SECTION 1.1:

PROBLEMS 2, 5, and 6. An equation with two unknowns z; and x5 is a linear equation if
it can be written in the form a1z + asxs = b, where a1, as, and b are constants. Thus, the
equation x1xs + T2 = 1 is not linear because of the first term. The equation |z;| — |z2] =0
is not linear because |z;| = z; or —z1, depending on the sign of z;, and so |z;| is not of the
form a2, where a; is a constant. However, the equation 7z, + V/7xs = /3 is linear because
7, V7, and /3 are constants.

PROBLEM 19. The specified 2 x 3 matrix is

2 16
A= [4 3 8]
PROBLEM 20. The specified 2 x 4 matrix is
1 2 71
¢= [2 2 4 3]
PROBLEM 26.
The coefficient matrix is
13 -1
A=12 5 1
11 1
The augmented matrix is
1 3 -1 1
B=|25 1 5
11 1 3

SECTION 1.2:
PROBLEM 7. The matrix
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is in echelon form. We reduce it to its reduced echelon form as follows:

1321 10 —10 =5 1005 100 5
0142, |[o1 4 2|, (o142, 010 -2
0011 00 1 1 0011 001 1

The elementary row operations performed above are: We added (-3) x row 2 to row 1, we
added 10 x row 3 to row 1, and we added (-4) x row 3 to row 2. The final matrix
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is in reduced echelon form.

PROBLEM 17. The given matrix is already in echelon form. We reduce it to reduced echelon
form as follows:

10100 100 -120 10000 10000
0011 0], 001 1 O0f, 0011 0], 00100
00010 000 1 O 00010 00010

We first added (-1) x row 2 to row 1. We then added 1 x row 3 to row 1. Finally, we added
(-1) x row 3 to row 2. The last matrix is in reduced echelon form.

PROBLEM 18. The matrix

1 21 3

0 00 2

0000
is not in echelon form, but if we multiply row 2 by 1/2, we obtain the following matrix which
is in echelon form:

1 21 3

0 001

0000

If we now add (-3) x row 2 to row 1, we obtain the following matrix which is in reduced
echelon form:
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PROBLEM 27. This problem concerns the system of equations:

.’E1+$2—$3=2
—3$1 —3332+3$3 = —6

The corresponding augmented matrix is
1 1 -1 2
-3 -3 3 —6
Adding 3 x row 1 to row 2, we obtain

11 -1 2
00 0 O

which is in reduced echelon form. This is the augmented matrix for the system of equations

331+.'E2—$3:2
0$1+0.’L’2+0$3:O

We see that z; is the leading variable and that x5 and z3 are the free variables. The solutions
to the system of equations given in this problem can be described as follows:

(21, 72,73) = (2 — 22 + T3, T, T3)
where x5 and x3 are arbitrary.
PROBLEM 28. This problem concerns the system of equations:

201+ 329 — 423 =3
I — 2$2 — 2$3 = -2
-1 + 16$2 + 2%3 =16

The corresponding augmented matrix is
2 3 -4 3

1 -2 -2 =2
-1 16 2 16



We will find the reduced echelon form for this matrix:

2 3 -4 3 1 -2 -2 -2 1 -2 —2 -2
1 -2 -2 -2/, |2 3 -4 3|, o 7 o 7/,
~1 16 2 16 ~1 16 2 16 0 14 0 14
1 -2 -2 -2 1 -2 -2 -2 10 -2 0
o1 0 1|, o1 0o 1], o1 0 1
0 14 0 14 00 0 0 00 0 O

We performed the following sequence of elementary row operations: Interchanging row 1 and
row 2, adding (-2) x row 1 to row 2 and adding 1 x row 1 to row 3, multiplying row 2 by
1/7, adding -14 x row 2 to row 3, and finally adding 2 x row 2 to row 1. The last matrix is
the augmented matrix for

lzy + 0x9 — 223 =0

Ox; + 1294+ 025 =1

0:5'1 + 01‘2 + 0333 =0

The system of equations in this problem is consistent, x; and x5 are the leading variables,
x3 is the free variable. The solutions can be described as follows:

(%1, 22, 23) = (223, 1, x3)

where x3 is arbitrary.

SECTION 1.3
PROBLEM 1.
the augmented matrix for the given system is:
2 2 -1 1
-2 -2 4 1
5

2 2 5
-2 -2 -2 -3



Adding row 1 to row 2, adding (-1) x row 1 to row 3, and adding row 1 to row 4 gives the
matrix

[2 2 -1 1 -|

00 3 2

00 6 4
00 -3 -2

Multiplying row 1 by 1/2 and multiplying row 2 by 1/3 gives:

11 —-1/2 1/2
00 1 2/3
00 6 4
00 -3 =2

Adding 1/2 x row 2 to row 1, (-6) x row 2 to row 3, and 3 X row 2 to row 4 gives

110 5/6
00 1 2/3
000 0
000 0

This last matrix is in reduced echelon form. We have n=3, r=2, and n-r = 1. There is one
independent variable (also called a free variable), namely the variable z,.

PROBLEM 2

The augmented matrix is
2 2 1
4 5 4
4 2 =2
This is row-equivalent to the following matrices:
[1 1 1/2-| [1 1 1/2-| [1 0 —3/2-|
4 5 4 i, 0o 1 2, 01 2
[4 2 —2J [0 -2 —4J [0 0 O J
The last matrix is in reduced echelon form. We have n = 2, r=2, and n-r = 0. There are no
independent variables.

PROBLEM 4



The augmented matrix for this system of equations is:

"1 2 3 2 1-|
1 2 3 5 2
2 4 6 11
-1 -2 -3 7 2
This matrix is row-equivalent to the following matrices:
1 2 3 2 1 1 2 3 2 1 1230 1/3
000 3 1 000 1 1/3 0001 1/3
000 -9 -3 |[000 -9 =3|” (00 O0O0 O
000 9 3 000 9 3 0000 O

The last matrix is in reduced echelon form. We have n=4, r=2, and n-r=2. the independent
(i.e., free) variables are xo and x3.

PROBLEM 6. The system of equations is a system of 3 equations in 4 unknowns. The
coefficient matrix A is a 3 x 4 matrix. Then r = rank(A) satisfies the following inequality
0 < r < 3. The possibilities for r are r = 0, 1, 2, or 3. Thus, the possibilities for n-r are n-r
=4,3,2 or 1.

A consistent system of linear equations has a unique solution (i.e. exactly one solution) if
and only if r = n. Since n=4 and r < 3 for the system of equations system considered in
this problem, it is not possible to have a unique solution.

PROBLEM 14. The given information implies that the system of equations is consistent. It
is a system of 3 equations in 4 unknowns, just as in PROBLEM 6. It cannot have a unique
solution. Thus, the system of equations must have infinitely many solutions.

PROBLEM 16. The system of equations is homogeneous, hence consistent. It could have
either exactly one solution or infinitely many solutions.

PROBLEM 18. The system of equations is homogeneous. One solution is the trivial solution
1 = o9 = x3 = 0. But the system of equations also has a nontrivial solution, namely
21 = 1,29 = 3,23 = —1. Thus, the system must have infinitely many solutions.

PROBLEM 20. The specified system of equations is homogeneous, hence consistent. But it
is a system of 3 equations in 4 unknowns. As explained in problem 6 above, it cannot have
a unique solution. Hence this system of equations must have infinitely many solutions. It
cannot have just the trivial solution. It must have nontrivial solutions.

SECTION 1.5



PROBLEM 2.

w see= 5]~ [P - [P
(5) 3A:3E :ﬂ _ g 3}

o =[] o2 <R - B - B - [
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(d) C+8Z= {_12 i’] + 8[8 8] = {_12 ﬂ + [8 8] _

PROBLEM 8.
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Hence, the equation in this problem becomes:

1 n -4 7
M4 “2l6| T |-6
This is the vector equation which is equivalent to the follow system of equations:

]_0,1 — 4@2 = 7
40,1 + 6&2 = —6

This is a system of 2 equations in the 2 unknowns a; and a;. We can solve this system of
equations by Gauss-Jordan elimination. The corresponding augmented matrix is

1 -4 7
4 6 —6
This is row equivalent to:

1 -4 7 1 -4 7 10 9/11
0 22 -34|> |0 1 -—17/11|’ |0 1 —17/11

We see that there is a unique solution, namely a; = 9/11, ay = —17/11.

PROBLEM 31.
AB — 2 311 2] _ [2x1+4+3x1 2x2+3x4] |5 16
|1 4 (1 4 Ix1+4x1 1x2+4x4| |5 18
BA - 1 2(12 3] _ Ix2+2x1 1x3+2x4 (4 11
o 1 4|1 4| I1x2+4x1 1x3+4x4| 6 19
PROBLEM 36

B o2y (1 |1x142x3] 7
U= 01 4|3 T |ix1+4x3| T |13



PROBLEM 38.

2 1 2x14+1x1 2x24+1x4

CB - 4 0 [1 2] _ 4x1+0x1 4x2+0x4 _
8 —1| |1 4 8x1+(—1)x1 8x2+(-1)x4
3 2 3x1+2x1 3x24+2x4

PROBLEM 53. (a) AB is a 2 x 4 matrix, but BA is not defined.

b) Neither AB nor BA are defined.

c¢) AB is not defined. The matrix BA is a 6 X 7 matrix.
d) ABis 2 x 2 and BA is 3 x 3.

) ABis 3 x 1, but BA is not defined.

) Both A(BC) and (AB)C are 2 x 4 matrices.

g) ABis4 x 4 and BAis 1 x 1.

THE ADDITIONAL PROBLEM.

(a) The equivalent matrix equation is:
[ 2 2 —1-| [ 1 -|
—2 -2 4T 11
2 2 5| | T |5
—2 —2 —2| L*3 -3

(b) The equivalent vector equation is:

2 2 —1
-2 -2 4
T 9 + 2 9 + T3 5
—2 —2 —2

Ot 3 = W



