SOLUTIONS FOR ASSIGNMENT 6.

SECTION 4.1.
In problems 2, 4, 6, 8, and 10, we will use the fact that the characteristic polynomial p(t) of

a 2 X 2 matrix A = [CCL Z] is given by p(t) = t* — (a + d)t + ad — be.

PROBLEM 2. We have p(t) = t2 —t —2 = (t — 2)(t + 1). The eigenvalues for A are the
roots of this polynomial. They are A =2 and A = —1.

2 1 2 0] _[o 1
A_M?:A_%:[o —1}_[0 2]:{0 —3]

Thus, the eigenspace for A = 2 is

EQ:N(A—212)=N([8 _13}) :N([g (I)DZSP{H}

For A = —1, we have

A=A =A- (1) = [(2) _11} - [_01 —OJ - [g (1)}

Thus, the eigenspace for A = —1 is
wamstin-con=s([} ) =B s=o-w{[¥])

1
The eigenvectors for the eigenvalue A = 2 are the nonzero scalar multiples of [0} The

_11/3]

For A = 2, we have

eigenvectors for the eigenvalue A = —1 are the nonzero scalar multiples of [
PROBLEM 4. We have p(t) = t* — 5t + 6 = (t — 2)(¢ — 3). The eigenvalues for A are the
roots of this polynomial. They are A =2 and A = 3.

For A = 2, we have

1 -2 2 0 -1 =2



Thus, the eigenspace for A = 2 is

smta-am ([ 5]) = ()
Sl i) AL b V)

For A = 3, we have

S e o R P

Thus, the eigenspace for A = 3 is

E3:N(A—3I2)=N<{_12 ﬂ)zN(E ﬂ)
-l 3)~{E): =rv=o}=={[}

The eigenvectors for the eigenvalue A = 2 are the nonzero scalar multiples of [ 1 ] The

eigenvectors for the eigenvalue A = 3 are the nonzero scalar multiples of [_11} .

PROBLEM 6. We have p(t) = > — 0t —4 =t —4 = (t — 2)(t + 2). The eigenvalues for A
are the roots of this polynomial. They are A =2 and A = —2.

For A = 2, we have

3 1] [2 0] [1 -1
A_M2:A_2IF[5 —3}_[0 2]:{5 —5]

Thus, the eigenspace for A = 2 is

EQZN(A—%):N(E :;D

([ SN eemo)-{l)



For A = —2, we have

A- A=A~ (-2), = E ::1),] - [_02 —02] - [g :ﬂ

Thus, the eigenspace for A = —2 is

By = N(A— (-2)l) =N ([2 jD:N ([é _—lﬂ>

ol (] - )[4

The eigenvectors for the eigenvalue A = 2 are the nonzero scalar multiples of } . The
. . . 1/5
eigenvectors for the eigenvalue A = —2 are the nonzero scalar multiples of 1|

PROBLEM 8. We have p(t) =t? — 4t +4 = (t — 2)(t — 2) = (t — 2)?. The eigenvalues for A
are the roots of this polynomial. There is just one eigenvalue: They are A = 2 .

We have
2 3 2 0 0 3
A_M2_A_212_[0 2}_[0 2]_{0 0}

Thus, the eigenspace for A = 2 is

0 3 0 1 1

woewia-m=x(f 3)=x( )= {1
Thus, the eigenvectors for A for the eigenvalue A = 2 are the nonzero scalar multiples of

1

o
PROBLEM 10. We have p(t) = t* —9t+ 0= (¢t — 9)t = (t — 9)(¢ — 0). The eigenvalues for
A are the roots of this polynomial. They are A =9 and A = 0.
For A =9, we have

1 2] [9 0] [-8 2
A_M?:A_%:[zl 8]_[0 9}:[4 —1]



Thus, the eigenspace for A =9 is

EQZN(A—9IQ)=N<[_48 _21]) :N<[411 _—1{4D

()] )]

For A = 0, we have

1 2
A- AL =A-0L=A= {4 8}

Thus, the eigenspace for A = 0 is

e =s([s ) ) (] +-oh-{(3])

Thus, the eigenvectors for A for the eigenvalue A\ = 9 are the nonzero scalar multiples of

[1{4]. The eigenvectors for A for the eigenvalue A = 0 are the nonzero scalar multiples of
-2
e
SECTION 4.2
2 3 .12 3. .
PROBLEM 10. Det( [4 6] ) =2-6—-3-4=12-12 = 0. The matrix [4 6] is singular.
4
7

BRI R ()R )

=1(3-10-7-2)—2(2-10—-7-4)+4(2-2-3-4)=1-16—2- (—=8) +4- (—-8) =0

1 2 4
The matrix |2 3 7| is singular.
4 2 10

121
PROBLEM 14. Det( | 0 3 2 ):1Det<[i’ ﬂ)—QDet([_Ol ﬂ)ﬂDet([_Ol ﬂ)
111

PROBLEM 12. Det(

I NI

=1(3-1-2:1)—2(0-1-2-(-1))+1(0-1=3-(=1))=1-1-2-24+1-3=0.



1
The matrix | 0
-1

PROBLEM 28. 1t is given that Det(A) = 3 and Det(B) = 5. Using the multiplicative
property of the determinant, we have:

Det(A?B) = Det(AAB) = Det(A)Det(A)Det(B) = 3 -3 -5 = 45.

PROBLEM 30. It is given that Det(A) = 3 and Det(B) = 5. Using the multiplicative
property of the determinant, we have Det(A™") = 1/3 and Det(B™') = 1/5 and

Det(AB™'A™'B) = Det(A)Det(B™")Det(A™')Det(B) = 3-(1/5) - (1/3) -5 = 1.
SECTION 4.4.
PROBLEM 4. We will use the fact that the characteristic polynomial p(t) of a 2 x 2 matrix

is singular.

— W N
— N

A= [z Z] is given by p(t) = t* — (a + d)t + ad — be. The characteristic polynomial for the

matrix [(2) _11} ispt)=t*—1t—2=(t—2)(t+1).
The eigenvalues for the matrix are the roots of this polynomial. They are A =2 and A = —1.

The algebraic multiplicity is 1 for each of the eigenvalues.

PROBLEM 6. The characteristic polynomial for the matrix [; :2,):| is

p(t) =t —5t+0=(t—5)t=(t—5)(t—0)

The eigenvalues for the matrix are the roots of this polynomial. They are A =5 and A = 0.
The algebraic multiplicity is 1 for each of the eigenvalues.

PROBLEM 8. Let A denote the matrix in this problem. Then

-2 -1 0 1 00 -2 -1 0 t 00
A-tl3=10 1 1| —-¢t|j0 1 0f=]0 1 1]—-101¢ 0
-2 =2 -1 0 01 -2 =2 -1 0 0 ¢

—2—-t -1 0
= 0 1-1¢ 1
—2 -2 —-1-t



The characteristic polynomial p(t) is the determinant of this matrix. We will calculate it by
expanding along row 1. We have

— { ) } )

= 2nae( |50 ] ) - o [ —1—tD+°det<[ =)

= (—2-1) ((1 (-1 —1)— 1(—2)) —(-1) (0(—1 ) - 1(—2)) +0<0(—2) —(-2)(1 —t))

:(—2—t)<—(1—t2)+2) +12)=(—2—-t)(*+1)+2=-2> -t —2—1+2
=322 —t=—t(*+2t+1)=—t{t+ 1)t +1) = —t(t + 1)

The eigenvalues of the matrix A are A = 0 and A = —1. The eigenvalue A = 0 has algebraic
multiplicity 1 and the eigenvalue A = —1 has algebraic multiplicity 2.

SECTION 4.5.

-1 2 01

PROBLEM 2. We have A — \[, = [ 2 _1] — [1 O} = [ 11 _11} We are asked to find
1

A AP TP ={El o=}

The set { [ﬂ } is a basis for the eigenspace F;. The algebraic multiplicity of the eigenvalue

a basis for E; :N( [ 1 _11} ) We have

A =1is 1. The geometric multiplicity of this eigenvalue for A is dim(F;) which is equal to
1.

-6 -1 2 1 00 -7 -1 2
PROBLEM 4. We have C' — A3 = | 3 2 0f-=-1010]=1]3 1 0f.
—14 -2 5 001 —-14 -2 4

The eigenspace E; is the null space for this matrix. We have

—7 -1 2 1 1/7 —2/7
ElzN( 3 1 o)zN( 31 0 )
—14 -2 4 14 -2 4



1 1/7 =2/7 1 1/7 =2/7 10 —1/2
=N( 0 4/7 6/7 )zN( 0o 1 3/2 )z/\/( 01 3/2 )
0 O 0 0 0 0 0 0
E 1/2
=<q|yl: z-(1/2)z=0, y+(3/2)z=0) =
K
1/2 ]
The set —3/2 is a basis for F;. The algebraic multiplicity of the eigenvalue A = 1 is
1

2. The geometric multiplicity of this eigenvalue for A is dim(F;) which is equal to 1.

32 —16 13 0 01 32 —16 12

The eigenspace E; is the null space for this matrix. We have

-8 4 =3 -8 4 -3
B=n( s~ sl)=w(f0 0 of)
32 —16 12 0

[—7 4 —3" [1 0 O'I [—8 4 —3'|
PROBLEM 6. Wehave D = A3 =18 -3 3| -0 10 =8 -4 3.
l | looa] | |

i)

0 0 0
x (1/2)y - (3/8)z
=<¢|yl: z—-(1/2)2+(3/8)2 =0, = (
z z
1/2 —3/8] [1/2 —-3/8
=<yl 1 |+= 0 =Sp 1], 0
0 1] | 0 1
The set - -
1/2 —-3/8
1|, 0
0 I

is a basis for F;. The algebraic multiplicity of the eigenvalue A = 1 is 3. The geometric
multiplicity of this eigenvalue for A is dim(F;) which is equal to 2.



1/3 2/3  2/3

A. This question concerns the matrix S = |[2/3 1/3 —2/3|. We first consider the
2/3 -2/3 1/3

eigenvalue A = 1. The eigenspace F; is the null space for the matrix

[1/3 2/3 2/3] [1 0 0] [—2/3 2/3 2/31
S—I;=12/3 1/3 -2/3] - 0 1 0| = 2/3 —2/3 —2/3
[2/3 -2/3 1/3J [0 0 1J [2/3 —2/3 —2/3J

We can find a basis for the null space of S — I5 by row-reduction:

—2/3 2/3  2/3 1 -1 -1 1 -1 -1
[2/3 ~2/3 —2/3], [2/3 ~2/3 —2/3], [0 0 0]
0 0

2/3 -2/3 —-2/3 2/3 —-2/3 —2/3 0
Thus,
x Y+ z
El—./\/'(SI;»,)—{[y]: xyz—O}—{[ y }
1 1 1 1
=<y |1l +2|0 =Sp 1], 0
Qi) S )
The set

(- L)

Now we consider the eigenspace E_;. The eigenspace E_; is the null space for the matrix

is a basis for the eigenspace Ej.

1/3 2/3  2/3
S— (- =8+1;= [2/3 1/3  —2/3
2/3 —2/3 1/3

4/3 2/3  2/3

100
01 0} = [2/3 4/3 2/3]
00 1 2/3 —2/3 4/3

+

We can find a basis for the null space of S + I35 by row-reduction:

4/3 2/3  2/3 1 1/2 1/2 1 1/2 1/2

[ | | 1
2/3 4/3 —2/3|, 12/3 4/3 -2/3|, lo 1 -1},
[2/3 —2/3 4/3J [2/3 —2/3 4/3J [0 —1 1J



The set { [

1

} is a basis for E_;.



