %, be independent Gaussian vectors with
Cov B =272 ™+ D(t); bWty .
Given g 2 R?9, L 2 Sym(2d), consider the random variable
Z Z
X2 (,x8(t),L) " log exp hig, 74D q74?i + i (7Y qw?), 74D q3lDi dt (34V)dr (342).
§ 8
(7.19)
De ne recursively, for 1 2 [n;0] \ N, the following quantities
h i
1
X2 kx 00,07 ogE® exp x X7 (5 + BV kx@O(W).L) (7.20)
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Lemma 7.5. We have
h [
@@ kxL pfA(Z)(%(l) q¥®, @y + P 1; tAFY qv?, D, @)
= ih L, Ui + X0, 80 (1),L). (7.21)
Proof. This is an immediate consequence of the RPC averaging property (5.27). O

Proposition 7.1. Under the conditions of Lemma 7.4, we have

C Ak, 1,%,Q,82(L,U,", 1)) - dlf LU X2(0,%0(1),L) | B+ C(" + 1),

Remark 7.4. Similarly to (5.15), there exists G= C(§,1) > 0, such that, for anyL 2 Sym(2d),
C @k, t,x,Q,8P(BU,") -ih L Ui B+ xP(0,x8(1),L) + CkLk".

Proof. Immediately follows from Lemmata 7.4 and 7.5. O

7.3 Adjustment of the upper bounds on ' @
Proposition 2.1 implies that there existsr 2 [1;n] \ N such that
kQU DkZ < kvk2 < kQ(KZ. (7.22)

Assumer = k. (Other cases are similar or easier as shown for 1-D if 30].) We make the following
tuning of the upper bounds of the previous subsection. Setn” n+ 1. Letw 2 [x,; 1=2; X;]. De ne

8
<3, 12[0ki 1]\ N,
X oxw) " ow, 1=Kk, (7.23)

X, 2[k+1;n+ 1]\ N.
Let

(
QM. 12[0:kj 1]\ N,

e
QUiY 12 [k;n+ 2]\ N.

Moreover, supposeQ " f Qg 2 satisfy

1=0
8 |
 4kQKZ, 12[0;ki 1]\ N,
kQWKZ = 4kVKZ, | = k, (7.24)

2 kQUiDK2+ kK2 , 12 [k+1;n+ 2]\ N,

SuchQ exists due to (7.22). Moreover, if d , 2, then it is obviously non-unique.

Lemma 7.6. In the above setup, we have

X g So
x, kQU k2 ik QK2

I=1

~.n € S
B 72 (wi x;4) kQWKZik VKZ +
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Proof. The claim is a straightforward consequence of (7.23) and (7.24). O

De ne the matrix D(™% 2 Sym" (2d) block-wise as

DM Yjy " TA(UT QM Vi) + TA(Li (Ui QM)+ Ly,
D™D, " T2(Vi QM V) + Lig,
D™Dj, "~ T2t(Vi QM)+ Li,,
D™ Y5, " AU QM Vi) + TA(Li t)(Ui QM)+ Lig.

Furthermore, we de ne
™

=21 A
+ (n+1) - (Ui QM)+no 0
Sym (2d)3 B 0 _Z(Ui Q(n))er
Lemma 7.7. We have
Z Z
X (,k,x0(t),L) " log exp hip, %D q7@i + DM (D qvi?), %D qvd?i
§ 8

£ dt (¥Y)d (%2).

Proof. Sincex,.» = 1, the result follows from a straightforward calculation of the Gaussian integrals
in (7.20) for 1 = n+ 1. O

De ne

™
)
e o 0 e L(Jk) <
0 u ok U

Lemma 7.8. Forany y2 RY,12[0;n+ 2]\ N, we have

2Xy;1(y, %, Q,U,m), 12[kin+ 2]\ N,

(2 ; —
X7y ay, x(w), @, B)jy=x, , = 2%(y.x,Q.U.3),  12[0:ki 1]\ N.

Proof. A straightforward (decreasing) induction argument on | gives the result. Indeed: forl = n+ 2,
an inspection of (7.19) and (1.9) immediately yields

XA, (y® gy @ x(w),,8) = Xor 1 (¥, x,Q,U, )+ Xoy1(y?, x,Q, U, 5),
where yM, y( 2 RY, et () be a Gaussian 2I-dimensional vector with

h o i
cov 2" =272(@"V; e).

De ne two Gaussian d-dimensional vectors 2():* and ()2 by demanding that

Z(l) — Z(I)’l qz(l),Z_
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Due to (7.17) and (7.18), the vectors B():* and ()2 are independent, for | 2 [k;n+ 1]. We have
g1y 22 for | 2 [0;ki 1]. Assume thatl 2 [k;n+ 1]\ N and

X® (y® qy@ xw),©,8) = X (y?,x,Q,U,m) + X (y?,x,Q,U,5).

By de nition (7.19), we have

h i

1

X (y® qy® k,x ©,B) = 2'0952(') exp x X2 (y® qy@+ B0 k,x©,L)
h

1 n
—logE®” exp x X(y®+ 2" x,Q,U,n)
| .
(0]]
+ X (y?+ 802 x Q,u,n)

X 1(y®,x,Q,U,8)+ X, 1(y®,x,Q,U,n).

By the construction and previous formula, for | = kj 1, we have

xl((IZ)l(y(l) q y(2)1 k! X1 @’ E)JW: in 1

X (y® qy®@ k,x ©,E)
X 1(yP,x,Q,U,m) + X, 1(y?,x,Q,U,5).

Finally, for 1 2 [0; kj 2], we recursively obtain

h i
. 1 0) .

XP(y® qy® k,x Q@ B)ju=x, , = o9 EE” exp X2 (y® qy® + B k,x @, L)ju-x, ,
2 (|),1h n X
C10gEFT exp = Xy (yW+ B x,Q, U, )

| .

(0]]

+ X1 (y®P + 201 x,Q, U, 1)

2X,(y®,x,Q,U, 1),

O

Remark 7.5. Motivated by Lemmata 7.2 and 7.8 (see also Section 7.4), we pose the foltgy problem.
Is it true that, as in 1-D (see[30; 21]), there existsQ 2 Q YU, 2d) satisfying the assumptior(7.24)
such that the following inequality holds

Lodf g LU+ Xg (0, X(W), (1), L)jw=x,, ,

?

.2 inf  jho,Ui+ Xy(0,%x,Q,U,n) ? 7.25
L 0(0,x,Q ) (7.25)

Similar problems have at rst been posed if33]. The resolution of the above problem seems to require
more detailed information on the behaviour of the Parisi functiona{6.11) or, equivalently, of the
solution of (6.9) as a function of Q2 Q (U, d) .

7.4 Talagrand's a priori estimates

We start from de ning a class of the almost optimal paths for the optimisati on problem in (6.12).
Recall the following convenient de nition from [21].
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De nition 7.2.  Given U2 Sym" (d), we shall call the triple(n,%",a") 2 N£Q %(U,d) £ RY a p-
optimiser of the Parisi functional(6.11), if it satis es the following two conditions

P(,%, ", inf o P ( ,%0)+ M. (7.26)
¥2Q YU, d)
a2 Sym(d)
P(,%, "= inf - P (,%n). (7.27)
¥2Q 5(U,d)
a2 Sym(d)

Remark 7.6. It is obvious that for anypy > 0 such ap-optimiser exists. The main convenient feature
of this de nition (as pointed out in [30]) is that n (the number of jumps of%2”) is nite and xed.

Recalling (5.13), we set

) 2 X
AR () ih U,mij —

€ S
5 x kQ T DkZik QMKE + Xo(x,Q,U, ). (7.28)

k=1

Under the following assumption (at rst proposed in 1-D in [30]), we shall effectively prove that
remainder term almost vanishes on thep minimisers of (6.11), see Theorem 7.1.

Assumption 7.1. LetU2 Sym" (2d) be de ned by(7.6). We x arbitrary t 52 [0;1),"> Oand+ > 0.
There exists K= K(tg,",+,U) > 0, u(tg,",%,U) > 0, and Ny = Ny(tp,",%,U) 2 NandL" 2 Sym(2d)
with the following property:

If (n,%2,2") is ap-optimiser, for somau 2 (0; U(ty,",*,U)], then uniformly, forall t 2 [0; tg), N > Ny
andallk2 [1;n]\ N, we have

re o o 1
C @k, 1, x%,Q% 8 (L% U, 1)) - 2A0RT (4 RkQ"(")i VI + C(" + ). (7.29)

Remark 7.7. The validity of the above assumption for general a priori measures is apen problem.
However, in the particular case of the Gaussian a priori distributiorhe assumption is indeed effectively
satis ed. See Section 8 and Theorem 8.1, in particular. This gives a qaete proof of the Parisi formula
for the case of Gaussian spins.

Remark 7.8. If the bound(7.25) holds then Lemma 7.6 with w= X, 1 would imply that
? e o o o
C O LERLE U ) - 2A0C70 (1) + (" + 1), (7.30)

The above inequality would then be a starting point for the a priori estimagein the spirit of Tala-
grand [ 30] which might lead to the proof of Assumption 7.1.

7.5 Gronwall's inequality and the Parisi formula

Theorem 7.1. Suppose Assumption 7.1 holds.
Then we have

lim py( )= sup inf - P (,%n).
N"+1 U2sym* (d) ¥2Q AU,d)
22Sym(d)
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Proof. The proof follows the argument of [30] (see also[21]) with the adaptations to the case of
multidimensional spins. The main ingredients are the Gronwall inequality and Lemma 7.2. Theo-
rem 5.1 implies that

lim pn() - sup inf P (,%mn).
N"+1 u2sym* (d) ¥2Q AU.d)
a2 Sym(d)

We now turn to the proof of the matching lower bound. As in the proof of Theorem 1.2, it is enough
to show that

lim Ilim ' y(1,%,Q,B(U,")) , inf - P (,%0n). (7.312)
"H#+ON"+1 2Q YU, d)
a2 Sym(d)

1. We x an arbitrary U 2 Sym" (d). Fix also somet 2 [0;1). By Assumption 7.1, we can nd
the corresponding u(tg, V, U) > 0 with the properties listed in the assumption. We pick any
12 (0; u(tg, V,U)] and let (n,%",2") be a correspondentp-optimiser. Note that, by de nition
(7.28), we have

AR (1) = P (7,4, U,8")
and, by De nition 7.2,

JACCRTEN () inf P (T,%U,0)j- M. (7.32)
¥2Q %(U,d)
o2 Sym(d)

2. We denote
¢ (1) ACTRTTI() 1 (X, Q% B(U,")).
Note that, due to (5.12), we obviously have
¢n(t),i C. (7.33)
De ne
e(t)” NI|i|r+nl ¢ ().

The de nition (7.28) and Theorem 5.4 yield

1N1 ”

d —_
FOND 5 (Kexi 3t kRy(D, %91 QWi + ¢, (7.34)
k=0

3. Letus setD” supy,g k¥k,. We note that, for any %, %2 2 §, we have
R¥Y, %) 2 [ D?; D?]%4.
Given the constantK from (7.29), for any c¢> 0, we de ne the set
|

O, (3D, %) 2 8 (BU,") 2 kREFD, %) i QK2 2K ¢ (1) + ¢
(7.35)
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It is easy to see that by compactness we can nd a nite covering of § E\lz)’k(u, ") by the neigh-
bourhoods (7.11) with centres, e.g., in the corresponding set of admissible overlap matrices

n (0]
ViU, REAY, %Yy 2 [ D% DA (7D, %) 2 8P, )

That is, there exists M = M(",£) 2 N and the nite collections of matrices fV(i)gi'\ﬂ1 Y
v{(U,m) and fU(i)g!, % B(U,")\ Sym* (d) such that

M
§§,2)"‘(u,")1/2[ s (L), U(i),", +), (7.36)
i=1
where
u(i) \b’n((ii)) \JE:; 2 Sym* (2d),

and L°(i) is the corresponding +-minimal Lagrange multiplier.

. Giveni 2 [1; M]\ N, let (n(i), x"(i),Q"(i), 2 °(i)) be the corresponding toU(i) p(i)-optimisers.
Due to Lipschitzianity of the Parisi functional (Proposition 6.2) and th e fact that U(i) 2 B(U,")
we can assume thatn(i) = n. Using the bound (7.29) and the de nition (7.35), we obtain

' (NZ)(kvt’XF'Q?,§K2)(L°(i),U(i),",t)) . 2ACMQMR) (1) ; %kQ(k)i V(K2 + C(" + )
C 20 (6 X% Q% B(U,M) i e+ C(M + #),

where the last inequality is again due to Lipschitzianity of the Parisi functional (Proposi-
tion 6.2) which allows to approximate functional's value at (x°(i),Q"(i),2"(i)) by the value
at (x",Q"% a") paying the cost of at mostC". Choosec> C(" + +). Then Lemma 7.2 implies
that there exists L = L(",%,c) > 0 such that

1 2/ o " N
k §N (L uU; ’i) . LeXp i I
Therefore, the inclusion (7.36) gives
2Ky w N
e 8 (UY) - LMexp T (7.37)

Hence, for eachk 2 [1;n] \ N, we have

h [
1 KRy (¥, %) Q(k)ké

i
L KRy (%D, %) | Q"‘)k§1§ﬁ),k(ul..)(%(1),3/4(2))
h
# 1y KRy, %42 | QRIE 17 140

<

(U,”)(%(l) 1 ?/4(2))

S+ L (7.38)

For all (%, %) 2 §(B(U,")2n&§ P (U,",+) , we have by de nition

kREIAD, %) | QWKkZ< 2K ¢ \(t)+ ¢ .
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Therefore, using Remark 5.4, we arrive to
- 2K ¢ () + c . (7.39)

The bound (7.37) assures that

N

L

|- LMexp j (7.40)

. Combining (7.39) and (7.40) with (7.38) and (7.34), we obtain

d N
a(t n(t) - 2K ¢ (t)+c + LMexp j T + C(" + ).

Hence,

:I—t (¢ n(t)+ c)exp(i 2Kt) = exp(i 2Kt) O?—t(¢ n(D+ )i 2K(¢ (1) + o)

d N
Cexp(i 2Kt (LMexp = +C("+ %) .

Integrating the above inequality and noting that due to (5.12) j¢ \(0)j- C", we arrive to
N
¢ (D) + c- (C"+ c)exp(j 2Kt)+ LMexp T

+ C(" + £)(exp(i 2Kt) | 1)+ C(" + £).

Passing consequently to the limitsN " +1 ," #+0, + #+0 and nally c# +0 in the above
inequality, we get

lim¢(t)- 0, forall t2][0;tq].
"#+0
The existence of theN " + 1 limits is guaranteed by the general result of Guerra and Toninelli

[19]. The limits " # +0, = # +0 exist due to monotonicity. Finally, combining the above
inequality with (7.33), we get

lim ¢(t)=0, forall t2]O0;ty]. (7.42)
"#+0

. Now, it is easy to extend the validity of (7.41) onto the whole interv al [0;1]. Indeed, due to
the boundedness of the derivatives of  and A, we have, for any t 2 [0;1],

Zld
¢ (1) - — ¢ (t)dt
o dr M
ZtO Zl
= + —¢ y(t)dt
St @t
0 — —
A -

d -
¢ n(to)i ¢n(0) + _aq: n(t)—dt
to

- ¢ n(to)+ L(1§ to). (7.42)
Passing to theN " +1 limit, applying (7.41), and thento ty! 1 limitin (7.42), we get

lim ¢(t)=0, forallt2][0;1].

"#+0
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7. In particular, the previous formula yields
0= lim ¢(1)= AR (1) lim ' \(1,x% Q% B(U,")).
Jim ¢(1) (D) Jim " (L x%,Q% B(U,")
Note that * (1, %,Q,B(U,")) does not depend on the choice ofx and Q. Hence, by (7.32),
we obtain
jlim ' (1, x%,Q%B(U,") i inf P (,%UmB)j- p.
"#+ 0 12Q YU, d)
a2 Sym(d)

The proof of (7.31) is nished by noticing that the p can be made arbitrary small.

8 Proof of the local Parisi formula for the SK model with multidimen-
sional Gaussian spins

In this section, we prove Theorem 1.3. The rich symmetries of the Gaussiara priori distribution
allow rather explicit computations of the X, terms (see (1.11)). This allows us to prove that the
analogon of Assumption 7.1 is satis ed, implying the Parisi formula for t he local free energy (Theo-
rem 1.3).

Remark 8.1. The case of Gaussian spins is very tractable due to the (unusually) gegohmetry (i.e.,
the rotational invariance) of the Gaussian measure. Therefore, it is insurprising that in this case the
calculus resembles the one for the spherical SK model[ 28; 29].

We start from the estimates under a generic (i.e., no simultaneous diagmalisation, cf. Section 6.3)
scenario.

8.1 The case of positive increments
Let, for k2 [O;n] \ N,
¢ Q(k) . Q(k+ 1 i Q(k).
, i Chia
We de ne, for & 2 Sym(d), a family of matrices DI’ 2 R%¢ " _ "as follows
D(n+1) - C,
and, further, for k2 [0;n] \ N,

X0
DM Ccijmj 272 x¢Qh, (8.1)
I=k

We assume that the matricese and C are such that, forall 1 2 [1;n+ 1]\ N, we have
DM A o.
We need the following two small (and surely known) technical Lemmata which expl oit the symme-

tries of our Gaussian setting. We include their statements for readets convenience.
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Lemma 8.1. Fix some vector 2 RY and a Gaussian random vector 2 RY with Varz= Ci 1 2 R94£d,

Then we have

2=

€ J—
EZ exp(lz,hi + % %) = det C(Cj n)il

1- o T
£ exp > (Cj =)' *h,h

Proof. This is a standard Gaussian averaging argument.
O

Lemma 8.2. For a positive de nite matrix ¢ Q 2 Sym(d), let z» N (0,¢ Q). We x also another
positive de nite matrix D 2 Sym(d) such that¢ Q' 1 A DI 1.
Then we have

1 - € ” . _V _
E? exp DI Yz+h)z+h = det D(Di ¢ Q) P12

Z
1 .
£ exp -hDj ¢Q)ih,nhi
Rd 2
Proof. This is a standard Gaussian averaging argument. See, e.g[.29] for an argument in 1-D.
O

Now we are ready to compute the term Xq(x,Q,U, =) (see (1.11)) corresponding to the a priori
distribution (1.26) in a rather explicit way.

Lemma 8.3. We have

, ¢
1 (O7i 1 ¢Q(O) H:D(l)]l 1h hi X 1 | detD('+1)
Xo(x,Q,U,m)= = HD : i+ i+ —log ————
o(x.Q,U,m)= = DY %9 erom
Proof. 1. We start from computing the following quantity
|
VA 0 :
X1 log  exp WO % + 3% db (3), (8.2)
Rd =0
where Y{) 2 R® are independent Gaussian vectors with variance
var YO = 272¢ 00,
We denote
X
A" h+ Y,
=0
Lemma 8.1 gives
! .
Z )Q'] | - - € ” . 1_$=2
exp h® % + 3% di (3%)= det C(Cj m)!
RY I=0

1- _ il
£ exp > (Cj =)i '@, 8
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2. Next, we de ne, for 1 2 [0;n] \ N, recursively the following quantities

o1 v
X X—IogEI exp X Xj+1
[

Applying the Lemma 8.2 to (8.2) recursively, we obtain
1 € S 1
Xy~ EI‘[( DIt YO+ 1 YO+ hj+ > % log —— . (8.3)

Recall that we have

1
= i — Yo
Xo XI!lm+0 ~ logE™ exp xX;

=E% X, (8.4)
and note that

E% HDD] YO + h), YO+ hi = 272{DD]i L, ¢ QOi + HDW]i th, hi. (8.5)

Hence, combining (8.4) and (8.5) with (8.3), we obtain the theorem.

8.2 Simultaneous diagonalisation scenario

In what follows, we employ the simultaneous diagonalisation scenario introduced in Section 6.3.
Suppose that, forl 2 [0;n+ 1] \ N, and some matrix O 2 O (d), we have

D - Oﬂd(|)o’
where the vectorsd(") 2 RY, for | 2 [0;n] \ N, satisfy
0AdMAq+D,
That is, the vectorsd(") are (component-wise) increasingly ordered and non-negative.

Lemma 8.4. We have
I

1 272+ p2 X g g+n "~
X(x,QUm= >  ——o—+ —log — ,  (86)
2v:1 dv =1 Xi dv
22X € S - € S
5 X kQM UKZik QWK = —  x kg™ VK2 ik K3 . 8.7)
k=1 k=1

Proof. This is a standard argument which relies on the standard invariance properties of the deter-
minant and the matrix trace.

O
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De ne the 1-D Parisi functional for the case (1.26) as

2_2q(1) + h2 Xn 1 ! d(|+1)GE
1 - - —_
X g S
i 2 x [d™P1%5 g2 (8.8)

=1

Proposition 8.1. There exists G C(8) > 0 such that, for all u 2 Rf and all ", £ > 0, there exists
an +-minimal Lagrange multiplier | = _ (U,",+) 2 R% in (1.12) such that, for all t 2 [0;1] and all

(x,%2), we have
|
> !

1
@ NV (2, U7 8)) - S inf P (,,y) +C("+2) (8.9)
2, v=1

and |

1 xd Z4 '

lim pny(8 N(B(U,™))) , = inf P (*4,, )+ lim R(t,x,Q,8y(B(U,"))) dt

N"+1 2 %, V=1 N"+1

+ C(" + ). (8.10)
Proof. We combine (8.6) and (8.7) and the Proposition 5.2 to get (8.9) and (8.10). O

8.3 The Crisanti-Sommers functional in 1-D

In this subsection, we adapt the proof of[ 29] to obtain the equivalence between the (very tractable)

Crisanti-Sommers functional [ 11] and the Parisi one (8.8) in the case of the Gaussian a priori mea-
sure (1.26). Similar ideas based on the symmetry of the a priori measure wee exploited in the case
of the spherical models by[4; 23].

We restrict the consideration to 1-D situation for a moment. Givenu , 0, consider¥22 Q r?(u, 1),

2 R,h2 Rand let fd!) 2 Rg™ ! be the scalars playing the role of matricesD(") (cf. (8.1)). That

is,

X e S
dV7ci i 272 x gV g,
d™h - ¢,

We de ne, for k2 [1;n]\ N, the family of vectors fs®) 2 Rig'_ by

€ S
sk - x, q*Yi g . (8.11)
1=k

We also de ne the Crisanti-Sommers functional as follows

24D v M1 - = : ONE
CS(*»  1j cu+h + —+ —log +log c(ui q')
e L X S+
X g S
72 x [P 19012 (8.12)

=1
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Lemma 8.5. If (¥, ) is an optimiser for(8.8), that is,
P(%,)= inf P (2,9,
(,)= nf, P (.9
then, for all k 2 [1; n] \ N, the pair (%, ) satis es

Ki1 1 1

hr27%q® XP1o1 0 1
x, dO' g0+

(k) =
q [dD12

Moreover,
,=cCi 272(ui g™y (ui g™yt

and, forallk 2 [1;n] \ N, we have

1 1 € S
- .~ _ 92 (k+1) . ~(K)
oD | s(k)_z Xk 9 i a
and also
o 1
d®"

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

Remark 8.2. In the formulation of the theorem (as well as elsewhere), it is implicithat d(®) =

d® (s, ) and K = K15 ).

Proof. 1. Rearranging the terms in (8.8), we observe that
272qW+ 2 X 1 1
P,9= ,u+ q—1+ logd” —— — + —logd™Y;
d( ) =2 Xli 1 X| Xn
o -
i 70X €[q('+1)]2i [q(')]zs-
=1
We compute, fork,l 2 [1;n]\ N,
8
0 k<l
(|) < 1 L]
@l _ 272Xy, | = k,

@® T

272 Xyei X1, k>

1
—logd®
X1

(8.18)

(8.19)

Using (8.19) and the representation (8.18), we compute the necessary condition for (q,, )

satisfy (7.27), for k2 [2;n] \ N,

@ _ 2724+ p2 K1 g 1
0= P(a,.)=2"2 Xi X1 4i — — —
@(k) | [d(rl,\),.]z =2 d® X1
+ r 1 +
A%, 1 xad® K
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We also have (fork = 1)

2 d® € 1) + K2 3
i +
0= @1P(q,>): 2724 - 1q2 i X11 + x5
@® , [dé )] x,d@
2, 441 . qt + h?
= X]_ q | [d(l)]2 (821)
Relations (8.20) and (8.21) then imply (8.14).
. Using the fact that
0]
we obtain
@ o h2e2gd X111

Applying (8.14) with k = nin (8.22), we obtain that the necessary condition for , to satisfy
(8.13) is as follows

@ 1 1 1
- = (n) JE— R
0 @ ,P (qt, ) i ut q + X, d(n) | d(n+ 1)
€ B 5,
=iurds o= iur g ei i 27%ui d) (8.23)

which implies (8.15).

. Relation (8.16) is proved as follows. Subtracting the relations (8.14), we obtain, for k 2
[L;inj 1]\ N,

€ S 1 1
k+1) . (k> _ .

By (8.23), we have

1

S
"D g™ =Ui¢m:dm'

€(
Xn Q

(That is, (8.24) is valid also for k = n.) Combining the previous two relations, we get, for
k2[1;n]\ N,
1

(k) = _—_

s Ok (8.25)
Using (8.25) and (8.24), we_get

€ S
2—2Xk q(|<+ 1) i q(k) = gk+1) i d®

(by (8.24)) = d“*”d“oxk€qw+ni qaoS: d“*”d“)€§”i LoD
11

(by (8.25)) = mi @

which is (8.16).
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Lemma 8.6. If %2is an optimiser of(8.12), that is,

CS (W)= inngS (%),
1/

then, foralll 2 [1;n] \ N, (8.16) holds.

Proof. The strategy is the same as in the previous lemma. We rearrange the summands if8.12) to

get

gP  logs) logsm X
-+ i +
s X1 Xni 1

CS () =h?sY +
|=

€ S X € S
+log c(ui g™y +72  x [q"*V1% [qV1% .

We have, fork,l 2 [1;n]\ N,

@(I) <
=0 Xk k =
@(k) :

1. Relation (8.27) implies, for k2 [2;nj 1]\ N,

(€]

1

2

@ q
®(k)CS () =h2(X 10 Xk) i W(in 10 X))+
+N1in1ixk 11 X
o O x xS
+ 27290 x 10 x¢ = 0.
Hence,
1 M 1
2729 = h*+ q(l)zi 11+ - i | iI
(912" X s xS0 D
TR o S B
| [5(1)]2' |:1X_| FOR
2. To handle the casek = n, we note that
N , E
€ > 1 s
log 1+ c(uj g'') = X—nlog D

Xp X1

log st

Xip 11 Xk
X80
1 1
X X1
1 1
TR

(8.26)

(8.27)

(8.28)

and, hence, the argument in the previous item shows that (8.28) is also validfor k = n.
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3. Differentiating the representation (8.26) with respect to q® and using (8.27), we obtain

@ _ . o, Looxd® (1 _
@ S T G T g g 2 e e

Therefore,
q(l)
[sP]2

272¢M = | h2+

which is (8.28), for k = 1.

4. Subtracting equations (8.28), we arrive to (8.16), forall k2 [1;n]\ N.

Proposition 8.2. The functionals(8.12) and (8.8) are equivalent in the following sense

inf P (¥ 9= infCS (4.
Jof, 7 inf )

Proof. 1. Let(%,, ) be the solutions of equations (8.16) and (8.15). Lemma 8.6 guarantees that
% is the optimiser of the Crisnati-Sommers functional and Lemma 8.5 assures thai(';,, ) is
the optimiser of the Parisi functional.

2. We have
(1)

P(%.)iCS (=i  u+2 2qWeD; :(—1)+cua 1

R U S
i 272 x (gD g2 . (8.29)
I=1

We can simplify the ©[ B] -like term (that is the summation) in (8.29), using (8.16) and (8.15).

Indeed,
X1 g S X1 g S
272 % [qD% g2 =272 % g VgD qO1+ qP[g™ Y M
=1 =1
MY e Wy, ey g b L
—_ — + . + .
(by (8.16) and (8.11)) = » 2 “q s 's +q FEEL)
(8.30)
Regrouping the summands in (8.30), we get
X1 S S
(8.30) =272 s<'>€q<'+1>i q(l)s+ 2—2€q(1)s<1)i q(n)s(n)s
=1
E
M1q0), g+ 7 4(n) (1)
, i & .1 (8.31)

=1
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Due to (8.16), we have

. I+1 +1) . A
2—2€q(|+1)i q(|)S= s s _ qt* D q
x s+ D FOFGE
Applying the previous relation, we get that the both summations in (8.31) cancel out and we
end up with

€ S om o
— 2 (1) (1) . (n) «(n) - -
(8.31) =272 W gMgn tmi o

Now, turning back to (8.29), we get

€ S (n)
Doui 272w [+ 22 oy

€ s S(n o
iuci 272 qM)i (uj Myt 272 u? [M)?
o

P(,)iCS (¥)

(by (8.15)) and (8.11)

€ S
+272q™ uj g™ +cuj 1

" ui q®

= 0.

8.4 Replica symmetric calculations

In this subsection, we shall consider the one dimensional case of the a priagrmeasure (1.26) with
h = 0. We shall also restrict the computations to the casen = 1 which is often referred to in
physical literature as the replica symmetric scenario. It is indeed the right scenario under the above
assumptions, as shows Theorem 1.3.

Lemma 8.7. Let! satisfy(1.26) with h = 0. Assume &= 1, n= 1 and c> 0. Given u, 0, we have
_ . £ S
inf- CS (= inf 1 cu+log c(uj q) + + 72 U ¢ =f(cu), (832
¥2Q (u,1) g2[0;u] ui q

where f(c,u) is de ned in (1.27).

Proof. Using the de nitions, we obtain

gcs () = g log uj q + Uiqq+_2€u2i qZS = ﬁi 2%
Hence, the critical points of g 7! C S (q,u) are
)
Go=0.G2= U8 —=.
Furthermore, we also have
@ 1 29 —>

@CS (q,u) =

Wi 2 wigF C
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Hence, as a simple calculation shows, the in ma in (8.32) are attained on

p
< O, u- =,
°=. Py 8 (8.33)
' 2
which implies (8.32). O
Lemma 8.8. Under the assumptions of Lemma 8.7, we have
1. Forc, 2P 2, we have

sup inf CS (q,u)= CS (0,u”)= ~2(u")?+ logcu’ cu’+ 1,
u, 0042[0:u]

where

2. Forc< 2p 2~ , we have

sup inf CS (qu)=+ 1.
u, 002[0;u]

Remark 8.3. Under the assumptions, the above theorem says that from the poinwi@w of the global
free eBergy, the system can only exist in the “high temperature” sceéoacf. (1.27). The threshold at
G =2 2 could be easily understood from the perspective of the norms of randuatrices.

— P
Proof. 1. Supposec , 2p 2 . Recalling (1.27), for u 2 (0; 2—3], we introduce the following

function
f(u) " log(cu)+ ~2u?i cu+ 1.
We have
@ 1,
—f(uw=-+2 “uj c
o (=] i
Hence, the critical points of the function f are
p
c§ c?j 82
ulyz = T
Furthermore, we have
@& .1
@f(U)z 2 2i F
[
We notice that u” - == and, hence, due to (1.27)

2

CS (0,u”) = “?(”%+ logc®j cu’+ 1.
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2. Ifc< 2p 27, then the function

P—_ c 1
u7! (2 2 | cu+log=j > 1+ log2

p_
is unbounded on (=2;+1 ).

O
8.5 The multidimensional Crisanti-Sommers functional
Recall the de nition (7.28).
Proposition 8.3. Assume d= 1. Given u> 0, we have
° € S € S
_ P
< 3p2 icu+logsi 1j m%zi t p2u_. > ou> 2
2A(®Q259) (1) = e L B (8.34)
(W +log(cuj cu+ 1 t “(u), u- ==
Proof. Combining (8.8), (8.12) with Lemma 8.7 and Proposition 8.2, we get the claim.
O

8.6 Talagrand's a priori estimates

In this subsection, we prove that Assumption 7.1 is satis ed in the caseof the Gaussian a priori
distribution (1.26) with h= 0.
p

Theorem 8.1. Let! satisfy(1.26) with h = 0, assume U2 Sym" (d) is such thatmin, u, > -2 and
suppose QA 0. LetQ= Q“anda=n °
Then, for any § 2 (0;1) and any t2 (0; tg], we have (cf.(7.29) with k = 1)
. 1
D@ xQERLU ) - 2RI (1) kQW i VIGT O(" 1), (8.35)

Proof. 1. We employ the notatlons of Section 7.2. Letn = 1g Given U 2 Sym(2d) (cf. (7. 6))
choose arbitrary matrices Q) 2 Sym(2d)j 12 [0:2]\ N satisfying (7.7). Dene x  x

which, in particular, implies that 3 = ». Finally, we set, for | 2 [0;n+ 1]\ N, &)~ Q).

2. Proposition 7.1 implies that, for any +-minimal L 2 R?%24 e have

t_2
" O1,t,%,Q,8P(L,U,", %) -ih L,Uij — kQPKZ | kQ(l)k2

+ XP(@1,x00(t), L)+ O(" + 2). (8.36)
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3. We de ne a matrix C2

R24£2d 35 follows

™

, C O
¢ 0 C
Recalling (8.1), we de ne also the following matrices D® *~ Cand
€ S
DO ciLi P eW(t) . (8.37)

Applying Proposition 8.1 to (8.36), we get

1 € S
WG EERLUN ) - S LU ? kQPKE ik QWK

, E™
+2_2HD(1)]i 1 Q(l)(t)i + log det—D(Z) o(")
’ detD@
=: @2kxL 4 o). (8.38)
. Assume that the matrices
QW Q@ pW p gade2d (8.39)

are simultaneously diagonalisable in the same basis which is given by the dhogonal matrix
O 2 R%9£2d | et the vectors

q®,q?@,db 2 R (8.40)
be the corresponding spectra of the matrices (8.39). That is, we assume that

QW = 0"diagg™0,Q®@ = 0"diagq? 0,
D@ = 0%d™M0o,e" = 0°diag@Vo,
Where we have introduced the matrix ©M(t) 2 Sym* (2d). By (8.33), we have, Q@ ; Qb =

2I where | denotes the unit matrix of the suitable dimension. The de nitions (7.17) and
(7 18) then imply

o

0?, oW = 2__2 (8.41)

Using the de nitions and the above relation, we obtain
QM (t)= 0" tdiagd? +(1; 1)@ O,
"3
0@(1)i @M (t)= 0" tdiag(d® i o)+ (1i )Z=1 O. (8.42)
Motivated by (8.17), we set

€ S
& Tuyi o (8.43)
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In view of (8.37), the above choice necessarily yields (cf. (8.15))

L=Ci O°diag(u,i o) *0i @@ (t)i @W(1)
p_
: 2
= Cj 0% diag(u,i o)+ tdiag(q@ i q®™)+(1; t)—2_l 0. (8.44)

Applying Lemma 8.4 to (8.38) and using (8.44), (8.43), (8.42), we get the following d iago-
nalised representation of (8.36)

C@1,1,%x,Q,82(L,U," 1)) - L logdetCi =rc, Ui
N WH LA SL YT 5 9 S
o u (i g 27 P g (1 D=
v=1 >

~ € 3
+2 %(uyi o) tq(vl)z(li e’ +log(u, i @%Y)

i 2 (@) @)+ o). (8.45)
Using the de nitions, we get
xd
hC Ui = 2hC,Ui= 2 ¢,
v=1
xd
logdetC= 2logdetC= 2 logc,. (8.46)
v=1

Motivated by (8.41) (or by (8.33)), we de ne

©
[N

o = uy | (8.47)

I\J||

In this case, as a straightforward calculation shows, the expression inthe curly brackets in
(8.45) equals

_ — 1
2" 2 u,+ P 2010(1i )i log™ E(IogZi t). (8.48)

By the de nitions and the general properties of matrix trace, we have

Xd Xd xd
1) — 1) _ 1
Q=" ef=2 o,
v=1 v=1 v=1
Xd xd
u=2 U, (8.49)
v=1 v=1
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Combining (8.45) with (8.48), (8.49) and (8.46), we obtain
xd

11, x,Q82(L.U" %) - LUy + loge,+ 3" 2u
v=1
1 pP__ _
i E(Iogzi t)i 2 tujlog i 1 +0O(")
xd
=2  A(t)jec. + O"), (8.50)
v=1 U=ty

where in the last line we have used the relation (8.34).

5. To get the version of the a priori bound (8.50) with the quadratic co rrection term as stated in
(8.35), we perturb the r.h.s of (8.36) around our choice of D™ in (8.43), i.e.,

€ S —
D(l)= le QS/]_) I1=p2_|’

where in the last equality we used (8.47).

8.7 The local low temperature Parisi formula

Proof of Theorem 1.3.The result follows from Theorem 8.1 and Theorem 7.1. Note that the proof of
Theorem 7.1 requires a minor modi cation to cope with the fact that the a p riori distribution (1.26)

is unbounded. This minor problem can be xed by considering the pruned Gaussian distribution
and using the elementary estimates to bound the tiny Gaussian tails. O

A

The general result of Guerra and Toninelli [ 19] implies that the thermodynamic limit of the local
free energy (1.6) exists almost surely and in L*. The following existence of the limiting average
overlap is an immediate consequence of this.

Proposition A.1. We have
E Gy()-G () VarHy(¥)i E Hy(#HW() ¢ C(), 0,
"+
where C: R, ! R,.

Proof. The free energy is a convex function of (a consequence of the HAllder inequality). Hence,
by a result in [ 16] the following holds

o d o _d
im =€ py(") = =E p()

Proposition 2.4 implies
d
7E () =7E Gu()-G () VarHy()i B Hy(¥)HN(%)
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The following super-additivity result is an application of the Gaussian comparison inequalities ob-
tained in Subection 2.3. Note that the result does not provide enough information for the cavity-like
argument of [1].

Proposition A.2. ForanyV ~ B(U,") % U, we have
NE pn(V) + ME pu(V) - (N+ M)E pnam(V) +(N+ M)O("),

as" #+0.

Proof. De ne the process Yy " Y (%) : %= ®q¢; ®2 8, ¢ 2 § g as follows

1=2 1=2
X (@) +

Y(®@q¢)” xP(¢),

N+ M N+ M

where X and X are two independent copies of the processX. Given some Gaussian process
fC(¥) 925, let us introduce the functional ©y( )[ C] as follows
h h p ii
Onm()ICl" E logt™ MM 16 \y1ls, vyexp(” N+ MC)

”

Now, set' (1) " ©Onsm() P tXnem + P 1i tYywm - Applying Proposition 2.5, we get

d. '[__Z(N+M)EGt G (t
& (0= — 5 EleWm-6 Wl

v%rxm,m(%“))i VarYN,M<3/4(”)S_ ) s
i Cov Xnam(AY), Xnam(¥?) i Cov Yy m(¥Y), Yym(¥?) . (A1)
Note that we have
' (0)= NE pn(V) + ME pu(V)
" (1) (N+ ME pnem(V) (A.2)
where the last inequality is due to the fact that, for all ®2 § (V) and all ¢, 2 § y(V), we have
®q¢ 2 §nem(V).

Moreover, for %= ®q¢, with ®2 8 (V) and %2 8§ (V) we have

M 2 N
.. . 2
N+ |VIRN(®,®)+ —N+ MRM(C:C) 2| —N+ |VIkRN(®,®)k2
. . 2_ n
N+ MkRM(c,c)kz— o(").

Also, due to convexity of the norm, we have

VarXy.+m (%) i VarYy m (%) =

Cov Xns m(¥D), Xns m(¥2) i Cov Yy m(ZD), Yy m (342)

N Z N
— 1) &2+ (D) @y ) &2
N (@ T R R )i SR @, @)
. (D) (22
i N7 MkRM(C( ),¢@)k3 - 0.
R
Applying Oldt to (A.1) and using the previous two formulae, we get the claim. O
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