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!�SHT�U�V�WDXYU[Z�\^]Y_a`cbedafhg$ikjagc]JlYf�_QmJf�]5dafh`nbpoh`
α([0, l])

]J_Qikoh]Jq�rDiYots$uvbeftw
qxiK_a_abpiY_yqkiY_ab{z|]J}{d

(M, g) ~ besc��j-]J�a_adaiYgn��]YzRdabeq�fh_a`nbp]J_ n ≥ 3 ��� ��fjagc]YlYfh_�mJf�]5dafh`nbpo�`�iYgcf��a_abe]J_a`']Kzvs ~ ]9mJfh]5daf�`cbeoh` ~ b{s���s��af�ragc]Yr-fhgns���s��aiKss��aft���Di��Jf#iQoh]Yqkq�]J_�f�_ad�r-]Jbp_[s ��� `c`c��qkf�s��aiKs'z|]Jg�f��Jf�gn��j�gc]JlYf�_�mYfh]Kwdafh`nbpo
α([0, l])

`ns�iYgnscbp_am�iKsxiY_adyf�_adabp_�m�s�]Os���f�j-]J�a_adDiKgn�
∂M ~ f�l5_�] ~s��af�`ns�iYgnscbp_am'r-]Ybp_=s�iK_ad�dabpgnfho�scbp]J_

(α(0), α′(0)) � s���fRfh_�d#r-]Jbp_[s�iY_ad�dabpgnfho�ws�be]J_
(α(l), α′(l)) � iK_ad�sc�af�}pfh_�mYs�� l �3� fR`c�a] ~ s��DiKs�s��abe`�dDiKs�i'dafts�f�gcq�bp_af�`�a_abe�5��fh}{� � ��rQsc]�iY_Qbe`c]Jq�f�scgn� � s���f'qkiY_ab{z|]J}{d (M, g) �R� �abe`$gcf�`c�a}{s��DiK`RiYr5wra}pbeo�iBs�be]J_�`$bp_Qbp_[�Jfhgn`cf�ragn]Jja}pf�q�`�]J_Q�Jf�gn�Q�af�scfhgn]JmJf�_afh]J��`�qkf�dab�ixz|]Yg�`cb{s��Di�w

s�be]J_a` ~ �afhgnf�sc�afhgnfviYgcf�qkiY_=��`cohiKscscfhgnbp_amRr-]Ybp_=sc`;be_'sc�af�q�fhdabe�aq � iY_�dkiYgnbp`nfh`bp_Q`cft�Jfhg�iK}�iYrar�}pbpohiKs�be]Y_a`$be_aoh}e�adabe_am�mJfh]Yra�=�5`cbeoh`�iY_adOq�fhd�bpohiY}IbpqkiYmJb{_am ��� `iY_�f��aiKqkr�}pf ~ f�o�]J_a`cbedaf�g�sc�af�bp_[�Jfhgc`nf�ragn]Jja}pf�q�z|]Jgvs��af�gciYdab�iBs�b{�Jf�scg�iY_�`nz|fhg
fh�=�DiBs�bp]Y_��|]Jg�sc�af'}pbe_af�iKg scg�iY_a`nr-]Jgns�f��5�aiKs�be]J_>¡ ~ b{s��9i�_a]J_7w¢oh]J_�`ns£iK_=s ~ i��Jf`cr-f�fhd ��� `c`n�aq�bp_am�sc�DiKsvsc�af�`no�iKsns�f�gcbp_�mklYfhgc_�fh}Hbe`vft�Jfhg¤� ~ �afhgnf�r-]J`nbes�b{�Jf �a~ f`c�a] ~ sc�DiKs/sc�af@j-]J�a_�dDiYgn�RqkfhiY`c��gcfhq�fh_[s�`Hd�f�s�f�gcq�bp_af;s��af ~ i��Jf@`cr-fhf�d�bp_a`nbpdafs��afRd�]JqxiKbp_��ar�sc]kiY_�bp`c]Yqkfts�gn� �!�)*��X[¥|WDT�T�¦¨§IX[W7U�¦|©«ª(¬^­[®J¯[°J® � ®Y±[¯Y²[® ���³[´Gµ�©>VK¶/TY¬�uvbemJbedab{s���]Yz�u�bpfhqkiY_a_�b�iK_9qkiY_ab{z|]J}ed�` � jagn]JlYfh_�mYfh]5daf�`cbeoh` � bp_5w�Jfhgn`cf�ragc]Jj�}pf�qk` � g�iYd�b�iKscbe�Yf$scg�iY_a`¤z|fhg �

· � ¸c¹/º1»�¼I½I¾/¿Gº1À¨¼3¹�Á
· � · � )ÂWD¦ÃªÄV�³5T�Å/¥|U[Z$ÆEf�s��a`�o�]J_a`nbpdaf�gki9o�]Jq�rDiYo�s�uvbefhqkiY_a_�b�iK_�qxiK_abez|]J}{d
(M, g) ~ besc��j-]Y�a_adDiYg¤��]Yz d�bpq�fh_a`nbp]J_ n ≥ 3 � ÆEf�s SM d�fh_a]Yscf�b{s�`��a_ab{s
s£iY_�mJfh_[s�ja�a_�da}pf �(� �afRo�}�iK`c`cbeo�iY}�j-]Y�a_adDiYg¤��gcbemJbpd�b{s��kragn]Jja}pf�qÇbp`^s���f�z|]Y}p}e] ~ wbp_amÈ�|`cf�f�É · ° � · ­ � · ² � ·�Ê � °YË � ­J° � ­J­ � ­Y² � ­[Ë � ­J±BÌ¨¡�Í � `c`n�aqkfRs��DiKs ~ f�l=_a] ~s��af dabe`ns�iY_aohf�`

d(x, y)
]YzEj-]Y�a_adDiYg¤��r-]Jbp_[s�`

x, y ∈ ∂M � \�iY_ ~ f�d�f�s�f�gcq�bp_afs��af^bp`n]Jq�f�s�g¤�Rs��5r«f�]KzDs��af^qkiY_abez|]Y}ed
(M, g) Î�Ï beo���fh}�ÉÐ­YÑ � ­ · Ì�]Yja`cf�gn�Jfhd'sc�DiKsbp_ksc�af�o�iY`nf$]YzE`cbeqkra}efvqkiY_abez|]Y}eda`(sc�afh`nf$dabp`¤s£iY_ao�f z|�a_aots�bp]Y_a`�iY}e`c]�daf�scfhgcq�bp_�f

s��afx�KiY}e�afh`�]Yz�s��af�j�bpo£�DiYg�iKo�s�f�gcbe`ns�beokÒD] ~ iKs�s��af�j-]J�a_adDiKgn� � s��af�`c]Kw¢o�iY}e}pf�d`cohiKscscfhgcbe_am�gcfh}piKs�be]J_�]Yg�}efh_�`�gcf�}�iKscbp]J_ � sc�DiKs�bp` �
L = {(x, ξ), (y, ζ), t) ∈ SM × SM × R : x, y ∈ ∂M,

(γx,ξ(t), ∂tγx,ξ(t)) = (y, ζ)
z|]Jg�`c]Jq�f

t ≥ 0}

~ �af�gcf γx,ξ be`Rs��af�mJfh]5daf�`cbeok]Yz (M, g)
sc�DiKs�}ef�i��Jf�`�z|gc]Yq

x
s�]�dabegcfhots�be]J_

ξiKs
t = 0 ��Ó _�]Ys��af�g ~ ]Jgnda` � L mJbe�Jf�`'s��af�bp_�z|]YgcqkiKs�b{]Y_ ~ �afh_yiY_ad ~ �afhgnfiY_ad�bp_ ~ �abeo£�Qdabegcf�o�s�be]J_�ixmYfh]5daf�`cbpo � `cfh_[s$z|gc]YqÔsc�af�j-]Y�a_adDiKgn� � �ab{s�`$iKm[iYbe_Õ



Ö ×�Ø-Ù-ÚEÛ�ÜKØYÝ�ÞEß«Ù[×EÜKà5Ý/á�â�Ø5ãDãaäDÜYØ�ÛhÛ�Ø�Û�átØ-å�æ�ç�ß�å�ãaèGà=Ù�ß�è�ÜJâ�Ø«å«å
s��af�j-]J��_adDiYg¤� ��Ó s ~ iK`�`n�a] ~ _�be_éÉ ·�Ê Ì��a_adaf�g�`c]Jq�f�oh]J_ad�bes�be]J_a`��Ã`nfhf#iY}e`c]Éê° � ­KÌ�¡�sc�DiKsxs��af ~ i��JfÈz|gc]J_[s�`cfts�]Yz�s���f�`cohiKscscfhgcbe_am�]Jr-fhgciKs�]Yg�iY`c`n]5ohb�iBs�fhds�]�sc�af ~ i��Jf�fh�=�DiBs�bp]Y_�z|]Jg�sc�af�Æ1iKra}�iYo�ftw�ë^fh}{s�g�iKq�b�]Yr-fhg�iBs�]Jg�]Kz i�`cq�]5]Ys��uvbefhqkiY_a_�b�iK_�q�f�scgcbeoÈdaf�scfhgcq�bp_�fh`�sc�afQ`no�iKsns�fhgnbp_am�gcf�}�iBs�bp]Y_ �ì� ��f9_DiKsc�ag�iK}oh]Y_Bínfhots��agnfÈbp`�sc�DiKs�z|]Jg�_a]J_7wîs�gciYrarabe_amOqkiY_abez|]Y}eda`�s��af�`no�iKsns�f�gcbp_�m�gnfh}piKs�be]J_
daf�scfhgnqkbe_afh` s��af�bp`n]Jq�f�s�g¤�#s��5r-f']Yz;s��af�qkiY_abez|]Y}ed ��ï ]Jg�gnfho�fh_=sRr�gc]JmJgnfh`n`�]J_s��abe`�ragc]Yja}pf�qð`cfhfRsc�afR`c�ag¤�Jf���rDiYr-f�gc`�Éñ­[® � ²[ÑBÌ �
Ó _òsc�af�o�iK`cf�]Kz�i��Jf�gn�ò��f�s�f�gc]JmYfh_af�]J�a`Èqkf�dab�i ~ b{s��òqkiY_=�ó`co�iBscs�f�gcbe_amr-]Jbp_[s�`^be_a`cbedaf s��af$qkiY_ab{z|]J}{dx]J_af$ohiY_�]Jj�s�iYbp_kz|�agnsc�afhg�be_�z|]JgnqxiBs�b{]J_xj[�x}p]5]Yl[w

bp_amRiKs;sc�af�ragn]JrDiYmJiKs�be]J_']Kz�`nbp_amY�a}�iYgnb{s�b{fh`3]Yz ~ i��Jfh`�mY]Jbp_am$sc�agc]Y�amJ�'s��af�qkiY_5wbez|]Y}pd �/� �abe`;bp`3sc�af�jagn]JlYfh_�`cohiKscscfhgnbp_amRgnfh}�iBs�bp]Y_�]Jg;jagn]JlYfh_�}pf�_a`;gcfh}piKs�be]J_�s��aiKs
~ fRragc]5o�fhfhd#sc]�daftôD_af �
� jagc]JlYf�_�mJf�]5dafh`nbpov�Ã]Yg � i�]J_ao�f(jagn]JlYf�_�mJfh]5d�fh`cbeo�¡�be`1i�rDiKsc� α = αx,ξ,z,η(t) �

~ �af�gcf z = γx,ξ(s) ∈M
z|]Jg�`c]Yqkf

s ≥ 0 � η ∈ SzM � iY_ad

αx,ξ,z,η(t) =

{
γx,ξ(t), t < s,
γz,η(t− s), t ≥ s,

�îõ7f�f ï bpm � · � ¡ Ó _�uvbefhqkiY_a_�b�iK_kmJfh]Jq�f�scgn��jagc]JlYf�_�mYfh]5daf�`cbeoh`�iYgcf�o�]J_a`cbedafhgnfhdf � m � bp_�sc�af�o�}�iY`n`cbeo�iY} � q�jagn]J`cf�s��af�]Jgcf�qöÉñ²KÌ �>~ �abpo£��`�i��5`�s��DiBs s��af�raiYg�iK}p}efh}s�gciY_a`c}piKs�be]J_a`v]Yz;s��af�o��agn�BiKs��agnf�scfh_a`n]Jg�iY}p]Y_amxjagc]YlYfh_9mYfh]5daf�`cbeoh`$daf�scfhgcq�bp_�f
�a_abe�5��fh}{��i'`cbeqkra}{�xo�]J_a_af�o�scfhd�u�bpf�qxiY_�_abpiY_�qkiY_ab{z|]J}{d �
� f�d�fh_a]Yscf�j=� `(αx,ξ,z,η) ∈ R+ ∪ {∞}

`cqkiY}p}efh`¤s
l > 0

`c�ao£��s��DiKs
αx,ξ,z,η(l) ∈ ∂M �*÷ fh_�]Ys�fQj=� ν sc�afQbp_[s�f�gcbp]Ygx��_abes�_a]JgcqkiY}v�Jf�o�sc]Jg#iK_ad
j=�

Ω+ = {(x, ξ) ∈ SM : x ∈ ∂M, (ξ, ν)g > 0},

Ω− = {(x, ξ) ∈ SM : x ∈ ∂M, (ξ, ν)g < 0}s��afRbe_aoh]Yqkbe_am'iY_ad#]J�7s�mJ]Jbe_am'j-]J�a_�dDiYgn��d�bpgcf�o�scbp]J_a`�gcfh`nr-fhots�be�Jf�}e� �
� ��f�j-]J��_adDiYg¤��fh_[s�f�gcbp_�m�iK_adxf���b{s�be_am�r-]Jbp_[s�`�]KzEj�gc]JlYf�_�mYfh]5daf�`cbpo�`^d�f�ôD_afs��afRj�gc]JlYf�_�`cohiKscscfhgcbe_am�gnfh}piKs�be]J_ �

R = {(x, ξ), (y, ζ), t) ∈ SM × SM × R+ : (x, ξ) ∈ Ω+, (y, ζ) ∈ Ω−,

t = `(αx,ξ,z,η),
iY_ad

(αx,ξ,z,η(t), ∂tαx,ξ,z,η(t)) = (y, ζ)
z|]Jg�`c]Jq�f

(z, η) ∈ SM}.ø �ag�qkiYbe_�gcf�`c�a}{svbp`�Í
	�ù1³=©-V�³5ú û>ZÃûDZ�ü1ýtþ

(M, g) ÿ ý��������	�
���tþ
���îý���������������������� �����������¨þ! 
�"�#����$cý��	�-þ&% ÿ ��'(�)�*��+,%-�.�/���0�xý��
1��2��� n ≥ 3 354  Dý�� ∂M �6�7�Oþ! Dý ÿ +8��$9 ý��:1;�<�Yþ þ�ý�+,�0��=�+£ý����Yþ��2���

R
�5ýtþ�ý�+,�>�0��ý�1�þ0 Dý?�@1;���xýtþ�+,%�þ&%��DýA�.�$þ! DýB������� �������

(M, g)
'�����CD'Dý��E% 3

� f�gcfhqkiYgnl's��DiKs@s��abe`^gnfh`c��}es�da]5f�`c_GF s�iY`n`c�aq�f�iK_=�xiBw¢ragcbe]JgcbDoh]J_�dabescbp]J_k]J_s��af�qkfts�gnbpo
g
]JgRsc�afkqkiY_ab{z|]J}ed

M ��� �afkdab�Hko��a}es��Qbp_�r�gc]��7be_am#sc�afkgcf�`c�a}{s}pbefh`xbp_�s���f9r-]Y`c`cbeja}pf�o�]Jqkr�}pbeo�iKscfhd�_DiKsc�agcfQ]Kz�s���f9j�gc]JlYf�_ mJfh]5d�fh`cbeo�ÒD] ~R�
� �af�ragc]5]Kz$]Yz�sc�af#s���fh]Jgnfhq iKj-]��Jf�iY_ad�s��af�]Ks��af�gkgnfh`n�a}esc`k`ns�iKs�f�dybp_�s��af
bp_[s�gc]5d��ao�scbp]J_�iYgnfRmJb{�Jfh_�bp_�`cf�o�scbp]J_�`�°;I5­ �



Ù-ä¨ç�äeæGä�ã�×�ÚGJLK�Ù-Ú�Þ1à=å�çGà7Ú�æEà7Ûtä0M:J[ÜJÚ7N O

(x0, ξ0)

(x1, ξ1)

s1

s2

P À0Q;¾/»SRUT�Á ÆEf�z¨s�ÍAV(gn]JrDiYmJiKs�be]J_O]Yz�`nbp_amJ��}�iYgnb{s�b{fh`�iY_ad�q��a}{wscbpra}ef�`no�iKsns�f�gcbp_�m z|]Jg s��afÔg�iYd�b�iKscbe�Jfðs�g�iK_a`nz|f�g f��=�DiKs�be]J_ �u�bpmJ�[s�Í � jagn]JlYfh_ mJfh]5d�fh`cbeoyoh]Ygcgcf�`cr-]J_ad�bp_am sc�afygcf�}�iBs�bp]Y_
((x0, ξ0), (x1, ξ1), t) ∈ R ~ besc� t = s1 + s2 �

· � ° � !XWYWI¥Ã¦ÃXJW�U�¦¨©«ª(¬^�xWD¶H¦|W�U�¦0Z-³$U�V�WDª/TD[¢³=V�³(\�Å/W�U�¦Ã©-ª�Z � `Eq�fh_=scbp]J_�fhd�f�iKg¤w}pbefhg�s��af�jagc]JlYf�_Q`no�iKsns�f�gcbp_�m�gnfh}piKs�be]J_#o�iY_�j-f�daf�scfhgcq�bp_�fhdÈj=�#ragc]Jj�bp_am ~ besc�
~ i��Jfh`Rik�Jf�gn�È�afts�f�gc]JmJf�_afh]Y�a`�qkf�dabe�aq ~ besc��qxiK_=�#`cohiKscscfhgcbe_am�r-]Jbe_=s�`�iY_ad]Jja`nfhgn�5be_am�iKs/sc�af�j-]J�a_adDiKgn��s��af�f^]«fhots�` �3� �af@`¤s�gc]Y_amJfh`¤sI`cbe_amJ��}�iYgnb{s�b{fh`1]Kz�s��af
~ i��Jfh`�iYgcf'sc�af�]J_af�`�ragc]YrDiYm[iBs�bp_�m�s��agc]Y�amJ�9sc�af�qkf�dabp�aq ~ besc�a]J��s�iY_[�Qgcf�wÒDfhots�be]J_#iY_�d�s��abe`�d�f�s�f�gcq�bp_�fh`�sc�af�`co�iBscs�f�gcbe_am�gnfh}piKs�be]J_ �I� �afR_�ft�5sv`¤s�gc]J_�mJfhg`cbe_amJ�a}piYgcb{scbef�`vo�]Jgcgnfh`nr-]J_adÈs�]�s��af ~ i��Jfh`�gcftÒDfhots�be_amx]J_a}{��]J_ao�f�iY_�d�s��abe` d�ftws�f�gcq�bp_af�`�s��af�jagc]YlYfh_�`no�iKsns�fhgnbp_amkgcf�}�iKscbp]J_#iKsvs��af�j-]J�a_adaiYgn� �v� ��bp`vs��7r-f�]Yz`cb{s��DiKscbp]J_�iYgnbp`cf�`�be_�mJf�]Jra�[�5`cbpo�`�da��f�sc]Qs��af�qkiY_[��dabe`co�]J_=scbp_=�abescbefh`�bp_�s��af
`c�ag¤zÃiYohf�]Yz@s��af�fhiYgns��9s��DiKs�iYots�iY`�gnf�ÒDf�o�s�]Ygc`�iY_ad�be_O]Jr�scbpo�iK}3sc]Jqk]YmJg�iKra�=� �i�_a]��Jfh};q�fhdabeo�iY}IbeqkiYmJb{_amxs�f�o���_abp�=�af's��DiBs�iY}p}e] ~ `$]J_af�s�]�gnfhoh]Y_a`nscgc�aots�s��af`crDiBs�b�iK}«dabp`¤s�gcbeja��scbp]Y_x]Yz/]Jr�scbpohiY}«ragc]Yr-fhgnscbpf�`�]Kz1s�be`c`c��fh`�j=�xragc]Yjabp_�m�sc�afhqÇj=�
_af�iKg¤w�be_�z|g�i�w�gnfhd�ra�a]Ysc]J_a`�É Ê � Ë � · Ë � · ± � °YÑBÌ �(� �abe`�o�iY_#j-f�z|]Jgcq��a}piKscfhd�iY`viY_bp_[�Jfhgn`cf�r�gc]Jja}efhqìz|]JgHsc�af�g�iYd�b�iKscbe�Jf�scg�iY_a`¤z|fhg3f��5�aiKs�be]J_�iY_�d ~ f�o�]J_a`nbpdaf�gIs��abe`iYrara}ebpohiKs�be]Y_Èbe_�qk]Ygcf�dafts£iYbe}Hj-f�}p] ~���ï ]Jg ragcft�7be]J�a`$qkiKs���fhqkiKs�beohiY}HiK_DiY}{�7`nbp`]J_�sc�afRragc]Yja}pf�q � `nfhf�f � m � Éñ± � · Ñ � ·Y· � ° · � °J° � ²[ÑBÌ �
� ]$i��J]Jbed�iYgnscbeôDo�b�iK}Jdab_H�oh��}es�befh`1]J_��a] ~ sc]vz|]Jgcq��a}piKscf;sc�af@j-]J�a_�dDiYgn���KiY}e�afragc]Yja}pf�q z|]JgIs���f�g�iYdabpiKs�b{�Jf@s�gciY_a`¤z|fhg;f��5�aiKs�be]J_ �J~ f�o�]J_a`cbedafhg(i$_a]J_5w�oh]YqkraiYo�soh]Yqkra}ef�scf�qxiY_�bez|]J}{d

(N, g) ~ besc�a]J��s�j-]J��_adDiYg¤� ��� �af�bp_[�Jfhgn`cf�ragn]Jja}efhq ~ f`nsc�ad���be`(sc]�ôD_�dks���f q�f�scgcbeo�be_xiRoh]Jq�rDiKo�s@`n�aja`nf�s
M ~ bes���`cq�]5]Ys���j-]J��_ad7wiYgn���a`nbp_am�ft�5s�f�gc_DiK}1q�f�iY`n�agcf�qkf�_=s�`�qkiYdaf�be_�s��afR`cfts

U = N \M �
� fv`�i��'sc�DiKs(s��af�z|��_ao�scbp]J_ u(t, x, ξ) daf�ôa_afhdx]J_ (t, x, ξ) ∈ [0,∞)×SN �bp`�i'`c]J}e��s�be]J_�]Yz/s��afRg�iKdab�iBs�b{�Jf$scg�iY_�`nz|fhg�f��=�DiKs�be]J_�]J_

N
bez

(Hu)(t, x, ξ) + σ(x, ξ)u(t, x, ξ)− (Su)(t, x, ξ) = 0,
� · ¡

u(t, x, ξ)|t=0 = w(x, ξ).
` f�gcf

H
be`�s��afRjabeo£�DiYg�iKo�s�f�gcbe`ns�beo�ÒD] ~ ]J_�sc�af�s£iY_amYfh_[svja�a_ad�}pf TN �

Hu(t, x, ξ) =
∂u

∂t
+ ξi

∂u

∂xi
− ξiξjΓkij(x)

∂u

∂ξk
,
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~ �af�gcf (x1, . . . , xn, ξ1, . . . , ξn)
dafh_�]Ys�f�`�}p]5o�iK}Ho�]5]Jgndabp_DiBs�fh`�]J_Ès��af�s�iY_amJf�_=s

ja�a_ad�}pf
TN

oh]Ygcgcf�`cr-]J_�dabp_am#sc]�}p]5ohiY};o�]5]Jgcd�bp_DiKscfh`
(x1, . . . , xn)

]Kz
M

iY_ad
ξj = gjkξk �;� �af�]Jr-f�g�iKsc]Jg S � ohiY}p}efhd�s��afR`cohiKscscfhgcbe_am�]Jr-fhgciKs�]Jg � bp`

Su(t, x, ξ) =

∫

SxN

K(x, ξ, ξ′)u(t, x, ξ′) dSg(ξ
′).

` f�gcf
K ∈ C∞(SN ⊗ SN)

be`'ohiY}e}pfhd�s��af�`co�iBscs�f�gcbe_am9lYfhgn_afh} � dSg bp`�s��af`ns�iY_adDiYgnd#�J]J}e�aqkf�]J_
SxN �^ï bp_aiY}p} � � s��afRz|��_ao�scbp]J_ σ ∈ C∞(SN) bp`�ohiY}p}efhds��afviKsns�fh_=�DiKscbp]J_'z|�a_�o�s�be]J_ �H� fvd�fh_a]Yscf�s��af�`c]Y}p��scbp]J_']Yz;� · ¡ ~ b{s���sc�afvbe_ab{s�bpiK}�KiY}e�af

w ∈ C∞(SN)
j=�

u(t, x, ξ) = uw(t, x, ξ) �
ï ]Yg�sc�afRgnfh`c��}es�`�oh]J_�ohf�gc_abe_am�sc�afRgciYdab�iBs�b{�Jf�s�gciY_a`¤z|fhg�fh�=�DiKscbp]J_ ~ fR_�fhfhd�iz|f ~ q�]Jgcf�daftôD_abescbp]Y_a` �H� fv`�i��'sc�DiKs(sc�afvo�]Jq�ra}pfts�f�qxiK_abez|]J}{d N bp`;`cbeqkr�}pf�bez

z|]Jg3iY_=�
x, y ∈ N

s���fhgcf�be`3]J_�}e��]J_af�mJfh]5daf�`cbeo�oh]Y_a_af�o�s�be_am�sc�afh`nf�r-]Jbe_=s�` �H� f`�i���s��aiKs
M ⊂ N

be`�`nscgcbpots�}{�xoh]J_[�Jft�#b{zHiY}p}�r-]Ybp_[s�`�be_
M

o�iY_�j«f�oh]J_�_afhots�fhd
~ besc��i'mJfh]5d�fh`cbeoR`cf�mJqkf�_=sv}{�5bp_am'bp_ M iY_ad�s���fR`cfho�]J_ad#z|�a_adDiKqkf�_=s�iY}�z|]Jgcq
]Yz
∂M

bp`�r-]J`cb{s�b{�Jf �
� fR`�i���s��DiKs�`cohiKscscfhgnbp_am�lYfhgn_afh} K bp`�r-]Y`cbescbe�Jf�be_

M int b{z

K(x, ξ, ξ′) > 0,
z|]Jg�iY}p}

x ∈M int iY_ad ξ, ξ′ ∈ SxN �bvft�5s ~ f�daf�ôD_�fRsc�af�ft�5s�f�gc_DiY}Eq�fhiY`c�agnfhq�fh_[s�` �3� fRiY`c`n�aq�f�sc�DiKs�z|]Yg�iK_=�
w ∈ C∞0 (SN) � `c��o��ys��aiKs w(x, ξ) = 0

z|]Jg
x ∈ M ~ f�l=_a] ~ `n]J}p��scbp]J_

uw(t, x, ξ)
z|]Jg

x ∈ U �(Ó _#]Ysc�afhg ~ ]Jgnda` �a~ f�iY`c`n�aqkf$s��DiKs ~ f�iYgnfRmJb{�Jfh_�s��afqkfhiY`n�agcf�qkf�_=svqkiYr
A : C∞0 (SU)→ C∞(R+ × SU),

Aw = uw|R+×SU .b ]Ks�f sc�DiKs@s���f�qxiKr
A
mYbe�Jfh`@�a`@s��af mJfh]5daf�`cbeo ÒD] ~ be_ U iY_adks��=�a`�b{s@daf�scfhg¤w

qkbe_af�`�s��af'qkfts�gnbpo
gij(x)

z|]Yg
x ∈ U ��� }e`c] � bes$o�iY_9j-f'�a`cf�dOsc]�dafts�fhgnqkbe_afs��af�iKja`c]Jgnr�s�be]J_

σ|U �
	�ù1³=©-V�³5ú ûDZ_cGZ�ü1ýtþ

N ÿ ýd�e�����	�)�pýtþ ý"1��0�	�)�pý�������� ��������f
M ⊂ N

�
�����	�
���tþ
���)�g1tþ&+,�2�tþ��E%h������iYýkj�1�ýtþ
���¨þ0 �1��l�;�Bþ0 ÿ ��'��)�*��+�% 3nm 1�1�'(�xý�þ! 
�Yþ
K(x, θ, θ′)

i������@1� o����+
x 6∈M

f;þ0 
�Yþ��@1�f
K ∈ C∞0 (SM ⊗SM)

���)�'þ0 
�Yþ
K�@1����;1��¨þ��0iYý?�0�

M int 3p"��+�ý���iYý�+�fq��1�1�'��xývþ0 
�Yþr�^ý	��+�ýs=��0iYý���þ0 Dý�1�ýtþ
U = N \M

���)��þ0 Dýt�xý<��$
1�'�+£ý��xý��Dþu�����

A 3�4  Dý�1�ýB�*�Yþ2�L�5ýtþ ý�+,�>�0��ý	'(����CD'Dý��E%'þ0 Dý ÿ +�� 9 ý��v1;�<�Yþ þ�ý�+,�0��=+�ý����Yþ&�2���w�.��þ! Dý
������� �������
(M, g) 3

° �	x�»«¼3¼uyQ¼uygz
{YR>¼3»SR7|}T7Á!T
° � · � !�Å�~1¦Ã¥ ¦¨WaV�´ �(³5ú�ú�W7U�WGZRÆEfts

(M, g)
j-fÈiOoh]YqkrDiKo�skqkiY_ab{z|]J}ed ~ b{s��j-]J�a_adaiYgn� � ∂M ��Ó _�s���f�z|]Y}p}e] ~ be_�m �I~ f��a`nf#iY_�iY�5��be}pbpiYg¤��`nqk]5]Ks���oh}p]Y`cfhdoh]YqkrDiKo�s

n
I5qkiY_�bez|]J}{d

(M̃, g̃)
s��DiKs$o�]J_=s�iYbp_�`

(M, g) �$� f�oh]J_[s�be_5�af�s�]��a`nf_a]Ys�iKs�be]J_
γx,ξ(t), (x, ξ) ∈ SM̃,

z|]Jg�s���f�mYfh]5daf�`cbpo�` ]J_
M̃ ~ bes�� γx,ξ(0) = xiY_ad

γ′x,ξ(t) = ξ �@� }p}GmJf�]5dafh`nbpoh` iYgnf�raiYg�iYq�f�scfhgnb@�hf�d#j=��s��af�iYgco�}pfh_�mYs�� �(� fdafh_�]Ys�f'j=�Èdabp`¤s
fM(x, y)

iY_adQdabp`¤s
(x, y)

s��af'd�bp`ns�iY_ao�f�z|�a_aots�bp]Y_a`�]Y_
M̃

iY_ad
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M � gcfh`nr-fhots�be�Yfh}e� ��� ]�`cbeqkra}eb{z¨�k_a]Ys�iKs�be]J_a` ��~ fRdaf�_a]Ys�f

(x0, ξ0)Rt(x1, ξ1)
bezHiY_ad#]J_a}{��b{z (

(x0, ξ0), (x1,−ξ1), t
)
∈ R.

ø _
M̃

iY_ad
M �7~ f ~ bp}e}«�a`nf$�KiYgcbe]J�a`^ohgcb{s�beo�iY}-dabe`ns£iK_aohf�`�iY}p]J_�m�mJf�]5dafh`nbpo�` �

� f�`¤s£iYg¤s ~ b{s��kohgnbes�beo�iY}adabp`¤s£iY_�ohfh`^iY`c`n]5ohbpiKs�f�d ~ bes���sc�af�uvbefhqkiY_a_�ft�7r-]J_�fh_7ws�bpiY}�qkiYr � expx,
expx : TxM̃ ≡ SxM̃ × R+ −→ M̃, expx(sξ) = γx,ξ(s),

ξ ∈ SxM̃, s ∈ R+. � �af���'7þX�@�;��'*1h���@1tþ2���#��ý#iY}p]J_�m
γx,ξ � daf�_a]Ys�f�dìj=�

τR(x, ξ) � bp`�daftôD_af�dÈj=�
τR(x, ξ) = max{s > 0 :

d�bp`ns
fM(x, γx,ξ(s)) = s}.

�î°J¡

� �af oh��s@}p]5o��a`�dabp`¤s£iY_�ohf τR(x, ξ), (x, ξ) ∈ SM̃ dafts�fhgnqkbe_afh`(s���f bp_�ínfho�scbe�5b{s �
g�iYd�bp�a`�be_Bí

(M)
]Kz
M̃ �bp_Bí

(M) = min
(x,ξ)∈SfM

τR(x, ξ).

� f�`ci���sc�DiKs�s��afR`cfts

ωx = {y ∈ M̃ : y = γx,ξ(τR(x, ξ)), ξ ∈ SxM̃},bp`�sc�af-��'5þ?�@�;��'�1 ~ b{s���gcfh`nr-fhots�sc] x ��� �af�oh��s�}e]5oh�a` ωx o�]J_a`nbp`nsc`']Yzvs ~ ]s �5r-f�`�]Yz^r-]Ybp_=sc` �'� f�`�i��Qsc�DiKs�i�r-]Jbp_[s y ∈ ωx
be`�iK_���+k���0�)��+,%g��'5þo�@�;��'*1

�����0�DþGbez1s��af�gcf�iYgcf
ξ, η ∈ SxM̃ � η 6= ξ ~ besc�

τR(x, ξ) = τR(x, η), γx,ξ(τR(x, ξ)) = γx,η(τR(x, η)) = y.\^]J_a`nbpdaf�g;_a] ~ s��af�d�b_]«fhgcf�_=scb�iY}5]Yz expx iBs sξ sc�DiKs;be`3dafh_�]Ys�f�d�j=� d expx |sξ �� f�`ci��Ès��DiBs�i�r-]Ybp_=s y = γx,ξ(s)
bp`�i-�������,'�=*�Yþ ý	�����0�Dþ3iY}e]J_am

γx,ξ � b{z(s��afdab_]«f�gcfh_[s�bpiY}
d expx |sξ : TxM̃ → TyM̃

bp`�daf�mJfh_�fhg�iBs�f ��� �abe`Rbp`�f��5��be�KiK}pfh_[ss�]�s��af�ft�7be`ns�f�_aohf�]Yz;i�_�]J_7wîs�gcb{�7bpiY}E¯JiYoh]YjabEôDf�}pd
Y (t)

iY}e]J_am
γ = γx,ξ([0, s])

~ besc�9s��af ÷ bpgcbeo£�a}pftsRj-]J�a_�dDiYgn�Qoh]J_�dabescbp]J_�` Y (0) = 0
iY_ad

Y (s) = 0 �kï ]Jg
(x, ξ) ∈ SM̃ ~ f'daftôD_af'sc�af��������,'�=*�Jþ�ý����@1tþ����#�£ý τc(x, ξ) ∈ R+ ∪ {∞}

s�]
j-f

τc(x, ξ) = inf{s > 0 : d expx |sξ
bp`�_a]Ksv]J_�ftw¢sc]Kw�]Y_af

}.�(iYo£��r-]Jbe_=s
y ∈ ωx

bp`kiK_y]Jgndabp_aiYgn��oh�7sx}p]5o��a`�r-]Jbp_[s � i9ôDgn`nsxo�]J_Bín�amJiKs�fr-]Jbp_[s � ]Jg�j-]Ys�� �bvft�5s ~ f�dabp`noh�a`n`$o�gcb{s�bpohiY}Edabe`ns£iK_aohf�`$iY`c`n]5ohbpiKs�f�d ~ bes��#s��af�j-]J�a_�dDiYgn�#f��5wr-]J_af�_=s�bpiY}GqkiYr � exp∂M �
exp∂M : ∂M × R −→ M̃, exp∂M(z, s) = γz,ν(s), z ∈ ∂M,

~ �af�gcf ν = ν(z)
be`;s��afv��_abes�be_=s�f�gcbe]Jg;_�]JgcqkiY}��Jfhots�]Jg(s�]

∂M
iKs
z �3� �afvrDiYbeg

(z, s)
daftôD_af�`vs��af ÿ ��'��)�*��+,%��#��+������Y���;��+<���0�)�Yþ�ý�1@bp_ M̃ _af�iKg

∂M �
� ��f ÿ ��'(�)�*��+,%v��'5þ��@�;��'*1����@1tþ2���#�£ý � τb(z) � z ∈ ∂M bp`�mJb{�Jfh_#j[�

τb(z) = max{s > 0 :
dabe`ns

(γz,ν(s), ∂M) = s}.
� ­[¡
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� �af�`cfts�]KzEsc�af�o�]Jgcgnfh`nr-]J_adabe_am�r-]Jbe_=sc` y = γz,ν(τb(z))
be`@o�iY}e}pf�d�s��af ÿ ��'��)��$��+,%/��'5þ��@�;��'*1 �

ω∂M = {y ∈M : y = γz,ν(τb(z)), z ∈ ∂M}.

� �af�j-]J�a_adaiYgn��oh��sR}p]5oh��`�oh]J_a`nbp`¤s�`R]Yz�s ~ ]�s��5r-fh`�]Kz@r-]Jbp_[s�` ��� f'`�i��Ès��DiBsi�r-]Jbe_=s
y ∈ ω∂M

bp`�iY_���+k���0�)��+,% ÿ ��'(�)�*��+,%���'7þ	�@�;��'*1?�����0�Dþ(bez@s��af�gcf�iKgcf
z, w ∈ ∂M � z 6= w ~ bes��

τb(z) = τb(w), γz,ν(z)(τb(z)) = γw,ν(w)(τb(w)) = y.

� }e`c] �^~ fÈ`ci���sc�DiKs�i�r-]Jbe_=s y = γz,ν(z)(τb(z)) ∈ ωx
bp`ki:���;�8���q�����0�Dþ�bez

s��af�dab_]«fhgnfh_[s�b�iK} � d exp∂M |(z,τb(z)) : Tz∂M × R → TyM̃
be`kdaf�mJfh_af�g�iKscf ��;�5��be�KiK}pfh_[s�}{� � t bp`^i�z|]5o�iY}-r-]Jbe_=s@bezGsc�afhgnf$be`^i�_a]Y_7w¢scgcbe�5bpiY}-¯JiYo�]Jjab-ôDf�}pd Y (t)iY}e]J_am

γz,ν([0, s]) ~ b{s�� Y (s) = 0
iK_ad

Y ′(0) = WY (0) �E~ �af�gcf W bp`�s��af
� fhbp_�m[iYg¤s�fh_�qxiKr�]Yz ∂M iBs

z �;ï ]Jg z ∈ ∂M �[~ fvdaf�ôD_�f sc�af����;�<���)���@1tþ����#�£ý �
τf (z)

sc]�j-f

τf (z) = inf{s > 0 : d exp∂M |(z,s)
bp`�_a]Ksv]J_�ftw¢sc]Kw�]Y_af

}.
bv]Ys�f(s��DiKs

y ∈ ω∂M
bp`HiY_�]Jgcd�bp_DiYg¤��j«]Y�a_adDiKgn��oh�7sI}p]5oh��`Hr-]Jbe_=s � i�ôDgc`¤sHz|]Kwo�iK}Dr-]Jbp_[s � ]Yg(j-]Ysc� �3� }p`c] � sc�af�z|�a_aots�bp]Y_a` τR � τc � τb � iY_ad τf iYgcf�oh]J_[s�be_5�a]J��` �f � m � ÉÐ° Ê Ì �\^]YqkrDiKgcbp_�m'¯JiKoh]Jjab-ôafh}pd�`

Y (s)
iY}e]J_am�s��af�mJfh]5d�fh`cbeo

γz,ν([0, s]) ~ b{s��xsc�af
÷ bpgnbpo£�a}ef�s�o�]J_adab{s�be]J_ Y (0) = 0 iY_adksc�af�u�]Jjabe_koh]Y_adabescbp]Y_ Y ′(0) = WY (0) �
~ f�`nfhf�s��aiKs τf (z) < τc(z, ν) ��÷ �af�s�]�s��af�oh]YqkrDiKo�sc_afh`n`�]Kz ∂M s��af�gcf�bp`
c0 > 0

`n�ao£��sc�DiKs

τc(z, ν) ≥ τf (z) + c0, z ∈ ∂M.

Ó _�i�`cbeqkbe}piKg�qkiY_a_af�g �3~ f�ohiY_�`n�a] ~ s��DiBs
τR(z, ν) > τb(z), z ∈ ∂M.

Ó _adaf�fhd � iK`c`c�aq�f(sc�af�]Yrar-]J`cb{s�f � b � f �{� t = τR(z, ν) ≤ τb(z)
z|]JgE`c]Jq�f

z ∈ ∂M �
÷ fh_�]Ys�f (y, η) = (γz,ν(t), −γ

′
z,ν(t)).

ë���da�DiK}pbes�� � τR(y, η) = τR(z, ν) = t �ÆEf�s
ε > 0

iY_ad
xε = γz,ν(−ε) = γy,η(t+ ε). � �af�_
dabe`ns

fM (xε, y) < t+ ε ≤ τb(z) + ε

iY_adxsc�afhgnf$be`
ηε ∈ SxεM̃ ~ besc� y = γxε,ηε(

dabp`¤s
fM(xε, y)) �(÷

f�_a]Yscf$j=�
tε > 0s��af�}piY`ns�scbpq�f ~ ��fh_ γxε,ηε(s) �ab{s�` ∂M ��Ó z ε be`$`n�
H�ohbefh_[s�}e�È`nqxiK}p} �-~ f'`cf�fj=�xsc�afR`n�a]Jg¤snw�o���sviYgnmJ�aq�fh_=sc`�sc�DiKs�d�bp`ns

(y, ∂M) < τb(z) �;� �abe`�oh]J_[s�gciYdabpots�`s��afRd�f�ôD_ab{s�be]J_�]Yz
τb
bp_��Ã­[¡ �

÷ �af�sc]�sc�af�oh]YqkraiYo�sc_afh`n`�]Yz ∂M � j[�ÈqkiYl=bp_am c0 > 0
`nqxiY}e}efhgvbez;_afho�fh` w

`�iYg¤� �
τR(z, ν) ≥ τb(z) + c0, z ∈ ∂M.

�|²=¡
Æ1iKscfhg ~ f ~ bp}e}(oh]J_a`nbpdaf�g�bp_=scfhgn`cfhots�be]J_a`�]Yz��KiYgcbe]J�a`�mJfh]5d�fh`cbeoh`�]Y_ M �ÈÓ _s��af�`cf�oh]J_a`nbpdaf�g�iKscbp]J_�` ~ f ~ ]Y�a}pd'}ebplYf@s�]Ri��J]Jbpd�rDiKsc�a]J}e]JmJbeo�iK}5o�iY`nfh`;s��aiKs;qki���DiYrar-f�_�s�] }e]J_amvmJfh]5d�fh`cbeoh` �3� ��f@ôDgn`nsIo�iK`cf ~ f�iY_aiY}e���hf�bp`Hiv`cf�}ez�w¢bp_=scfhgn`cfhots�be]J_]YzIi�mJf�]5dafh`nbpo �
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∂Mz

A

B

z0

z

∂M
z
A
B

z0 z

P À0Q;¾/»SR��>Á ÆEftz¨s�Í�õ7f�}ez�w¢bp_=scfhgn`cfhots�be]J_�]Yz@i�_a]JgnqxiK}HmJfh]5daf�`cbeo �u�bpmJ�[s�Í���fh]5daf�`cbeoh`�oh]Jgngcf�`cr-]J_ad�bp_am�sc]�z|]5o��a`cbe_am�d�bpgcf�o�scbp]J_a` �
��³5ú�ú�W-cGZÃûDZvü1ýtþ

γz,ν , z ∈ ∂M ÿ ýRþ! Dý?�#��+�������=5ý����5ý�1��2�
���)�
γz,ν(s+) = γz,ν(s−), s+ > s−,þ! 
�Yþ��@1�f

γz,ν
�0�Dþ ý�+81�ý��tþ01
�¨þ01�ý�� � 3�4  Dý�� s+ + s− > 2τR(z, ν) 3%�V�©G©7[�Z � `c`n�aq�fRs��DiBs

s+ + s− ≤ 2τR(z, ν).
� ®J¡
� �af�_ s− < τR(z, ν) � Æ1fts A = γz,ν(s−) � B = γz,ν(τR(z, ν))

j-f�r-]Jbe_=sc`v]Y_
γz,ν � `cf�f ï bpm � ° � iY_�d�dafh_�]Ys�fkj=� lBA = s+ − τR(z, ν)

sc�afk}pf�_amYsc��]Yz�sc�af
� }e]J_am � mYfh]5daf�`cbeo

γz,ν([τR(z, ν), s+]) ��� �afh_ � �a`cbe_amOdaf�ôD_�bes�be]J_ò�î°J¡�]Kz τR �
s− =

dabp`¤s
(z, A), τR(z, ν) − s− =

dabe`ns
(A,B) � `c]#sc�DiKsRsc�af�}efh_amKs��O]Kz@s��afjagc]YlYfh_�mYfh]5daf�`cbpo

γz,ν([0, s+]) ∪ γz,ν([0, s−])
z|gc]Jq

z
s�]
z
be`

s+ + s− =
d�bp`ns

(z, A) +
dabp`¤s

(A,B) + lBA +
dabe`ns

(A, z).õ7bp_�ohf
γz,ν([s−, τR(z, ν)])

be`�s���fO�a_abe�5��fOqkbe_abeqkiK}�mJfh]5d�fh`cbeoOj-f�s ~ f�fh_�b{s�`
fh_ad�r-]Jbp_[s�` � lBA > dabe`ns

(A,B) = τR(z, ν)− s−. � �af�gcf�z|]Ygcf �
s+ + s− > s− + (τR(z, ν)− s−) + (τR(z, ν)− s−) + s− = 2τR(z, ν),

~ �abeo��#oh]Y_=scg�iYdabeo�sc`��î®Y¡ � 2

Ó _�s��afx`cf��=�afh} � d�bp`ns S bp`�s���f�õ7iY`�iYl=bpiY_�dabe`ns£iK_aohfx]J_ � d�fhr-fh_�dabp_am�]J_�s��afoh]Y_=s�f��5s � TM̃ ]Jg
SM̃ � `nfhfkÉñ­ Ê Ì ���³5ú�ú�W-cGZ_cGZvü1ýtþ
ε > 0, z ∈ ∂M 3�4  Dý�+£ý?�@1 δ = δ(ε) > 0

1�'7�� �þ! 
�Yþ�� �
(z1, ξ1)R2t (z2, ξ2),

� 3 ý 3 γz1,ξ1(t1) = γz2,ξ2(t2), t1 + t2 = 2t,���¨þ! 
t < τR(z, ν) + δ

���)�X���@1tþ
S((zi, ξi), (z, ν)) < δ

f
i = 1, 2

þ0 Dý��
|t− ti| < ε, i = 1, 2.bv]Ys�f$s��DiKs�s���f�o�]J_a`¤s£iY_[s

δ
da]5f�`v_a]Ksvdaf�r-fh_ad�]J_

z ∈ ∂M �%�V�©G©7[�Z � `n`c�aq�f#sc�af#]Yrar-]J`cb{s�f � b � f �{� iY_�ft�7bp`¤s�fh_�ohf�]Yz�r-]Jbe_=sc` zk ∈ ∂M �
(zki , ξ

k
i ) ∈ Ω+, k = 1, 2, i = 1, 2, . . .

iY_ad�i'rDiYgciYqkfts�f�g
ε > 0 � `n�ao£�#s��DiKs

lim
k→∞

dabe`ns
S((z

k
i , ξ

k
i ), (z

k, νk)) = 0,
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γzk
1
,ξk

1
(tk1) = γzk

2
,ξk

2
(tk2), t

k
1 + tk2 = 2t

k, lim sup
k→∞

(tk − τR(z
k, νk)) ≤ 0,

~ besc� tk1− tk2 ≥ 2ε ��� `nbp_am�oh]J_[s�bp_=�ab{s �'iYgcmJ��qkf�_=sc`@iY_adkoh]YqkrDiKo�s�_�fh`c`@]Yz ∂M
~ fk�ai��Jf�s��aiKs�sc�afhgnfkbp`�i#`c��ja`cf��5�afh_aohf k(p) ~ besc� zk(p) → z � tk(p)1 → t+ �
t
k(p)
2 → t− � iK_ad

γz,ν(t+) = γz,ν(t−), t+ + t− ≤ 2τR(z, ν), t+ − t− ≥ 2ε,

~ �abeo��#oh]Y_=scg�iYdabeo�sc`vÆEfhq�qxi�° � · � 2bvft�5s ~ f�bp_=scgc]5da��ohf'iY�5��be}pbpiKgn��z|��_ao�scbp]J_a` µ1(z) � µ2(z) � iK_ad τM(z) � z ∈
∂M ~ besc� µ1(z)

iY_ad
µ2(z)

sc]�j-f�dafts�fhgnqkbe_af�dxz|gc]Jq sc�af�jagc]JlKfh_�`cohiKscscfhgnbp_am
gcf�}�iKscbp]J_ ��� �af�z|�a_aots�be]J_ µ1(z)

s�fh}e}p` ~ �af�_�i�_a]JgnqxiK}3mYfh]5daf�`cbeoh`�`nfh_[s�z|gc]Yq
z ∈ M

ft�7b{s�`
M � ë@�Os��afxdaftôD_ab{s�bp]Y_�]Yz�sc�afxjagc]JlYf�_�`co�iBscs�f�gcbe_am�gnfh}�iBs�bp]Y_ �

R � iÈr-]Jbp_[s (z, ξ) ∈ Ω+
be`�be_�gnfh}�iBs�bp]Y_ ~ bes���bes�`nfh}{z � (z, ξ)Rt(z, ξ) � b{zviK_ad]J_a}{��bez�s��af�mJfh]5daf�`cbeo

γz,ξ((0, t/2])
]Y_

M̃
}ebpf�`xbp_

M int � � ��bp`�qxiKlYfh`�b{sr-]J`c`nbpja}ef�s�]Odafts�f�gcq�bp_af � z|]Jg�iY_[� γz,ξ, (z, ξ) ∈ Ω+ � besc`�iYgnoh}efh_amYsc��s�]9s��afôDgc`¤s���bescscbp_amÈr-]Jbp_[s�s�]
∂M ��� f�d�fh_a]Ks�f�sc�abp`'iYgco�}pf�_amYs���j=� µ1(z, ξ)

iK_ad
µ1(z) = µ1(z, ν) �
� ��f9z|�a_ao�scbp]J_ µ2(z)

be`�iY_òiYraragn]��7bpqkiKscbe]J_�sc]
τf (z) �ÄÓ z ~ f ~ iY_[s�s�]daf�scfhgnqkbe_af

τf (z) ~ f�ohiY_�iYgcmY�af�iY`3z|]Y}p}e] ~ `�ÍHiY`n`c�aq�f�s��DiKs s > τf (z) �Â� �af�_s��af�_a]JgcqkiY}amJf�]5dafh`nbpo
γz,ν([0, s])

be`(_a]�}e]J_amJf�g�iR`n�a]Jgnscfh`¤s^rDiKsc��z|gc]Yq
γz,ν(s)s�]

∂M
iY_adxs��af�gcf�iYgcf�`cfh�=�af�_aohfh`

zn → z, zn 6= z � sn → τf (z), tn → τf (z)`c�ao£�#s��DiBs
γz,ν(sn) = γzn,νn(tn), νn = ν(zn).

Ó _�s�fhgnqk`�]Yz/s��afRgcf�}�iBs�bp]Y_ R � sc�afh`nf�bpq�ra}{�ksc�DiKs
(z, ν)RTn (zn, νn), Tn = tn + sn,

� Ê ¡
~ b{s�� sn → τf (z), tn → τf (z), zn → z, ~ �af�_ n→∞.

� �af�gcf�z|]Ygcf � bes�qkiYlYf�`#`nfh_a`nf�sc]�s�g¤��s�]�ôD_ad τf (z)
�a`nbp_amò� Ê ¡ � ` ] ~ f��Jf�g �s��af�gcfOiYgnfQs ~ ]�]Jja`ns�iYoh}efh` �Äï bpgn`ns � bes�qki��y�DiYr�r«f�_ sc�DiKs τf (z) ≥ µ1(z) �õ7fho�]J_ad � �Di��7be_am�� Ê ¡ ~ besc� zn → z, Tn → 2t �/~ f ~ iY_[s�s�]�o�]J_ao�}p�ad�f�sc�DiKs

sn → t, tn → t �;� ]�d�]�`c] ��~ f�be_=scfh_ad�s�]��a`cf�ÆEf�qkqki�° � ° ��~ �abeo��#gcf��=�abpgnfh`
t ≤ τR(z, ν) ~ �abpo£�kbe`(_a]Ys�l=_a] ~ _ �;� ]�i��J]Jbpd's��af�`cf d�b_H�oh�a}{s�befh` �J~ f ~ bp}p}�_a]Ysdaf�scfhgnqkbe_af

τf (z)
ja��s^iY_a]Ks��af�g(z|�a_aots�be]J_

µ2(z)
s��DiKs�bp`(o�}p]J`nfh}e��gcfh}piKs�f�d�sc]�b{s �

��³=§Iª/¦|U�¦|©-ª"cGZ_�GZ������
1����5ý�+^þ! Dýs1�ýtþ
S(z)

�.��þ0 ��;1�ý
s ∈ (0, µ1(z))

����+��q ��2�� 
þ! Dý�+�ý���+£ý�1�ý<CD'>ý��#�£ý�1

zn → z
f
zn ∈ ∂M zn 6= z

f
Tn → 2s

1�'��� #þ0 
�Yþ
(zn, νn)RTn (z, ν).

� ËJ¡
��ý!����ý

µ2(z) = inf S(z)
f�� �

S(z) 6= ∅
���)�

µ2(z) = µ1(z)
�Bþ0 Dý�+,���@1�ý 3

ø ja`nfhg¤�Jf�s��aiKs
µ2

qxi���j-f�z|]J�a_ad�z|gc]JqÇsc�afRjagc]JlYf�_�`cohiKscscfhgnbp_am�gcf�}�iKscbp]J_ �
��³5ú�ú�W-cGZ��1Zt� '(�#�tþ��2���

µ2 : ∂M → R+

1D�Yþ��@1!��ý�1
min(µ1(z), τf (z), τR(z, ν)) ≤ µ2(z) ≤ min(µ1(z), τf (z)).

�Ã±[¡
���)�

τb(z) ≤ µ2(z) 3
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%�V�©G©7[�Z � �afQgcbemJ�[s�bp_af��=�DiY}ebes���be_ �Ã±[¡�z|]Y}p}e] ~ `�z|gc]Jq ÷ ftôD_abescbp]J_é° � ­�iY_adoh]Y_a`cbedafhgciKs�be]J_a`�j-f�z|]YgcfRbes �
� ]�ragn]��Jf�s���f�}pf�z¨sRbp_�fh�=�DiY}ebes���]Yz�� ±J¡ � }ef�sR�a`�iY`c`n�aqkf�sc�DiKsRs��af�gcf�bp` s <

min(τf (z), µ1(z), τR(z, ν)) ~ �abeo��x`�iKscbp`¤ôDfh`�� ËJ¡ � ë��xÆEf�qkqki�° � ° � iYr�ra}pbeo�iBwja}pf�d��afRsc]
Tn < 2τR(z, ν)

z|]Jg�}piYgcmYf
n ��~ fR�Di��Jf

γzn,νn(sn) = γz,ν(s
′
n), sn → s, s′n → s, zn → z, zn 6= z.

��¢[¡
� ` s < τf (z) � exp∂M be`$i�}p]5ohiY}Hd�b_]«fh]Jq�]Jgcr��abe`cqÔ_afhiYg

(z, s) ��~ ��bpo£�9o�]J_7ws�gciYdabpots�`��&¢J¡ �;� �abe`�ragc]��Jfh`��Ã±[¡ �
� `cbe_am�d�f�ôD_ab{s�be]J_a` µ1

iK_ad
τf �a~ fR`cf�f�j[���a`cbe_am��Ã²=¡@sc�DiKs

τb(z) ≤ min(
1

2
µ1(z), τf (z), τR(z, ν(z))).

� �abe`��7befh}eda` τb(z) ≤ µ2(z). 2

ï bp_DiY}e} � �(~ f�_af�fhd�i9z|�a_�o�s�be]J_ τM(z) ~ b{s�� τM(z) > τb(z)
�Di��5bp_�mOsc�af

ragc]Yr-fhgns���sc�DiKs � z|]Jg t < τM(z)
s��af9mJf�]5dafh`nbpo�`#`cf�_=s#jDiYo£lyz|gc]Jq i�r-]Jbe_=s

x = γz,ν(t)
�ab{s�s��af�j-]J�a_�dDiYgn�

∂M
_afhiYg

z
bp_�i�gcfhmY�a}�iKg ~ i�� � b iYq�fh}e� �a~ fdaf�ôa_af

τM(z) = min (µ1(z), τR(z, ν(z))), z ∈ ∂M.

� ` τb(z) ≤ 1
2
µ1(z) ~ f�`cf�f�j=�O�|²=¡@s��DiBs τb(z) < τM(z) �

° � ° � 
GWDú�¦Ã¥|´�©7[v¦Ãª«U�³5VBTh³5XYU�¦ÃªS£g£>³5©E¶1³5T�¦ X[TKZ Ó _�sc�abp`^`cf�o�s�be]J_ ~ f�bp_[s�fh_�d�sc]�a`cf@s��af^jagc]YlYfh_'`cohiKscscfhgnbp_am$gnfh}piKs�be]J_�sc]��Jfhgnbez¨��bez>i mJbe�Jf�_�zÃiYq�bp} �R]YzDmJfh]5daf�`cbeoh`
bp_[s�f�gc`cf�o�s iKs�]J_afRr-]Jbe_=s �ÆEfts

z0 ∈ ∂M � ν0 = ν(z0) � iY_ad x0 = γz0,ν0(t0), 0 < t0 < τM(z0) �
÷ fh_�]Ys�f η0 = −γ′z0,ν0(t0) �

\^}ef�iYgn}e� � η0

be`xs��af�dabpgnfho�scbp]Y_ó]Kz�sc�afQgcft�Jfhgn`cf
mJf�]5dafh`nbpo � γx0,η0

z|gc]Jq
x0

sc]
z0 � ë@��oh]Y_a`cbedafhgnbp_am#¯JiYoh]Jj�b3ôafh}pd�`�iY}e]J_amxs��abe`mJf�]5dafh`nbpo �-~ f�`nfhf�s��aiKs s��af�ft�7r-]J_�fh_=scb�iY}/qxiYr � expx0

: Sx0
M̃ × R+ → M̃ �bp`�i'}p]5ohiY}Gd�b_]«fh]Jq�]Jgcr��abe`cqÇ_afhiYg

(η0, t0) �
� ` t0 < τR(x0, η0)

iK_ad
γx0,η0(t0)

��bes�`
∂M

_a]JgcqkiY}e}{� � iY}p}�mJfh]5d�fh`cbeoh` γx0,η�abes
∂M

s�g�iK_a`n�Jf�gc`�iK}p}{��z|]Jg
η ∈ Sx0

M
oh}e]J`cf^sc]

η0 �3� ��f���daf�scfhgcq�bp_�f�`cq�]5]Ys��z|�a_aots�bp]Y_a`
z(η), t(η)

`c�ao£�xs��DiBs
γx0,η(t(η)) = z(η) ∈ ∂M �3Ó _=�Jf�gns�be_am�sc�afh`nfz|�a_aots�bp]Y_a`$iY_ad��a`cbe_amxs�gciY_a`n�Jf�gc`ciY}pb{s � �«~ f�]Jj7s£iYbe_ � be_Qix_af�bpmJ�=j-]Jgc�a]5]5d U ⊂

∂M
]Yz
z0
i�`nqk]5]Ks���`cf�o�s�be]J_

ξ(z) : U → SU
iY_ad�i�z|�a_ao�scbp]J_

t(z)
`n�ao£�

s��DiBs
γz,ξ(z)(t(z)) = x0, z ∈ U.

� · Ñ[¡
Ó _'sc�af�z|]J}p}e] ~ be_am � ]J�ag;iYbpq be`Is�]�daf�scfhgnqkbe_af � �a`cbe_am$s��af�jagn]JlYfh_�`co�iBscs�f�gcbe_amgcf�}�iKscbp]J_

R �J~ ��f�s���fhg � z|]Jg3i$mJb{�Jfh_�scgcbpr�}pf {U, ξ( · ), t( · )} ]Kz«i$_�fhbpmY�5j-]Jgn�a]5]5d
U ⊂ ∂M

iY_adkz|�a_�o�s�be]J_a`
ξ(z)

iY_ad
t(z) � s���fhgcf ft�7be`ns�`^i�r-]Ybp_[s x0 ∈M

`n�ao£�
s��DiBs

γz,ξ(z)(t(z)) = x0

z|]Jg�iY}e}
z ∈ U �

� ]�s���bp`�fh_ad �D~ fR_a]Yscbpo�f�sc�DiKs�ragc]Yr-fhgns��O� · Ñ[¡^bpq�ra}ebef�`
(z, ξ(z))RT (z) (z0, ν0), (z, ξ(z))RT (z,z′) (z

′, ξ(z′)), z, z′ ∈ U,
� ·J· ¡

T (z) = t(z) + t0, T (z, z′) = t(z) + t(z′),
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z|]Jg�`cq�]5]Ysc�

ξ(z), t(z) �;Ó _�iYdadab{s�be]J_ �
t(z0) = t0, dt(z)|z0 = 0, ξ(z0) = ν(z0),

� · °J¡
~ �af�gcf'sc�af'}�iK`ns$ragc]Yr-fhgnscbpf�`$z|]J}e}p] ~ z|gn]JqÔs��af�zÃiKo�s$s��aiKs

γx0,η0

bp`�_a]JgcqkiY}/sc]
∂M � `vfhgnf � dt(z) = dzt(z)

bp`�sc�afRdab_]«fhgnfh_[s�bpiY}�]YzHsc�af�z|�a_aots�bp]Y_
t : U → R �

� ��fh`cf�]Jja`cf�gn�KiBs�bp]Y_a`�q�]Ys�b{�KiKs�f�sc�af�z|]J}e}p] ~ be_am�daf�ôa_abescbp]J_GÍ
��³=§Iª/¦|U�¦|©-ª:cGZ_¦GZIü1ýtþ

z0 ∈ ∂M
���)�

t0 > 0 3 �����
1����5ý�+��r�^���>�0�E% F(z0, t0) =
{U, ξ( · ), t( · )}

�q Dý�+�ý
U ⊂ ∂M

�@1l�§��ý���=� ÿ ��+� ��;�D�¨�.� z0

f
ξ : U → SM�@1A��1��l�;�Bþ! v1�ý,�tþ��2���
fs���)�

t : U → R
�@1A��1��l�;�Bþ! ?�,'��#�tþ��2��� 3:© ý?1D��%kþ0 
�Yþ

F(z0, t0)
�@1:���^���>�0�E%-�.�	���;��'*1��0��=-���0+�ý��tþ&�2���
1X� �

ξ(z), t(z)
1D�Yþ��@1!�,%������)���0$

þ&�2���
1lª.«*«�¬X���)�gª.«�­D¬ 3¨© ý�þ0 Dý��g1D��%xþ! 
�Yþ^þ! DýB=5ý��D�5ý�1��2��1 γz,ξ(z), z ∈ U ��+£ý
þ! Dýo=5ý����5ý�1��2��1�����+�+�ý�1¥�����)���0��=�þ.�®�^���>�0�E%

F(z0, t0) 3bv]Ys�f�s��DiBs's��af�jagn]JlYf�_�`cohiKscscfhgcbe_am9gcf�}�iKscbp]J_
R
dafts�f�gcq�bp_af�`�b{z mJb{�Jfh_

U �
ξ(z) � iK_ad t(z) z|]Ygcq i�zÃiYqkbe}{�']YzGz|]5oh�a`nbp_am�dabegcfhots�be]J_a` � ø ��g^ragnbp_ao�bprDiK}>scfho£�7w_abpohiY}«gnfh`n�a}es�bp_ks��abe`�`nfhots�be]J_�`c��] ~ `�s��aiKs^s��af$mJf�]5dafh`nbpo�`�o�]Jgcgnfh`cr-]Y_adabp_�m�s�]'izÃiYq�bp} �x]KzHz|]5oh��`cbp_�m�dabegcf�o�s�be]J_a`�be_=scfhgc`nfhots�iBs i'`cbe_amJ}pf$r-]Jbe_=s �
	�ù1³=©-V�³5ú cGZ_¯EZ�ü1ýtþ

z0 ∈ ∂M, t0 < τM(z0)
f
���)�

F(z0, t0) ÿ ýX�A�^���>�0�E%�.�����;��'�1��0��=X���0+�ý��tþ&�2���
1 3L4  Dý��Qþ0 Dý�+£ý
�@1��l��ý���=� ÿ ��+� ��;�D� Ũ ⊂ U
�.�
z0
1�'��� 

þ! 
�Yþ
γz,ξ(z)(t(z)) = γz0,ν0(t0),

����+
���0�
z ∈ Ũ .

%�V�©G©7[�Z � �af�r�gc]5]Yz>]Yz>sc�abp`Igcf�`c�a}{s;bp`Ig�iBs��af�g3}p]J_�m�iY_ad ~ be}p}5o�]J_a`cbe`ns;]Yz>`cf��Jf�g�iY}`nscfhra` iY_ad�iK�7�7bp}eb�iKgn�k}pf�qkqkiKs�i �° þ ý¥�±« 3x� fk`¤s£iYg¤s ~ b{s���iK_�]Jja`cf�gn�KiBs�bp]Y_Os��DiBs�� ·Y· ¡$bpq�ra}ebef�`�sc�DiKs � z|]Yg�iK_=�
z ∈ U � s��af�gcf�iYgcf s(z), ŝ(z) ≥ 0 `c�ao£�#s��DiKs

x(z) = γz,ξ(z)(s(z)) = γz0,ν0(ŝ(z)), s(z) + ŝ(z) = T (z).

� ` t0 < τR(z0, ν0) � j=�QÆ1f�q�qxi�° � ° s(z) → t0 � ŝ(z) → t0 ~ �af�_ z → z0iY_ad
s(z0) = ŝ(z0) = t0.

� · ­[¡
b f��5s ~ fR`c�a] ~ s��DiKs s(z), ŝ(z) iYgcf C∞ w�`cq�]5]Ysc��_afhiYg z0

iK_ad
ds(z)|z0 = dŝ(z)|z0 = 0.

� · ²=¡
� ]�s��abe`�f�_ad � oh]J_�`cbpd�fhg�s���fRz|��_ao�scbp]J_ H(s, z) �
H(s, z) =

d�bp`ns
(γz0,ν0(s), z) + s− T (z), (s, z) ∈ (t0 − δ, t0 + δ)× U.

� ` t0 < τR(z0, ν0) � sc�afRz|�a_ao�scbp]J_ H(s, z) be` C∞ w�`nqk]5]Ysc��i�_af�bpmJ�=j-]Jgc��]5]5d]Yz
(t0, z0)

iY_ad
H(t0, z0) = 0, ∂sH(t0, z0) = ∂s

dabp`¤s
(γz0,ν0(s), z0)|t0 + 1 = 2.

Ï iYl=bp_�m U `nqxiK}p}efhg�bez3_af�ohf�`c`�iYg¤� � sc�af�f��5�aiKs�be]J_ H(s, z) = 0
�DiY`$ik��_abp�=�af

`c]J}e��s�be]J_
s = s̃(z) ~ �abeo���bp` C∞− `nqk]5]Ks���be_ U ~ b{s�� s̃(z0) = t0 �$� `�iY}e`c]

s = ŝ(z)
`n]J}e�Yfh`

H(s, z) = 0 �E~ f�`cfhf�sc�DiKs ŝ(z) = s̃(z) � z ∈ U ��Ó sRsc�afh_z|]J}e}p] ~ `^s��DiKs s(z) = T (z)− ŝ(z) ∈ C∞(U) �
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ÆEfts$�a`�dab_]«fhgnfh_=scb�iBs�f�sc�af�bpd�fh_=scbes��

H(ŝ(z), z) = 0 ~ b{s��Ègcfh`nr-fhots�s�] z iKs
z = z0 ��÷ �afRs�]�� · °J¡�iY_ad�sc�af�zÃiYots�s��aiKs γz0,ν0 be`�_a]JgcqkiY}«s�] ∂M �
0 = dzH(ŝ(z), z)|z0 = dz ŝ |z0 · (∂s

dabe`ns
(γz0,ν0(s), z0)|s=t0 + 1) = 2dz ŝ |z0 .

� �5��` � dzŝ |z0 = 0 iK_ad�iY}p`n] dzs|z0 = dz(T (z)− ŝ(z))|z0 = 0.° þ ý¥��­ 3 \^]Y_a`cbedafhg�s���f�qkiYr E ∈ C∞(U ;SM) �
E(z) = (x(z), η(z)) :=

(
γz,ξ(z)(s(z)), −γ

′
z,ξ(z)(s(z))

)
, E(z0) = (x0, η0).

��³5ú�ú�W-cGZ³²«Z 4  >ý?����� dE|z0 : Tz0∂M → Tx0,η0SM
 
��1Rþ! Dý�����+,�

dE|z0(v) = (0,Θv), v ∈ Tz0∂M,
� · ®J¡
�q Dý�+�ý��^ý����5ý��Dþ&� �,%

Tx0,η0SM ≈ Tx0
M × Tη0(Sx0

M) 3 � '(+�þ0 Dý�+��l��+�ý�f Θ :
Tz0∂M → Tη0(Sx0

M)
�@1 ÿ � ��ý��tþ&�0iYý 3

%�V�©G©7[�©7[x�(³7ú�ú�WUcEZ³²«Z � ` x(z) = γz0,ν0(ŝ(z)) � b{s�z|]J}e}p] ~ `�z|gc]Jq � · ²=¡
s��DiBs

dx|z0 = 0 � b � f �{� dE|z0 bp`�]YzIz|]Ygcq � · ®Y¡ �@� ]k`c��] ~ s��DiBs
Θ
bp`�jab ínf�o�scbe�Jf �]Jja`nfhgn�Yf�sc�DiKs

expx(z)(s(z)η(z)) = z, z ∈ U.
� ·�Ê ¡
ÆEf�s3�a`3daf�_a]Ys�f��I�7r

(x, ξ) = expx ξ, (x, ξ) ∈ TM̃ � ë@��d�b_]«fhgcf�_=scb�iKscbp_�m j-]Ys��`cbedafh`�]Yz�� ·�Ê ¡ ~ bes���gcf�`cr-f�o�svs�] z iY_ad#��`cbp_�m dx|z0 = 0 �a~ fR]Jj�s�iYbp_

dξ
�I�7r

|(x0,t0η0)

(
s(z0)Θζ + (ds|z0ζ)η(z0)

)
= ζ

z|]Jg�iY_[�
ζ ∈ Tz0∂M. � `cbe_am�sc�DiKs s(z0) = t0, ds|z0 = 0 ��~ fRmJf�s

dξ expx0
|ξ=t0η0(t0Θζ) = ζ,

~ �abeo��#bpq�ra}eb{fh`^s��DiBs Θ : Tz0∂M → Tη0(Sx0
M)

be`�jab ínf�o�scbe�Jf � 2° þ ý¥��´ 3 ø �ag'z|�ag¤s��af�g�o�]J_a`cbedafhgciKs�be]J_a`�iYgcf�jDiY`nfhd�]J_�s��af�iK_DiY}{�7`nbp`']Yz s��afbp_[s�f�gc`cf�o�scbp]J_9]Yz^i�`nbp_amY}pf�mJf�]5dafh`nbpo�iY_ad9sc�af�mYfh]5daf�`cbpo�`Roh]Jgngcfh`nr-]J_adabe_am�sc]#i
zÃiYq�bp} �x]KzHz|]5oh��`cbp_�m�dabegcf�o�s�be]J_a` �
��³5ú�ú�WvcGZ_µEZ;ü/ýtþ

z0 ∈ ∂M
���)�

F(z0, t0) = {U, ξ( · ), t( · )}
f
t0 < τM(z0)

ÿ ý��?�^���>�0�E%��.�s���;��'�1��0��=§���0+�ý��tþ&�2���
1 3 ü1ýtþ γ(τ) ÿ ý��6� �Kþ0 Dý�+?=5ý��D�5ý�1��2�A�0� M�q ��2�� /�0�Dþ�ý�+81�ý��tþ!1
γz0,ν0

f
γ(0) = γz0,ν0(r0), γ′(0) 6= ±γ ′z0,ν0(r0), r0 < τM(z0).

� · ËJ¡
m 1�1,'(�xý�fY�0�/�*�*���¨þ��2���
f1þ! 
�Yþr�6�³��=5ý��D�5ý�1��2��1 γz,ξ(z) ����+�+�ý�1¥�����)���0��=�þ.� F(z0, t0)�0�Dþ ý�+81�ý��tþ

γ
��ý<��+

y0

f�� 3 ý 3 f
γz,ξ(z)(r(z)) = γ(τ(z)),

� · ±[¡
�q Dý�+�ý

0 < r(z) ≤ r1 < τM(z0)
���)�

|τ(z)| ≤ i1 <
�0���
(M) 3�4  Dý�� r0 = t0 3%�V�©G©7[�©7[���³5ú�ú�W�cEZ_µGZ ÷ f�_a]Ys�f y0 = γz0,ν0(r0) �Oï bpgn`ns ~ f�`c��] ~ s��aiKs

r(z)
be`�oh]J_[s�be_5�a]Y�a`�iKs

z0 ��Ó zvsc�abp`�be`�_a]Ys�s�gc�af � sc�afhgnf ~ ]Y�a}pd�j-f#iK_a]Ys���fhgbp_[s�f�gc`cf�o�scbp]J_�]Yz
γz0,ν0

iY_�d
γ �

γz0,ν0(r
′) = γ(τ ′), r′ ≤ r1, r

′ 6= r0, |τ
′| <

bp_�í
(M).
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� �abe`�}pfhiYda`'sc]Oi9oh]Y_=s�gciYdabeo�s�be]J_�iY`�j-]Ks�� γ([0, τ ′]) iY_ad γz0,ν0([r0, r′]) iYgcf�a_abe�5��f�q�bp_abeq�iY}HmYfh]5daf�`cbpo�`Rj-f�s ~ fhf�_�sc�afhbeg�f�_adar-]Jbe_=sc` �'� �=�a` r(z) be`�o�]J_7ws�be_5�a]Y�a`viBs
z0 �

� ]�ragc]��Jf�s��af�oh}piYbpq �B~ f�iK`c`c��qkf^s��DiKs r0 6= t0 � ø �ag3_�ft�5s�mY][iY}7bp`Hs�]�`n�a] ~s��DiBs�sc�afRqxiKr
Ψ : U × R+ →M �

Ψ(z, r) = expz(rξ(z))bp`�i�}e]5o�iY} dab�]�f�]Jq�]Jgcr��abp`nq _�f�iYg
(z0, r0) � `cf�fQsc�afQgcbemJ�=s�raiYgns�]Yz ï bem � ­ �

Ó _adaf�fhd � iY` t0, r0 < τR(z0, ν0) � s���f�qkiYr expx0

be`$ik}p]5ohiY}/d�b_]«fh]Jq�]Jgnra�abe`cq
_af�iKg

(t0 − r0)η0 �a~ ��fhgcf x0 = γz0,ν0(t0), η0 = −γ
′
z0,ν0

(t0) �;� �5��` �
d expx0

|(t0−r0)η0 : T(t0−r0)η0(Tx0
M)→ Ty0Mbp`�jab ínf�o�s�b{�Jf �§� `cbp_�m�s��afxd�f�ôD_ab{s�be]J_a`�z|]Yg s(z), E(z) = (x(z), η(z))

be_=s�gn]Kw
da�ao�fhd�f�iYgn}pbefhg ~ fR�Di��Jf

Ψ(z, r) = γE(z)(s(z)− r) = expx(z)((s(z)− r)η(z)).
ë@�#� · ­[¡3iY_�dÈ� · ²=¡ � ds(z)|z0 = 0 iY_ad s(z0) = t0 �J~ �abpo£��s�]JmJfts��af�g ~ besc�È� · ®J¡bpq�ra}{��s��DiKs

dΨ|(z0,r0)(ζ, ρ) = d expx0
|(t0−r0)η0((t0 − r0)Θζ − ρη0)z|]Jg

ζ ∈ Tz0∂M
iY_�d

ρ ∈ R ��� �5�a` � j=��ÆEfhq�qkiO° � Ë9iY_ad�jab ínfho�scbe�5b{s ��]Yz
d expx0

|(t0−r0)η0 �
dΨ|(z0,r0) : Tz0∂M × R → Ty0Mbp`�jab ínfhots�b{�Jf � b � f �{� Ψ bp`�i'}p]5o�iK}Gdab�]�f�]Jq�]Jgcr��abe`cqÇ_afhiYg

(z0, r0) �bv] ~R� }pfts Σ j-f'iY_
(n − 1)−

dabpq�fh_a`nbp]Y_DiY}1`c�ajaqkiY_ab{z|]J}ed ~ ��bpo£�Qoh]J_[s£iKbp_a`i�rDiYg¤s
γ(−ε, ε)

]Yz
γ
_�f�iYg

y0

iY_�dxbe`(s�gciY_a`¤�Jfhgc`ciY}>s�]
γz0,ν0

iKs
y0 � `nfhf ï bpm � ­ �s��af�f���be`nscfh_ao�f�]YzE`c�ao£��`n�ajaqkiY_ab{z|]J}edkmJ�DiYgciY_=scfhf�d�j[��� · ËJ¡ �3Ó _=scgc]5da�ao�bp_�m�s��afj-]J�a_adaiYgn�k_a]JgnqxiY}>oh]5]Jgndabp_aiKs�f�`

(w, n)
iK`c`c]5o�b�iKscfhdxs�]

Σ �7~ b{s�� n = 0 ]J_ Σ �
~ fRgcf ~ gnbescf Ψ bp_�sc�afh`nf�oh]5]Jgndabp_aiKs�f�`viY`

Ψ(z, r) = (w(z, r), n(z, r)).
ë@�9s�gciY_a`n�Jf�gc`ciY}pb{s � � ∂n

∂r
(z0, r0) 6= 0. � �abe`�beqkr�}pb{fh`�s��DiKs�z|]Jg�iK_=� z _afhiYg z0s��afRf��5�aiKs�be]J_

n(z, r) = 0
z|]Jg��DiY`vi���_abp�=�afR`c]J}e��s�be]J_

r = r̂(z) �@Ï ]Jgcf�]��Jf�g �
r̂(z0) = r0

iY_ad�s���fRz|��_ao�scbp]J_
r̂(z)

bp`�`cq�]5]Ysc�#be_#i�_�fhbemJ�5j-]Jgn�a]5]5d�]Yz
z0 �bv] ~ r(z)

iY_ad
r̂(z)

iYgcf�oh]Y_=s�be_5�a]Y�a`�iBs
z0
iY_adósc�af���j-]Ks��é`n]J}e�JfÈs��af

fh�=�DiBs�bp]Y_
n(z, r) = 0 �^� �=�a` � s���fhgcf�bp`vi�_afhbemJ�5j-]Ygc�a]5]5d Ũ ⊂ U

]Yz
z0

`n�ao£�
s��DiBs

r̂(z) = r(z)
z|]Yg

z ∈ Ũ �x� `�iK}p`c] Ψ be`�i#}p]5ohiY};d�b_]«fh]Jq�]Jgnra�abe`cq �G~ f`cf�f�s��DiBsvbez
Ũ
bp`�`nqxiK}p}Gf�_a]J�amY� � s��af�_ Ψ̃ : Ũ → Ψ̃(Ũ) ⊂ Σ �a~ �af�gcf Ψ̃(z) =

Ψ(z, r(z)) � bp`�i9dab�]�f�]Jq�]Jgcra��bp`nqö]Yz
(n − 1)

w¢dabpq�fh_�`cbp]Y_DiY}@`c�aj�qxiY_�bez|]J}eda` �ø _9sc�af�]Ysc�afhg��DiY_ad � oh]J_�dabescbp]J_�� · ±[¡ bpq�ra}ebef�`�s��DiBs Ψ̃(Ũ) ⊂ γ(−ε, ε) �'� `
γ(−ε, ε)

bp`^i�]J_aftw¢dabpq�fh_�`cbp]Y_DiY}>`n�ajaqkiY_ab{z|]J}edk]Yz
Σ �7~ f$mJfts�i�oh]Y_=s�gciYdabeo�s�be]J_z|]Jg

n ≥ 3 �;� �5��` � r0 = t0 � 2° þ ý¥�w¶ 3 ÆEf�s 0 < ε < 1
4
min(

bp_Bí
(M), τR(z0, ν) − t0)

iY_ad
0 < δ < δ(ε)

~ �af�gcf δ(ε) bp`(daftôD_afhdxbp_kÆEfhq�qxi�° � ° �H� fvo£�a]5]J`cf i�_af�bpmJ�=j-]Jgc�a]5]5d Ũ ⊂ U
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∂M
z0

γ

Σ

x0

p

∂M
z0

γ

Σ

x0

p

P À0Q;¾/»SRv·«Á ÆEftz¨s�Í3õ5�ajaqkiY_abez|]Y}ed Σ oh]J_[s£iYbe_a`3mYfh]5daf�`cbpo γ iY_adbe`Hs�gciY_a`n�Yfhgc`ciY}�sc]
γz0,ν � u�bpmJ�[s�Ír��fh]5d�fh`cbeoh`3o�]Jgcgnfh`cr-]Y_adabp_�m$s�]

F(z0, t0)
iY}pq�]J`¤s�bp_[s�fhgn`cf�o�s iKs�sc�afRr-]Jbp_[s

x0 = γz0,ν(t0)
iY_ad

daftôD_af�o�]5]Jgcdabe_DiKscfh`�_af�iYg
p = γz0,ν(r0) �

]Yz
z0
`c]�sc�DiKs

|t(z)− t0| < ε
iK_ad

dS((z, ξ(z)), (z0, ν0)) < δ
z|]Jg

z ∈ Ũ .
ë�� ÷ f�ôD_�bes�be]J_�° � ® � sc�afhgnf�f���be`ns@z|�a_aots�be]J_a` s1(z, z

′), s2(z
′, z) > 0, z, z′ ∈

Ũ ,
`c�ao£�#s��DiKs

γz,ξ(z)(s1(z, z
′)) = γz′,ξ(z′)(s2(z

′, z)), s1(z, z
′) + s2(z

′, z) = t(z) + t(z′).
ë@��ÆEf�qkqki�° � ° � sc�afh`nf�bpq�ra}{�ksc�DiKs

|t0 − s1(z, z
′)| < 2ε, |t0 − s2(z

′, z)| < 2ε.
� · ¢[¡
\^]J_a`nbpdaf�g�i�mJfh]5daf�`cbeo

γ(s) = γz′,ξ(z′)(s+ s2(z
′, z0))

z|]Yg@`n]Jq�fvô��7fhd
z′ ∈ Ũ �

z′ 6= z0 � Ó s�z|]J}e}e] ~ `xz|gn]Jq � · ¢J¡ksc�DiKs#ÆEf�qkqki�° � ±�be`�iKrara}pbeo�iYj�}pf�sc]�s��afzÃiYq�bp} �
F(z0, t0)

iY_adÈs���f�mJfh]5daf�`cbeo
γ ~ b{s�� r1 = τR(z0, ν0) − 2ε, i1 = 2ε �

� �5��` � γz′,ξ(z′) iY_�d γz0,ν0 bp_=scfhgn`cfhots�iKs x0 = γz0,ν0(t0) ��� ` z′ ∈ Ũ \ {z0}
be`

iYgcj�bes�gciYgn� � iY}p}[mJf�]5dafh`nbpoh`Hoh]Jgngcfh`nr-]J_adabe_am s�]vzÃiYqkbe}{� F(z0, t0) ~ b{s���iv`ns£iKgns�be_amr-]Jbp_[s
z′ ∈ Ũ

bp_=scfhgn`cfhotsvbp_
x0. 2

Æ1iKscfhg3]J_ ~ f ~ bp}p}5_afhf�d�s��af^z|]J}p}e] ~ be_am�qk]5dab{ôDohiKs�be]J_�]Yz«ÆEfhq�qxi�° � ± ~ �abeo£�da]�_�]Ysvgnfh�=�abegcf�s��aiKs iK}p}�mJfh]5d�fh`cbeoh`�]Yz
F(z0, t0)

bp_[s�f�gc`cf�o�s
γ
_af�iKg

y0 �
��³5ú�ú�WvcGZ_¸EZ;ü/ýtþ

z0 ∈ ∂M
���)�

F(z0, t0) = {U, ξ( · ), t( · )}
f
t0 < τM(z0)

ÿ ý��?�^���>�0�E%��.�s���;��'�1��0��=§���0+�ý��tþ&�2���
1 3 ü1ýtþ γ(τ) ÿ ý��6� �Kþ0 Dý�+?=5ý��D�5ý�1��2�A�0� M�q ��2�� /�0�Dþ�ý�+81�ý��tþ!1����0�7=5ý,�D�5ý�1��2��1
γz,ξ(z)

����+�+�ý�1¥�����)���0��=�þ.�
F(z0, t0)

f
γz,ξ(z)(r(z)) = γ(τ(z)),

�q Dý�+�ý
0 < r(z) ≤ r1 < τM(z0)

���)�
|τ(z)| ≤ L

fS�q Dý�+�ý
L > 0

�@1���+ ÿ �¨þ&+k��+,% 3
m 1�1,'(�xý�fL�0�¹�*�*���¨þ&�2���
f�þ0 
�Yþ

h(z) = r(z) + τ(z)
�@1w�����Dþ��0��'7��'*1 3º4  Dý��

γz,ξ(z)(t(z)) = γ(h(z0) − t0)
�q Dý��

z
�@1A1�',»¼���îý��Dþ&�E%¨���@�;1�ý�þ¥�

z0
ft� 3 ý 3 f	���0�=5ý��D�5ý�1��2��1B�0�Dþ ý�+81�ý��tþs�Yþ�þ! Dý�1D���xý������0�Dþ 3
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%�V�©G©7[�Z � fxôDgn`ns�`c�a] ~ sc�DiKs�s��af�gcf�be`�]J_a}e��i#ôD_ab{s�fx_=�aq�j-fhg�]Kz�bp_[s�f�gc`cf�otw
s�be]J_a`']Yz

γz0,ν0((0, r1)) ~ besc� γ([−L,L]) � ÆEf�s τ1, . . . , τN ∈ [−L,L]
iK_ad

r1
0, . . . , r

N
0 ∈ (0, r1)

daf�ôD_�f�sc�afRr-]Jbp_[s�`�]Yz/s��afRbe_=scfhgc`nfhots�bp]Y_ �
γz0,ν(z0)(r

j
0) = γ(τj).

� `^iY}e}DmJf�]5dafh`nbpoh`@bp_�jDiY}p}e`(]YzGg�iKdabp�a`�be_Bí (M)
iYgcfv`c��]Jgnscfh`ns�iY_ad

rj0 ≤ r1 ~ besc�
γz0,ν0([0, r1])

j-fhbe_am�sc�afR`c�a]Ygns�f�`ns j-fts ~ fhf�_Èbes�`�f�_adar-]Jbe_=sc` �

N ≤

[
2Lbe_Bí
(M)

]
+ 1,

~ �af�gcf [t] dafh_�]Ys�f�`vsc�afRbp_[s�f�mJfhg�rDiKgns�]Yz t ∈ R �ÆEfts
0 < ε < 1

2

be_Bí
(M)

iK_ad
U(ρ) = ∂M∩B(z0, ρ) �B~ ��fhgcf B(z0, ρ) ⊂Mbp`�sc�afRjDiK}p} ~ besc��ohfh_[s�f�g z0

iK_ad#g�iKdabp��`
ρ �;� �afh_#sc�afhgnfRbp` ρ0 > 0

`c�ao£�#s��aiKs

min
1≤j≤N

|r(z)− rj0| < ε,
z|]Jg

z ∈ U(ρ0).

Ó _adaf�fhd � ]Ys���fhg ~ be`cf9s��af�gcf�bp`#i�`cf��=�afh_aohf zn → z0 ~ bes�� r(zn) → r̃ <
τR(z0, ν(z0))

iY_ad
τ(zn)→ τ̃ , |τ̃ | ≤ L,

`n�ao��#sc�DiKs

γz0,ν0(r̃) = γ(τ̃), r̃ 6= rj0, j = 1, . . . , N,

~ �abeo��#bp`�i'oh]Y_=s�gciYdabeo�s�be]J_ �
ï ]Yg 0 < ρ < ρ0 � dafh_a]Ks�f

Vj(ρ) = {z ∈ U(ρ) : γz,ξ(z)(r) = γ(τ), r(z) + τ(z) = h(z), |r − rj0| ≤ ε}.
õ7f�sc`

Vj(ρ)
iYgnfOgcfh}piKs�b{�Jfh}{��oh}e]J`cf�d

U(ρ)
iY_ad � sc�afhgnf�z|]Jgnf � qkfhiY`c��g�iYja}efO]Y_

∂M ��� ` ⋃N
j=1 Vj(ρ) = U(ρ) ��~ f�`nfhf's��DiBs�z|]Jg$`n]Jq�f j s��af'`nf�s Vj(ρ) �DiK`_a]J_7w��hf�gc]

(n − 1)
w¢dabeqkf�_a`cbe]J_DiY}/qkfhiY`c��gcf � `v] ~ f��Jf�g � bez rj0 6= t0 � sc�af'`�iYq�foh]Y_a`cbedafhgciKs�be]J_a`�iY`^bp_xs���f$ragc]5]Yz1]Yz/ÆEfhq�qki'° � ± � j[�xgcfhr�}�iYo�bp_am r0 j[� rj0 iY_ad�a`cbe_am�i gcfh}piKs�b{�Jfh}{�R]Jr-f�_'_af�bpmJ�=j-]Jgc�a]5]5d

Ũ ⊂ Vj(ρ)
]Yz
z0 � `c�a] ~ s��DiKsHs��af^`cfts

Vj(ρ)
�aiY`

(n− 1)−
dabpq�fh_a`nbp]J_aiY}>q�f�iY`n�agcf�fh�=�DiK}«s�]

0 ~ �afh_ ρ > 0 be`^`nqxiK}p}fh_a]Y�amJ� � � �abe`�`c��] ~ `�s��aiKs s��af�gcf�iYgnf j iY_�d ρ > 0
`n�ao£��s��DiBs

rj0 = t0
iY_ad

U(ρ) \ Vj(ρ)
�aiY`

(n− 1)−
d�bpq�fh_a`nbp]J_aiY}�qkfhiY`c��gcfRfh�=�DiY}Esc]

0 �(� �5�a` Vj(ρ)bp` daf�_a`cf�bp_
U(ρ) ��� ` ε > 0

be`�iYgcjab{s�gciYgn� � s��af�oh]Y_=s�be_5�ab{s ��]Yz3s��af�mJf�]5dafh`nbpoÒD] ~ `n�a] ~ `�s��DiBs γz0,ξ0(t0) = γ(h(z0)− t0) � � ]JmYf�s���fhg ~ besc� � �afh]Ygcfhq ° � Ês��abe`�oh]Jq�ra}ef�s�f�`�sc�afRragc]5]Kz � 2

Ó _Ès��af�z|]J}p}e] ~ be_am ~ f�`�i��#s��DiBs�s ~ ]�mYfh]5daf�`cbeoh` µ(t) iY_�d µ̃(t) o�]Jbe_aohbedaf�b{z
µ(t1) = µ̃(t2)

iY_ad
µ′(t1) = ±µ̃

′(t2)
z|]Jg;`c]Yqkf

t1, t2 ∈ R � bv]Ys�f�s��DiBs(sc�abp`;be`fh�=�ab{�KiY}efh_[s@sc]
µ(t) = µ̃(a+ t)

]Yg
µ(t) = µ̃(a− t)

z|]Yg@iY}e}
t
bp_ki�_a]J_7w¢fhq�r�s��

]Jr-fh_#be_=s�f�gn�KiK}1iK_ad
a ∈ R �

° � ­ � ��³5XJ©-ª/T�U�VBÅHXYU�¦|©-ª�©7[�U�ù/³�S(©-Å/ªH¶1WaV�´�X[Å1Uk¥|©EX[ÅHT'¶H¦ÃT�U�WDª/XJ³>Z
��³5ú�ú�W�cGZ û�½EZ 4  Dý ÿ ��'(�)�*��+,%;f ∂M f����)��þ0 Dý ÿ +8� 9 ý��/1;�<�Yþ þ�ý�+,�0��=�+�ý����Yþ&�2���
f
R
fs�5ýtþ�ý�+��>�0��ý�þ! Dý ÿ ��'(�)�*��+,%v��'5þ��@�;��'�1����@1tþ2���#�£ý τb(z) f z ∈ ∂M 3
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%�V�©G©7[�Z � f�gcf�o�iK}p}Gs��DiBsvz|]Jg t0 < τb(z0)

s��af�r-]Jbe_=s
z0

be_#sc�af��a_abp�=�af�r-]Jbe_=s
]Yz
∂M

oh}p]Y`cfh`¤s's�]
x0 = γz0,ν0(t0) � ø _�s��af�o�]J_[s�g�iKgn� �;~ ��fh_ t0 > τb(z0)s��af�gcf�bp`�iY_�]Ys��af�g�r-]Jbe_=s

w ∈ ∂M ~ besc��dabe`ns (γz0,ν0(t0), w) < t0. � �aiKs�be`qk]Ygcf � o�]J_a`nbpdaf�g�iKscbp]J_�`(be_'s��af�j-fhmJbe_a_abe_amR]YzGõ7fhots�be]J_x° � °�`n�a] ~ s���fvf��7bp`nscfh_ao�f]YzHi�zÃiYq�bp} �
F(z0, t0)

]Yz1z|]5o��a`cbe_am'dabegcfhots�be]J_a`^z|]Yg
t0 < τM(z0) � u�fhohiY}e}«s��aiKs

τb(z0) < τM(z0) �
� �=�a` �$~ �afh_ τb(z0) < t0 < τM(z0) � s��af�gcfObp`#i�zÃiYq�be}{� F(z0, t0) =

{U, ξ(· ), t(· )}
]Kz$z|]5o��a`cbe_am�d�bpgcf�o�scbp]J_�` � i�r-]Jbe_=s w ∈ ∂M, w 6= z0 � iY_ad

s0 < t0
`n�ao£��sc�DiKs

(z, ξ(z))Rt(z)+s0 (w, ν(w)), z ∈ U.
�î°KÑ[¡
ø �ag(_af��7s^iYbeq be`;s�]�`n�a] ~ sc�DiKs ~ �af�_ t0 < τb(z0) � s��af�gcf iYgcf�_a] w ∈ ∂MiY_ad
F(z0, t0)

`�iKscbp`¤z¨�7be_am�� °YÑ[¡ ~ b{s�� s0 < t0 �
� `c`n�aqkbe_amksc�af�]Jr�r-]J`cb{s�f � s���fhgcf�bp`�ik_�fhbpmY�5j-]Jgn�a]5]5d U ⊂ ∂M

]Yz
z0

iY_ad
i'z|��_ao�scbp]J_

r(z) ~ bes��
γz,ξ(z)(r(z)) = γw,ν(w)(t(z)− r(z) + s0), z ∈ U.

� ° · ¡
b f��5s ~ fRragc]��JfRsc�DiKs

r0 = lim sup
z→z0

r(z) ≤ t0.
�î°Y°J¡

� `n`c�aq�f�s��DiKs�� °J°J¡�bp`�_a]Ks�s�gc�af ��� �af�_Qs��af�gcf�bp`$ix`nfh�=�af�_aohf zn → z0 ~ besc�
r(zn) → r0 > t0 � ë@�#sc�af�oh]J_[s�bp_=�abes���]Yz;sc�af�ft�7r-]J_af�_=scb�iY}HqkiYr � besvz|]J}p}e] ~ `z|gc]Jqö�î° · ¡�s��DiBs

γz0,ν0(r0) = γw,ν(w)(t0 − r0 + s0). � �=�a` � j=��s���f�s�gcbpiY_amJ}efbp_af��=�DiY}ebes�� �
dabe`ns

(w, γz0,ν0(t0))

≤
dabe`ns

(w, γw,ν(w)(t0 − r0 + s0)) +
dabe`ns

(γz0,ν0(r0), γz0,ν0(t0))

≤ (t0 − r0 + s0) + (r0 − t0) ≤ s0 < t0,

~ �abeo��#oh]Y_=scg�iYdabeo�sc`�s���f�d�f�ôD_ab{s�be]J_��Ã­[¡^]Yz τb �;� �5��`�� °J°J¡^be`��KiY}ebpd �
� ��fhgcftz|]Jgcf � j=��qkiYl=bp_�m U `cqkiY}p}efhg^bez/_afho�fh`c`ciYgn� �D~ f��ai��Jf

r(z) < τM(z0), z ∈ U.

� `n`c�aq�f�ôagc`ns;sc�DiKs;mJf�]7d�fh`cbeoh` γz0,ν0 iY_ad γw,ν(w)

da]R_a]Ks(o�]Jbp_�ohbpd�f �I� rara}{�5bp_amÆEfhq�qxi�° � ¢ ~ besc� γ(τ) = γw,ν(w)(t0+s0− r0+ τ)
iY_�d

L = 2t0 �[~ f ]Yj�s£iYbe_
γz0,ν0(t0) = γw,ν(w)(s0). � ` s0 < t0

s��abe`$oh]Y_=s�gciYdabeo�sc` ~ bes��Ès��af�daf�ôD_�bes�be]J_]Yz
τb �ÄÓ z γz0,ν0 iY_ad γw,ν(w)

oh]Jbe_aohbedaf � oh]Y_adab{s�bp]Y_ w 6= z0

beqkra}eb{fh`xs��DiBs
γz0,ν(z0)(t0+s0) = w �I� �af�_ ~ f ~ ]J��}pd��Di��Jf^dabe`ns (x0, ∂M) ≤

dabe`ns
(x0, w) ≤

s0 < τb(z0) � s��DiBsvbe`�_�]Ys�r«]Y`c`cbeja}pf �
ï bp_DiY}e} � � j=��ÆEf�qkqki�° � ²'s��af�gcfh}piKs�be]J_ R dafts�f�gcq�bp_af�`�s���f�z|�a_aots�be]J_

µ2(z)`�iKscbp`¤z¨�7be_am
τb(z) ≤ µ2(z) � ÆEf�s J(z0)

j-f�s��af'`nf�sR]Yz(s��a]J`nf
t0 ∈ [0, µ2(z0)]z|]Jg ~ �abeo���s���fhgcf#iYgcf w ∈ ∂M � s0 < t0 � iY_ad F(z0, t0)
`�iKscbp`nz¨�5be_am��î°KÑ[¡ �

Ó z τb(z0) < µ2(z0) �/~ fk`cf�fks��DiBs (τb(z0), µ2(z0)) ⊂ J(z0) ��� �5�a` ~ fxo�iK_daf�scfhgnqkbe_af
τb(z0)

j=��`nf�sns�bp_�m
τb(z0) = inf J(z0)

b{z
J(z0) 6= ∅

iY_ad
τb(z0) =

µ2(z0)
]Ys��af�g ~ be`cf � 2
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(M, g)
Z?bvft�5s ~ f�o�]J_7w`nscgc�aots�]Yz/bp`c]Yqkfts�g¤��s �5r-f�]Yz/qxiK_abez|]J}{d

(M, g)
j[��`n�a] ~ be_am�s��DiKs�sc�af�jagn]JlYf�_`cohiKscscfhgcbe_am�gcfh}piKs�be]J_ � R � daf�scfhgcq�bp_�fh`Es���f�j-]Y�a_adDiKgn��dabp`¤s£iY_�ohf(gcf�ragcf�`cf�_=s£iBs�bp]Y_

R(M)
]Yz
(M, g)

s��aiKsvbe`�s��afR`nf�s
R(M) = {rx : x ∈M} ⊂ C(∂M),

~ �af�gcf rx : ∂M → R
iKgcf�sc�afRj-]J�a_adaiYgn��dabe`ns�iY_aohf�z|��_ao�scbp]J_a`

rx(z) =
dabe`ns

(x, z), z ∈ ∂M.

Ó s�bp` ~ fh}p} w�l=_a] ~ _ � f � m � ÉÐ® � °K² � °J®�Ì«s��DiKs^sc�af$`nf�s R(M)
r-]J`c`nfh`c`cfh`vi�_DiBs��agciY}

`nscgc�aots��agnf�]Yz3i�uvbefhqkiY_a_�b�iK_�qkiY_ab{z|]J}ed ~ bes���s���f�qkiYr
R :M → R(M), R(x) = rx(·),j-fhbe_am�iY_ybp`n]Jqk]Ygcra�abe`cq ��� �DiBs�be`kq�]Jgcf � sc�abp`�qkfts�gcbeo#`nscgc�aots��agcfÈo�iY_yj-fbpdaf�_=scbeôDf�d�ín�a`¤s�z|gc]YqÄsc�af$l=_a] ~ }pf�damJf$]YzEsc�af$`nf�s R(M) �3� _�iKdadabescbp]J_aiY}-iYd5w�KiY_[s£iYmYf�]YzEdaf�iY}ebp_am ~ bes�� R(M)

be`�s��af�ft�7be`ns�f�_ao�f�]Yz1i�`¤s£iYja}ef ragc]5o�fhda�agnf�s�]
oh]Y_a`ns�gn�ao�s$i�qkfts�gnbpo�iYr�ragc]���beqxiBs�be]Y_ � be_#sc�afA��gc]Jq�]��[w.` iY�a`nda]Jgk]�sc]Jr-]J}p]YmY� �s�]
(M, g)

mYbe�Jfh_ÈiY_�iKraragc]��7bpqkiKs�be]Y_�sc]
R(M)

bp_#sc�af�`�iY��`cda]Jg¾]Os�]Yr-]J}p]YmY�
]J_

L∞(∂M) � ÉÐ°Y­KÌ �#� ]Èoh]J_�`ns�gn�ao�s R(M) �H~ f�iY`c`n�aq�fks��aiKs�sc�afkz|�a_�o�s�be]J_
τb
be`kiY}egcfhiYd���l=_a] ~ _ ��� f�`¤s£iYg¤s ~ b{s���ôa_adabp_�m�dabp`¤s ∂M ]J_

∂M ~ ��bpo£�ybp`bp_a��fhgcb{s�f�dxz|gc]Jq
(M, g) �3� f$daftôD_af$s��DiBs�dabe`ns ∂M(z1, z2) =∞ ~ �afh_ z1

iY_ad
z2

}ebpf$]J_�dab_]«fhgnfh_=s�oh]Yqkr-]J_�fh_[s�`�]Yz
∂M �

��³5ú�ú�W�cGZ û>ûDZ 4  Dý ÿ ��'(�)�*��+,%;f ∂M f����)��þ0 Dý ÿ +8� 9 ý��/1;�<�Yþ þ�ý�+,�0��=�+�ý����Yþ&�2���
f
R
f��5ýtþ�ý�+��>�0��ý�fu����+/����%

z1, z2 ∈ ∂M
f�þ0 Dý:���@1tþ2���#�£ý/���@1tþ

∂M(z1, z2)
���@����=

∂M 3
%�V�©G©7[�Z Ó s'bp`�fh_�]J�amJ��sc]Qoh]Y_a`cbedafhg�s��af�o�iY`nf ~ �afh_ z1

iY_ad
z2

iKgcf�bp_�s��af
`�iYq�f�oh]Jq�r-]J_af�_=s�]Yz

∂M �
� `cbe_am'j-]J�a_�dDiYgn�x_a]YgcqkiY}«o�]5]Jgcd�bp_DiKscfh` �7~ f�`cf�f$s��DiKs^s��af�gcf�be` ε0 > 0

iY_ad
c0 > 0

`n�ao£��sc�DiKs
|
dabe`ns

(y1, y2)−
dabp`¤s

∂M(y1, y2)| ≤ c0ε
3/2,

�î°K­[¡
bez�dabp`¤s

∂M(y1, y2) ≤ ε3/4, ε < ε0 � ÆEfts x2 = γy2,ν2(ε
5/4) ��Ï iYl=bp_�m ε0 > 0`cqkiY}e}pf�g�b{z3_afho�fh`n`�iYgn� ��~ f�`cf�f�s��DiBs sc�afhgnf�bp` i��a_abe�5��f�`n�a]Jg¤s�fh`¤s$mJf�]5dafh`nbpo�bp_

M � γy1,ξ1 ��~ b{s�� (y1, ξ1) ∈ Ω+ � z|gn]Jq y1

s�]
x2 ��Ï ]Jgcf�]��Jf�g � ��`cbp_�m�iKm[iYbe_j-]J�a_adaiYgn��_a]YgcqkiY}�oh]5]Jgndabp_DiBs�f�` ��~ f�`nfhfRs��aiKs

|
d�bp`ns

(y1, x2) +
d�bp`ns

(x2, y2)−
d�bp`ns

∂M(y1, y2)| ≤ c1ε
5/4.

�î°B²=¡
ÆEf�s

µ = µ([0, l])
j-f9i�`c�a]Ygns�f�`ns�mJfh]5d�fh`cbeoQ]Yz

∂M
z|gc]Jq

z1
sc]

z2 � ÆEf�s
N ∈ Z+ � ε = l/N

iY_ad
yj = µ(εj) � j = 0, . . . , N �I÷ f�ôa_af xj = γyj ,νj(ε

5/4)iY_adxiK`c`c]5o�b�iKscf ~ besc�kfhiYo£� j = 1, . . . , N i�j�gc]JlYf�_xmJfh]5d�fh`cbeo
αj ~ �abpo£�kbp`;s��af�a_abe]J_']Yz-sc�af�mJfh]5daf�`cbeo�z|gn]Jq

yj−1
s�]
xj
iY_ad'z|gn]Jq

xj
sc]
yj �IÓ _af��=�DiY}pb{s ��� °K²=¡bpq�ra}eb{fh`^s��DiKs�b{z

N →∞ � s��af�_

|
dabe`ns

∂M(z1, z2)−
N∑

j=1

(
dabp`¤s

(yj−1, xj) +
d�bp`ns

(yj, xj)) | ≤ c2ε
1/4 → 0,

�î°Y®J¡
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Ï ]Ys�b{�KiKs�f�d#j[��s��abe` � daftôD_afRz|]Jg N ∈ Z+

iY_�d
ε = 1/N

dN(z1, z2) = inf
N∑

j=1

sj,

~ �af�gcf;s��af;be_�ôDq��aq bp`�s�iYlYfh_R]��Jf�gEsc�af;r-]Jbp_[s�` yj ∈ ∂M � j = 0, 1, . . . , N, y0 =
z1, yN = z2 ��~ �abpo£�R`�iKscbp`¤z¨��sc�af3z|]J}e}p] ~ be_am^oh]J_�dabescbp]J_�Í ï ]JgEiK_=� j = 0, . . . , N−
1 � s��af�gcf�iYgcf ηj ∈ SyjM, (νj, ηj)g > 0

iY_ad#r-]J`nbescbe�Jf
sj < ε3/4 `c�ao£�#s��DiBs

(
(yj, ηj), (yj+1, ν(yj+1)), sj

)
∈ R, j = 0, 1, . . . , N − 1.

� `nbp_am��î°Y­J¡ ~ fÈ`cf�f�s��DiBs dN(z1, z2) ≥
dabe`ns

∂M(z1, z2) − c3ε
1/2 � ø _�s��af]Ys���fhg��aiY_ad � iY` ~ f�`ci ~ be_��î°J®Y¡ � sc�afhgnf�iYgnf yj, ηj � iY_ad sj `c��o��#s��aiKs

|
dabp`¤s

∂M(z1, z2)− dN(z1, z2)| ≤ c4ε
1/4 = cN−1/4 → 0, ~ �af�_ N →∞.

� �5��` ~ f�mJfts�s��aiKs
dabe`ns

∂M(z1, z2) = lim
N→∞

dN(z1, z2).

2

bvft�5s ~ fxdafts�fhgnqkbe_af�s��afkd�bp`ns�iY_ao�fkj-f�s ~ fhf�_�j-]J�a_adaiYgn�Or-]Jbe_=sc` ~ bes���gcf�w`cr-f�o�svs�]'s��afRq�f�scgcbeo
g
bp_
M �

��³5ú�ú�W�cGZ û�cGZ 4  Dý ÿ ��'(�)�*��+,%;f ∂M f����)��þ0 Dý ÿ +8� 9 ý��/1;�<�Yþ þ�ý�+,�0��=�+�ý����Yþ&�2���
f
R
fs�5ýtþ�ý�+��>�0��ý�þ! Dý����@1tþ����#�£ý��,'��#�tþ��2���"���@1tþ

(x1, x2)
����+

x1, x2 ∈ ∂M
%�V�©G©7[�Z^ë@�#É · Ì � z|]Jg@iK_=� x1, x2 ∈ ∂M

i�`c�a]Jg¤s�f�`ns^rDiKs��koh]J_�_afhots�bp_�m�s��af�qÄbe`
i
C1−

rDiKsc� � ÆEf�s x(s) � s ∈ [0, l] � l = d�bp`ns
(x1, x2) � x(0) = x1, x(l) = x2

j-f
`c�ao£��i�`n�a]Jgnscfh`¤s�rDiKs�� � rDiKg�iYq�f�scfhgnb@�hf�dxj[��s��af�iYgnoh}efh_amKs�� � sc�DiKs@oh]J_a_�fho�sc` x1s�]
x2

be_
M ��Ï ]Jgcf�]��Jf�g � j=�QÉ · ÌEb{s��a]J}eda`�sc�DiKs�bez x(s) ∈M int z|]Jg s ∈ (a, b) �s��af�_

x((a, b))
bp`�i�`n�a]Jg¤s�fh`¤s mJf�]5dafh`nbpoRj-f�s ~ f�fh_ x(a) iK_ad x(b) bp_ M �\^}ef�iYgn}e� � sc�af�`nf�s$]Yz s ∈ [0, l] `n�ao��Ès��DiBs x(s) ∈ M int bp`v]Jr-fh_ � ë@���î°K­[¡ �z|]JgviY_[�

ε > 0
s��af�gcf�be`vi�ôD_ab{s�f�_=�aq�j-fhgvr-]Ybp_=sc`

ai, i = 1, . . . , p � ap+1 = l �iY_ad
bi, i = 1, . . . , p ~ besc� 0 ≤ a1 < b1 ≤ a2 · · · < bp ≤ ap+1 = l

`c�ao£�ks��aiKs
zi = x(ai), yi = x(bi) ∈ ∂M

iY_ad
d�bp`ns

(x1, x2) ≤
dabp`¤s

∂M(x1, z1) +
�î° Ê ¡

+

(
p∑

i=1

d�bp`ns
(zi, yi) +

dabp`¤s
∂M(yi, zi+1)

)
≤
d�bp`ns

(x1, x2) + ε

iY_ad�sc�afhgnf�iYgnf�`c�a]Ygns�f�`ns�rDiBs��a`
γzi,ηi([0, li])

bp_
M

]Yz�}pf�_amYs��
li = bi − aiz|gc]Jq

zi
sc]
yj
sc�DiKs�`�iKscbp`nz¨�

γzi,ηi((0, bi − ai)) ⊂M int.
b f��5s ~ f ~ bp}p}«gcfh}piKs�f�î° Ê ¡$s�]#sc�afkjagc]YlYfh_�mYfh]5daf�`cbpo�gcfh}piKs�be]J_ � uvf�o�iY}e};s��aiKs�gcfh}piKs�be]J_ R bp_[�J]J}e�Jf�d

jagc]YlYfh_�mJfh]5daf�`cbeoh`�s��DiKs�`¤s£iYg¤sviY_�d�fh_ad�_a]J_5w¢s£iK_amJfh_[s�bpiY}e}{��s�]�s���f�j-]J�a_adaiYgn� �ë^fhohiY�a`nf9]YzRs��abe` ��~ fQoh]Y_a`cbedafhgxz|]Jgxs£iK_amJfh_[s�bpiY} ηi s��af��Jf�o�sc]Jg ξi = (1 −
h)1/2ηi + h1/2ν(zi) ∈ SzjM � Ó z ηi bp`k_a]Y_7w¢s�iY_amJf�_=scb�iY} ��~ fÈ`cfts ξi = ηi �
� �af�_ h > 0

bp`x`cqkiY}e}vfh_a]J��mJ� iK_ad
si < li

bp`x`c�
H�o�bpf�_=s�}{�yoh}e]J`cf�s�]
li �
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~ fk�ai��Jf�s��aiKs γzi,ξi((0, si]) ⊂ M int � iY_�d�sc�afko�}p]Y`cfh`¤s�j-]J��_adDiYg¤�Or-]Ybp_=sRsc]
γzi,ξi(si) � d�fh_a]Ks�fhd ỹi � `�iKscbp`¤ôDfh`dabe`ns

(γzi,ξi(si), ỹi) <
ε

p
,

dabp`¤s
∂M(ỹi, yi) <

ε

p
.

\^]J_a`nbpdaf�gRs��af�jagc]YlYfh_�mJf�]5dafh`nbpo�z|gc]Yq
zi
s�]
ỹj ~ �abeo���bp`�sc�afk��_abp]Y_�]Kz^s��afmJf�]5dafh`nbpo�z|gn]Jq

zi
s�]
γzi,ξi(si)

iY_ad�z|gn]Jq
γzi,ξi(si)

sc]
ỹj �(Ó s��DiY`�sc�afR}pf�_amYsc�

ti ≤ li + ε/p
iY_ad�_a]Y_7w¢s�iY_amJf�_=s�bpiY}1`ns�iYgnscbp_am�iK_ad�fh_adabe_am�dabegcf�o�s�be]J_a` ��� �=�a`

(zi, ξi)Rti(ỹi, ν). � �af�`cf�o�]J_a`nbpdaf�g�iKscbp]J_�`�`n�a] ~ sc�DiKs

dabp`¤s
(x1, x2) = inf

(
dabp`¤s

∂M(x1, z1) + (

p∑

i=1

ti +
dabe`ns

∂M(ỹi, zi+1))

)

~ �af�gcf�sc�af�be_�ôDq��aq be`�s£iYlYf�_�]��Jf�g
ti > 0 � zi, ỹi ∈ ∂M � iK_ad�dabegcf�o�s�be]J_a`

ξi, ζi
`c��o��Os��DiKs

zp+1 = x2

iY_ad9s��af�gcfh}piKs�be]J_a`
(zi, ξi)Rti(ỹi, ζi)

iKgcf'�KiY}ebpd �
2

	�ù1³=©-V�³5ú cEZÃû��GZ 4  Dý ÿ ��'��)�*��+�%;f ∂M f����)�Qþ0 Dý ÿ +�� 9 ý���1;�8�YþÃþ�ý�+��0��=g+�ý�����$þ&�2���
f
R
fs�5ýtþ�ý�+,�>�0��ýRþ0 >ý�1�ýtþ

R(M) ⊂ C(∂M) 3
%�V�©G©7[�Z@ÆEf�s

ω∂M
j-f^s��af�j«]Y�a_adDiKgn��o���s(}e]5oh�a`3]Y_

M �I� ` M \ω∂M
bp`Idafh_a`nf

bp_
M � besIbe`I`c�
H�ohbefh_[s;sc]�ôD_ad R(M \ω∂M) � uvf�o�iY}e}5s��aiKs � z|]Jg x0 ∈M \ω∂M �

~ f#�ai��Jf x0 = γz0,ν0(t0) ��~ �afhgnf t0 = dabp`¤s
(x0, ∂M) < τb(z0)

iY_ad
z0

bp`
s��af��a_abp�=�af�j-]J�a_adaiYgn�Èr-]Ybp_[s$o�}p]J`nfh`ns�s�]

x0 �B� `cbe_amxs���f�jagc]YlYfh_Q`co�iBscs�f�gcbe_amgcf�}�iKscbp]J_
R �D~ f�bp_[s�f�_ad�sc]kdaf�scfhgnqkbe_af � z|]Yg iY_[� w0 ∈ ∂M � D(z0, t0, w0) :=dabp`¤s

(x0, w0) �ÆEfts
x(s)

j-f�i�`c�a]Jg¤s�f�`ns�rDiKs��Qz|gc]Jq
x0

s�]
w0

rDiKg�iYq�f�scgcb_�hfhdQj=�Ès��af�iKg¤w
oh}efh_amKs�� ��÷ f�_a]Yscf�j[� w = x(s0)

s���f�ôDgc`¤skr-]Jbe_=s ~ �af�gcf x(s) bp`�be_ ∂M �\^}pfhiYgc}{� � dabe`ns
(x0, w0) = s0 +

dabp`¤s
(w,w0), s0 ≥ t0.

�î°YËJ¡
ë@��É · Ì � s��af�rDiKsc� x([0, s0])

be`�ixmJfh]5d�fh`cbeo�be_
M ��� f�dafh_a]Ks�f η = −x′(s0)`c]Ès��DiBs

x0 = γw,η(s0) �È� ` t0 ≤ τb(z0) < τM(z0) � sc�afhgnf�bp`�i�zÃiYq�bp} �9]Yzz|]5oh�a`nbp_amQdabpgnfhots�bp]Y_a`
F(z0, t0) = {U, ξ( · ), t( · )}

`c��o���s��DiKs�z|]Jg
s1 = s0 �

w1 = w � iY_�d η1 = η ~ fR�Di��Jf
(w1, η1)Rs1+t(z) (z, ξ(z)), z ∈ U.

�î°K±[¡
� z¨s�f�g�s��af�`cf�ragnfhrDiKg�iKs�be]J_a` ~ f ~ bp}e}�`c�a] ~ s��DiBs

D(z0, t0, w0) = inf(
dabp`¤s

(w0, w1) + s1)
�î°�¢[¡
~ �af�gcf�be_�ôDq��aq be`�s£iKlYfh_9]��Jf�g

w1 ∈ ∂M � η1 ∈ Sw1
M � iY_ad s1 ≥ t0

`n�ao£�
s��DiBs�s��af�gcf�be`$ikz|]5o��a`cbe_am�`cf��=�afh_�ohf

F(z0, t0) = {U, ξ( · ), t( · )}
`ciKs�be`nz¨�5bp_am

�î°Y±J¡ �
ï ]Ygcq��a}pik�î°YËJ¡(`n�a] ~ `@s��DiBs@s��af bp_�ôaq��aq ]J_ks���f�gcbemJ�[s@`cbpd�f ]Yz��î°�¢J¡(be`@}efh`c`

]Jg^f��=�DiY}«sc]
D(z0, t0, w0) �3� �5�a`^s�]�ragn]��Jf�� °�¢[¡ � bes@bp`^f�_a]J�amY��s�]�`n�a] ~ s��aiKsbez

w1, η1 � iY_ad s1

`�iKscbp`nz¨�9� °Y±[¡@s���fh_
ρ =

dabp`¤s
(w0, w1) + s1 ≥

dabe`ns
(x0, w0) �

� `c`n�aqkf�_a] ~ s��DiBs��î°Y±[¡�bp`'�KiY}ebpd ��� �afh_ � z|]Jg�`n]Jq�f r(z), τ(z), r(z) +
τ(z) = s1 + t(z) ��~ f��ai��Jf�s��DiKs γz,ξ(z)(r(z)) = γ(τ(z)).



Ù-ä¨ç�äeæGä�ã�×�ÚGJLK�Ù-Ú�Þ1à=å�çGà7Ú�æEà7Ûtä0M:J[ÜJÚ7N Õ¥¡
¿�f�fhrabe_amOiY`cbedaf�sc�af�scgcbe�5bpiY}@ohiY`cf ~ �af�_�s���f�mJf�]5dafh`nbpo�` γz0,ν0 iY_ad γw1,η1oh]Ybp_ao�bpdaf � oh]J_�`cbpd�fhg ôagc`ns s��af�o�iY`nf ~ �afh_ lim sup r(z) = r > t0

iY`
z → z0 �

÷ fh_�]Ys�be_am γz0,ν0(r) = x1 �a~ fRs���fh_��ai��Jfdabe`ns
(w1, x0) ≤

d�bp`ns
(w1, x1) +

dabp`¤s
(x1, x0)

≤ (s1 + t0 − r) + (r − t0) ≤ s1,�5bpf�}pdabe_am
ρ ≥

dabp`¤s
(w0, w1) +

dabp`¤s
(w1, x0) ≥

dabp`¤s
(w0, x0). Ó z � �a] ~ f��Jfhg �

lim supz→z0 r(z) = r ≤ t0 ��~ fRiYgcf�be_�s��af�`cb{s��DiBs�bp]Y_�]YzIÆEf�qkqki'° � ¢ ��~ �abeo£�`c�a] ~ `�s��DiBs

γz0,ν0(t0) = γ(s1),�5bpf�}pdabe_am�iYm[iKbp_�s��DiBs
ρ ≥

dabp`¤s
(w0, x0). 2

� `@sc�af `cf�s R(M)
o�iY_xj-f _DiKs���g�iY}e}e�'f�_ada] ~ fhd ~ besc��i�dab�]�f�gcf�_=s�bpiY}D`nscgc�ao�ws��agnf�iY_�d�ikuvbefhqkiY_a_�b�iK_#q�f�scgcbeoR`c]ksc�DiKs bp`�j-fho�]Jqkf�` bp`c]Yqkfts�gcbeo$s�]

(M, g) �`cf�f�f � m � ÉÐ°K² � °J®�Ì �a~ fR�Di��Jf�ôD_abe`c�af�d#s���fRragc]5]YzH]Yz � �afh]Ygcfhq · � · � 2

­ ��x�»�¼3¼qyÁÀLy5¼I»�ºS{YRO»�ÂI½HÀ³Â�º1À@ÃuRQº1»SÂH¹rÀÄy
R-»dR7Å3¾SÂ�º1À¨¼3¹�Á
­ � · � �#©>U�W�U�¦|©«ª/TYZ$ÆEf�s X j-fQi�qkiY_abez|]Y}ed ~ besc��dabpq�fh_�`cbp]Y_ n iY_�d

Λ1 ⊂
T ∗X\0

j-f^i�Æ1iYmJgciY_amJbpiY_�`n�ajaqkiY_abez|]Y}pd � ÆEfts (x1, . . . , xn) = (x
′, x′′, x′′′)

j-f
}p]5ohiY}�oh]5]Ygcdabe_DiKs�f�`;]Yz

X ~ bes�� x′ = (x1, . . . , xd1) � x′′ = (xd1+1, . . . , xd1+d2) �
x′′′ = (xd1+d2+1, . . . , xn) � iY_ad φ(x, θ) � θ ∈ R

N j-f�i�_a]Y_7w�daf�mJfh_�fhg�iBs�f
ra�DiY`nf'z|�a_aots�bp]Y_Qs��aiKsRrDiYgciYq�f�scgcb@��fh`

Λ1 ��� f'`�i���s��aiKs�i�dabe`nscgcbpj���s�be]J_ u ∈
D′(X)

bp`�i'Æ1iYmYg�iY_amYb�iY_xdabe`ns�gnbpja�7s�bp]Y_�iY`c`n]5ohb�iBs�f�d ~ besc� Λ1
iY_ad�d�fh_a]Ks�f

u ∈
Im(X; Λ1) � bez/bes�o�iY_#}e]5o�iY}e}{�xj-fRgnfhragnfh`cf�_=scfhd�iY`

u(x) =

∫

RN

eiφ(x,θ)a(x, θ) dθ,

~ �af�gcf a(x, θ) ∈ Sm+n/4−N/2(X × R
N \ 0) � `cf�fkÉ · ® � · ¢ � °�¢BÌ �ÆEfts

S1 ⊂ X
j-fÈi�`c��jaqxiK_abez|]Y}pd�]Yz$oh]5dabeqkf�_a`cbe]J_

d1 �ó� f�daf�_a]Ys�f�bes�`oh]Y_a]JgcqkiY}/ja�a_ada}ef�j=�
N∗S = {(x, ξ) ∈ T ∗X \ 0 : x ∈ S, ξ ⊥ TxS} �RÓ z

S1 = {x′ = 0}
be_�}e]5o�iY}(oh]5]Jgndabp_aiKs�f�` � Λ1 = N∗S1

iK_ad
u ∈ Im(X; Λ1) �s��af�_�}e]5o�iY}e}{�

u(x) =

∫

Rd1

eix
′·θ′a(x, θ′) dθ′, a(x, θ′) ∈ Sµ(X × R

d1 \ 0)

~ �af�gcf µ = m− d1/2 + n/4 �@� f�dafh_a]Ks�f Iµ(X;S1) = Im(X;N ∗S1)
iY_ad

`�i���sc�DiKs
Iµ(X;S1)

be`�sc�af�`nrDiYohf�]Yz�sc�af�o�]J_a]JgnqxiK}�dabp`¤s�gcbeja��s�be]J_�`�bp_�s���f
`crDiKohf

X
iY`c`n]5ohb�iBs�fhd ~ b{s���`c�aj�qxiY_�bez|]J}ed S1 �

� }p`n] �3~ f�daf�_a]Yscf�j[� Ip,l(X; Λ1,Λ2)
s��af�`nrDiYo�f�]Yz�sc�af�dabe`ns�gnbpja�7s�bp]Y_a`

ubp_
D′(X)

iY`c`n]5ohbpiKs�f�d9sc]�s ~ ]#o�}pfhiY_a}{�Èbp_[s�fhgn`cf�o�s�be_am#Æ1iYmYg�iY_amYb�iY_�qkiY_ab{z|]J}ed�`
Λ1,Λ2 ⊂ T ∗X \ 0 � `cf�fÈÉ · ® � °�¢BÌ � ÆEf�s S1

iY_ad
S2

j-f�`c�ajaqkiY_ab{z|]J}eda`$]Yz
M]Yz�o�]5dabpq�f�_a`cbe]J_a`

d1

iY_ad
d1 + d2 � gnfh`cr-f�o�scbe�Jfh}{� � iK_ad S2 ⊂ S1 �RÓ z�be_�}p]5ohiY}oh]5]Ygcdabe_DiKs�f�`

S1 = {x′ = 0} � S2 = {x′ = x′′ = 0} � iY_�d Λ1 = N∗S1,
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Λ2 = N∗S2 � s��af�_�s��af�dabp`¤s�gcbeja��s�be]J_ u ∈ Ip,l(X; Λ1,Λ2)
o�iY_�j-f#}p]5ohiY}e}{�

gcf�ragcf�`cfh_[s�f�dQiK`

u(x) =

∫

Rd1+d2

ei(x
′·θ′+x′′·θ′′)a(x, θ′, θ′′) dθ′dθ′′,

~ �af�gcf a(x, θ′, θ′′) j-fh}e]J_amJ`�sc]'s���fRragn]5da�aots�s��7r-fR`¤�7q�j-]J}Go�}�iY`n` Sµ′,µ′′(X ×
(Rd1 \ 0)× R

d2)
oh]Y_=s�iYbp_abe_am'`¤�7q�j-]J}e`

a ∈ C∞
s��DiBsv`ciKs�be`nz¨�

|∂γx∂
α
θ′∂

β
θ′′a(x, θ

′, θ′′)| ≤ CαβγK(1 + |θ
′|+ |θ′′|)µ−|α|(1 + |θ′′|)µ

′−|β|

z|]Jg�iY}e}
x ∈ K � q��a}escb w¢be_ad�ft�7fh` α, β, γ � iK_ad#oh]Jq�rDiYotsv`nf�sc` K ⊂ X �;� j-]��Jf �

µ = p+ l − d1/2 + n/4
iK_ad

µ′ = −l − d2/2 �ë��9É · ® � °�¢BÌ � qkbeohgc]Y}e]5o�iK}e}{�xi ~ i���z|gn]Jq Λ1 ∩ Λ2 �
Ip,l(Λ0,Λ1) ⊂ Ip+l(Λ0 \ Λ1)

iY_ad
Ip,l(Λ0,Λ1) ⊂ Ip(Λ1 \ Λ0).

� �5��`�s��af�ragcbe_aohberDiY}>`n�5q�j-]J}�]Kz u ∈ Ip,l(Λ0,Λ1)
be` ~ f�}p}«d�f�ôD_af�d�]J_ Λ0 \Λ1iY_ad

Λ1 \ Λ0 �
­ � ° � ��©>VBª Th³=VB¦Ã³5TYZ Ó _Èsc�af�`cf��=�afh} �«~ f�dafh_�]Ys�f�s��af�dabp`¤s£iY_ao�f�]Y_ (N, g) j[�
d(x, y) =

dabp`¤s
(x, y) � ÆEf�s γx,ξ(t) j-f(s��af�mJfh]5daf�`cbeo@]J_ (N, g) ~ besc��s���f@be_abescbpiY}r-]Jbp_[s

x
iY_ad�sc�afRbp_ab{s�bpiK}«dabpgnfho�scbp]Y_

ξ ∈ SxN �(÷ fh_a]Ks�f

γx,ξ = {γx,ξ(t) ∈ N : t ∈ R},

ηx,ξ = {(γx,ξ(t), γ̇x,ξ(t)) ∈ SN : t ∈ R},

η+
x,ξ = {(γx,ξ(t), γ̇x,ξ(t)) ∈ SN : t ∈ R+}.

� �afRqkfhiY`c��gcfhq�fh_[s�]Jr-fhgciKs�]Jg A ohiY_#j-fRf��5s�fh_�dafhd�sc]�dabp`¤s�gnbpja��scbp]Y_a`
w
`c�ar7w

r-]Jgnscfhd�bp_
SU �;Ó _�s��af�z|]J}e}p] ~ be_am ~ f�o�]J_a`cbedaf�g u o�]Jgcgnfh`nr-]J_adabe_am�s�]�sc�af$bp_ab ws�bpiY}1�KiY}e�af
w0(x, ξ) = δ(x0,ξ0)(x, ξ) � x0 ∈ U ��� f�iK`c`c�aq�f�s��DiKs γx0,ξ0(R+)bp_[s�f�gc`cf�o�sc`�sc�afx`ns�gnbpo�sc}e�9oh]J_[�Jft��qxiK_abez|]Y}ed

M ⊂ N �È� ]QiY_aiY}e���hfksc�afxoh]Jg wgcf�`cr-]J_ad�bp_am�`n]J}p�7s�bp]Y_ � }pfts��a`�dafh_�]Ys�fks��afx`nr«f�ohb{ôDo�mJf�]5dafh`nbpox]J_ ~ �abpo£��s��af}pfhiYdabe_am#]Jgndafhg�`cbe_amJ�a}piYgcb{scbef�`Rragc]YrDiYm[iBs�f�j[�
γ0 = γx0,ξ0 ��� }p`c] �/~ fxd�fh_a]Yscfs��afRo�]Jgcgnfh`nr-]J_adabe_am�`cragci���bp_

SN
j[�

η0 = ηx0,ξ0 �ÆEfts
u0(t, x, ξ)

j-f�s���fR`c]J}e��s�be]J_�]Yz/s���fRfh�=�DiKscbp]J_�� · ¡ ~ besc� S j-fhbp_�m��hfhgn] �s��DiBs�bp` � Hu0 + σu0 = 0 � u0|t=0 = w0 ��� �af�_ u0(t) = c0(x)δη0(t)(x, ξ) �
t > 0 ~ �afhgnf c0(x) be`xiO_a]J_7wî�KiY_�bp`c��bp_amO`cq�]5]Ys���z|�a_aots�be]J_ �ó� ]�`nbpq�ra}pb z¨�_a]Ys�iKs�be]J_a` �7~ fRoh]J_�`cbpd�fhg�s���f�f��=�DiKscbp]J_�z|]Jg�iY}p} t ∈ R � ]Yj�s£iYbe_abp_�m

u0(t, x, ξ) = c0(x)δη0(t)(x, ξ), (t, x, ξ) ∈ R× SN.

Ó _�s��af^z|]J}e}p] ~ be_am ~ f�iY_aiY}e���hf@s��af��abpmY�afhgI]Jgcd�fhgIs�f�gcq�`3bp_�sc�af�ë@]Jgc_'`nfhgcbefh` �s��DiBsvbe` �
uj = QSuj−1, j ≥ 1,

~ �af�gcf Q be`�d�f�ôD_�fhdÈj[�
v = QF ~ �af�gcf

Hv + σv = F
be_

R+ × SN, v|t=0 = 0.
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� f�_a]Ks�f^sc�DiKsIs���fhgcf�iYgnf C1, C2 > 0
`n]$s��DiBs3sc�af�`n]J}p��scbp]J_

uw
]Yz>f��5�aiKs�be]J_

� · ¡^`ciKs�be`nôDf�`
|uw(t, x, ξ)| ≤ C1e

C2t‖w‖L∞(SN), t ≥ 0.
�Ã­JÑ[¡
� ]�iK_DiY}e����f�sc�af�`cbe_amJ�a}piYgcb{scbef�`3]Yz u � }pf�s;�a`;s£iYlYf�sc�afvÆ1iYra}piYohf^s�g�iK_a`nz|]Jgnq Lbp_�scbpq�f

t
iY_ad'oh]Y_a`cbedafhg

û(k, x, ξ) = (Lu(· , x, ξ))(k) � ë���� ­JÑJ¡1s��af�Æ1iYra}piYo�fs�gciY_a`nz|]Ygcq�bp` ~ fh}e}(daftôD_afhd�z|]Jg k ∈ C � u�f k > C2 �xÓ _�sc�af�z|]Y}p}e] ~ be_�m �G~ foh]Y_a`cbedafhg
k
ôagc`ns iY`vi'rDiYgciYq�f�s�f�g � iY_�d#dafh_�]Ys�f û(x, ξ) = û(k, x, ξ) �(� ��fh_

(k + Ĥ)û+ σû− Sû = w0

be_
(x, ξ) ∈ SN,

~ �af�gcf w0(x, ξ) = δ(x0,ξ0)(x, ξ)
iY_ad

Ĥv(x, ξ) = ξj
∂v

∂xj
(x, ξ)− ξlξjΓmlj (x)

∂v

∂ξm
(x, ξ).

� �af�]Yr-fhg�iBs�]Jg Ĥ + k : C∞(SN) → C∞(SN)
�aiY`$ixraiYg�iYq�f�scgcb �

Q̂k � `cfhfÉ · ¢ � °�¢BÌ � s��DiBs;`ciKs�be`nôDf�` L(QF )(k) = Q̂k(LF (k)) �I� }e`c] �K~ f�daf�_a]Yscf û(k) =
û0(k) + ûsc(k) �a~ �af�gcf ûsc(k) = û1(k) + û2(k) + . . . � ûj(k) = (Luj)(k).\^]Y_a`cbedafhg�_a] ~ iÈë^]Jgn_�b{s�f�g�iKscbp]Y_O`ns£iYg¤s�be_amÈiKs�i�mJfh_�fhg�iK}

w′0 � õ7bp_�ohf�s��afoh]5f�H�ohbpf�_=sc`v]Kz
Ĥ
iYgcf$`cq�]5]Ys���z|�a_�o�s�be]J_a`�iY_ad�s��af�lYf�gc_af�}E]Yz

S
be`�i'`cq�]5]Ysc�

oh]YqkrDiKo�s�}{�k`c��rar-]Jgnscfhd�z|��_ao�scbp]J_ �5~ f�`cf�f�s��aiKs�z|]Jg�iY_=� s ≥ 0 s��af�gcf�bp` C3 =
C3(s) > 0

`c��o��#s��aiKs�z|]Jg�uvf
k > C3

sc�af�ë^]Jgc_�`cf�gcbpf�`

ŵ(k) =
∞∑

j=0

(Q̂kS)
jw′0

� ­ · ¡

oh]Y_=�JfhgnmJfh`vbp_�sc�af�õ7]Jj-]J}ef���`nrDiYohf
Hs
loc(SN) ~ �afh_ w′0 ∈ Hs

loc(SN) �
­ � ­ � %�V�©)W;³=V�U�¦|³7T�©)[(U�ù/³�XJ©-ú-W;©-T�¦|U�¦|©-ªHT$©7[(U�ù1³x©7W;³5V�W�U�©-VBT S WaªH¶ Q̂k

Z
��³5ú�ú�W-�GZÃûDZ © ý>�<���¨��+,�¨þ ý S = S1S2

f

Sjf(x, ξ) =

∫

SxN

Kj(x, ξ, ξ
′)f(x, ξ′) dSg(ξ

′), j = 1, 2

�q Dý�+�ý
Kj(x, ξ, ξ

′) ∈ C∞0 (SN ⊗ SN) 3
%�V�©G©7[�Z Ó _=s�f�gcragnf�scbp_am x iY`�i�rDiKg�iYq�f�scfhg�iK_adéo�]J_a`cbedaf�gcbp_�m

SxN
iY`xs���f

(n− 1)
w�`nra�afhgnf

Sn−1 ��~ f�daftôD_af Kx : L
2(Sn−1)→ L2(Sn−1)

j=�

Kxf(ξ) =

∫

Sn−1

K(x, ξ, ξ′)f(ξ′) dS(ξ′).

� `�s���f�lYf�gc_af�} K(x, ξ, ξ′) be`�`nqk]5]Ysc� �G~ f�`cf�f�s��aiKs�z|]Jg�iY}e} α ∈ N
n iY_ad

l,m ∈ N
s��af�gcf�be`�i�o�]J_a`¤s£iY_[s

cαlm
`c�ao£�#s��DiBs

sup
x∈M

‖∂αx (1−∆ξ)
mK(x, ξ, ξ′)‖Cl(Sn−1×Sn−1) < cαlm,

� ­J°J¡

~ �af�gcf ∆ξ

be`^s���fRÆ1iYra}piYohf�w ë^f�}escg�iYq�b-]Jr-f�g�iKsc]Jg�]YzEs��af
(n− 1)

w�`nra�afhgnf
Sn−1 �ÆEf�s

am > 0
j«f�_=�aq�j-fhgn`R`c�ao£�Os��DiBs

0 < am < e−m
2

min(1, c−1
αlm)

z|]JgRiY}e}
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α, l ~ besc� max(|α|, l) ≤ m �(� ��fh_#s��afR]Yr-fhg�iBs�]Jg

B =
∞∑

m=0

am(1−∆ξ)
m

daf�ôa_afh`/iY_R�a_=j-]J�a_ad�fhd�_�]J_7w�_�fhm[iBs�be�Jf3`nfh}{zÃiYdBín]Jbe_=sG]Jr-f�g�iKsc]Jg
B : L2(Sn−1)→

L2(Sn−1)
�Di��5bp_�m$iY_�be_=�Jf�gc`cf

J = B−1 sc�DiKsIo�iK_�j-f�f��5s�fh_�dafhd'sc]�i `cq�]5]Ys��5wbp_am�]Jr-f�g�iKsc]Jg
D′(Sn−1)→ C∞(Sn−1) �(Ï ]Jgcf�]��Jf�g � j=��� ­[°Y¡ ~ f `nfhf sc�DiKs�z|]JgiY_[�

x
sc�af;]Jr-fhgciKs�]Yg

Lx = BKx

d�f�ôD_af�`Hi�`cq�]5]Ys��abe_am�]Jr-f�g�iKsc]Jg
D′(Sn−1)→

C∞(Sn−1)
iY_adxbesc`�õ7o£� ~ iYgns<�$lYf�gc_af�} Lx(ξ, ξ′) bp`@i C∞ w¢`cq�]5]Ys��kbe_�iY}e}D�KiKgcb{wiYja}efh`

(x, ξ, ξ′) �R� �=�a` ~ f�ragc]��Jf�sc�af'iY`n`cfhg¤s�be]J_Qj=��daf�ôD_�bp_am K2(x, ξ, ξ
′) =

Lx(ξ, ξ
′)
iY_ad

K1(x, ξ, ξ
′) = χ(x)J(ξ, ξ′) �D~ �afhgnf J(ξ, ξ′) bp`�s��af�õ7o£� ~ iKgns8�lYfhgn_afh}1]Kz

J
iY_�d

χ ∈ C∞0 (N)
`ciKs�be`nôDf�`

χ(x) = 1
z|]Jg�iY}e}

x ∈M � 2

� ��fRs�f�gcq�`�bp_�s��af�ë^]Jgn_#`cf�gcbefh`�o�iY_#j-f ~ gcb{scs�f�_�iY`
ûj(k) = Q̂kS1A

j−1S2û0(k), j ≥ 1

~ �af�gcf A = S2Q̂kS1 ��� ]ÈiY_DiY}{�(��f�s��af�]Jr-f�g�iKsc]Jg A ~ fkoh]J_�`cbpd�fhgRôDgc`¤s�s���fo�iK`cf ~ �afhgnf K(x, ξ, ξ′) bp`'fh�=�DiY}�s�]9sc�af#o�]J_a`ns�iY_[s 1 ��÷ fh_a]Ks�f�j[� Sc s��af]Jr-fhgciKs�]Yg oh]Jgngcfh`nr-]J_adabe_amxs�]ks���f�oh]J_a`¤s£iY_[s$`cohiKscs�f�gcbe_am�lKfhgc_�fh}
K(x, ξ, ξ′) =

1 �3ï ]YgIs���bp`3ra�agnr-]J`cf �[~ f�bp_[s�gc]5d��aohf�]Jr-f�g�iKsc]Jgc` T = π∗ : L
2(SN)→ L2(N)iY_ad

T ∗ = π∗ : L2(N)→ L2(SN) � s��aiKs�bp` �
Tu(x) = c−1

n

∫

SxN

u(x, ξ)dSg(ξ), T ∗v(x, ξ) = v(x),

~ �af�gcf cn = �J]J}
(SxN) �

��³5ú�ú�W"�GZ_cGZ�ü1ýtþ
Z = SN × SN

f
L0 = {(x, ξ, y, η) ∈ Z : x = y}

f����)�
Σ0 = N∗L0 3L4  Dý ° �� �����+�þ@Æ 9 ý�+,��ý��Ç1A�.� Ac ���)� A 1D�Yþ&�@1!�,%

Ac(x, ξ, y, η) ∈ I−1(Z;L0) = Ir(Z; Σ0),
� ­Y­[¡

A(x, ξ, y, η) ∈ Iρ(Z; Σ0)
� ­K²=¡
�q Dý�+�ý

r = −(n+ 1)/2
f
ρ = r + ε

fs���)�
ε > 0 3

%�V�©G©7[�Z�\^}ef�iKgc}e� � TT ∗ = I
iY_ad

Sc = T ∗T �È� �=�a` ~ f��Di��Jf Sc = Sc1S
c
2~ �af�gcf Sc1 = Sc2 = Sc ��Ó _�s��af�}e]5o�iY}^oh]5]Ygcdabe_DiKs�f�` Sc �DiY`'sc�af�õ7o£� ~ iKgns8�lYfhgn_afh}

Sc(x, ξ, x′, ξ′) = δ(x− x′) ∈ I0(Z;L0) = Im1(Z; Σ0),

~ �af�gcf m1 = (1 − n)/2 � � ]�iK_DiY}{�(��f A = S2Q̂kS1 �-~ f�ôagc`ns$o�]J_a`nbpdaf�g s��af]Jr-fhgciKs�]Yg

Ac = Sc2Q̂kS
c
1 = T ∗TQ̂kT

∗T.

÷ fh_�]Ys�f Q̃k = TQ̂kT
∗ : L2(N)→ L2(N)

iY_ad#}ef�s
v ∈ C∞0 (N) �;� �afh_

(Q̂kT
∗v)(x, ξ) =

∫ 0

−∞

h(−s, x,−ξ, k)v(γx,ξ(s)) ds
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~ �af�gcf h(s, x, ξ, k) be`�s��afR`n]J}p��scbp]J_�]KzHsc�afRdab_]«fhgnfh_[s�b�iK}Gf��=�DiKs�be]J_

∂sh(s, x, ξ, k) + (k + σ(γx,ξ(s)))h(s, x, ξ, k) = 0,
�Ã­[®J¡

h(s, x, ξ, k)|s=0 = 1.
b ]Ks�f�s��aiKs

h(−s, x,−ξ, k) = h(−s, γx,ξ(s), γ̇x,ξ(s), k)
iY_ad

h(s, x, ξ, k) = e−ksh(s, x, ξ, 0).
� ­ Ê ¡

� �=�a` � ��`cbp_�m�s���f�iY`c`c��qkr7s�bp]Y_�s��DiKs�s���f�qkiY_�bez|]J}{d N bp`�`nbpq�ra}pf �7~ fR�Di��Jf

(TQ̂kT
∗v)(x) =

∫

SxN

∫ 0

−∞

h(s, x, ξ, k)v(γx,ξ(s)) dsdSg(ξ)
�Ã­[ËJ¡

=

∫

N

[h(s(x, y), x, ξ(x, y), k)j(x, y)]v(y) dVg(y),

~ �af�gcf s(x, y) ∈ (−∞, 0]
iY_ad

ξ(x, y) ∈ SxN
iYgnf�daftôD_afhd�j=�

exp−1
x (y) =

s(x, y)ξ(x, y) � iY_ad j(x, y) = daf�s
(d expx |y)

−1 bp`�s���f�¯JiYo�]JjabpiY_�d�f�s�f�gcq�b{w_DiY_[s ~ �afhgnf d expx |y be`�s���fRdab�]�f�gcfh_[s�bpiY}�]Yz/sc�afRqkiYr expx f��KiK}p�DiKscfhd#iKs y �õ7bp_�ohf
(N, g)

bp`1`cbpq�ra}ef � s���f@lYf�gc_af�} b(x, y) := h(s(x, y), x, ξ(x, y), k)j(x, y)bp`�`nqk]5]Ysc��]J��s�`nbpdaf$s���f�d�b�iYmJ]Y_DiY}GiY_�d#j-fh�Di��Jfh` _�f�iYg�sc�afRdab�iKmJ]J_DiK}GiY`

b(x, y) ∼ e−(k+σ)d(x,y)d(x, y)1−n.

� `nbp_am�� ­JËJ¡ ~ f�`nfhf�sc�DiKs Q̃k

bp`3i$r�`cfh��da]5dab_]«f�gcfh_[s�bpiY}�]Jr-f�g�iKsc]JgI]Yz>]Jgcdaf�g
(−1)�|z|]Jg�i�`cbeqkbe}piKg�iYgcmY�aqkf�_=s�`nfhfkÉñ­[Ë�Ì¨¡ �

� ��f$õ7o£� ~ iYg¤s8� lYf�gc_af�} Q̃k(x, x
′) ∈ I−1(N ×N ;

d�b�iYm
(N ×N))

]Yz
Q̃
o�iK_

j-f ~ gcbesns�f�_�iY`

Q̃k(x, x
′) =

∫

Rn

ei(x−x
′)·θa(x, x′, θ)dθ, a ∈ S−1(N ×N × R

n \ 0).

� �af�`�iKqkfkft�7ragcf�`c`cbe]J_�daf�ôa_afh`�i�z|��_ao�scbp]J_ Q̃k(x, ξ, x
′, ξ′) := Q̃k(x, x

′) ∈

I−1(SN×SN ;L0) �H� �abp`1z|��_ao�scbp]J_�be`Es��af^õ7o£� ~ iYgns<�@lYfhgn_afh}5]Kz Ac = T ∗Q̃kTiY_ad�s��=�a` ~ f�`nfhf$s��DiBs�s���f$ôDgn`ns�rDiYgns�]Yz1s���fRiY`n`cfhg¤s�be]J_ � s��af�z|]Jgnq'��}�i��Ã­J­[¡�bp``�iKscbp`¤ôDfhd �bvft�5s ~ f�o�]J_a`cbedaf�g�s��af�õ7o£� ~ iYgns<��lYfhgn_afh}1]Yz A � sc�DiKsvbp` � A(x, ξ, y, η) �@� `
A = S2Q̂kS1 �I~ f�ohiY_ � gn]J�amJ��}e�O`cr-fhiYl=bp_am � oh]J_a`nbpdaf�g A(x, ξ, y, η) iY`�s��afoh]5f�H�ohbpf�_=s�o�]Jgcgnfh`nr-]J_adabe_am�sc]�s��af oh]Yq'j�bp_DiKscbe]J_�]Yz1i�`no�iKsns�f�gcbp_�m�iKs

y ~ �afhgnfdabpgnfhots�be]J_
(y, η)

o£�DiY_amJf�`/sc]
(y, θ) � r�gc]JrDiKm[iKs�be]J_$z|gc]Jq y

sc]
x
iY}p]Y_am�mJf�]5daf�`cbpo

γy,θ � iY_ad�i$`cohiKscs�f�gcbe_amRiKs x ~ �afhgnf�dabegcf�o�s�be]J_�o£�DiY_amYfh`3s�] (x, ξ) �IÓ _�gcbemJ]Jgn]J�a`s�f�gcq�` ��~ f�]Yja`cf�gn�JfRs��DiKs�lYfhgn_afh}1]Kz A ohiY_#j-f ~ gcbesns�f�_�iY`vi'ragc]5d��ao�s

A(x, ξ, y, η) = Ac(x, ξ, y, η)J(x, ξ, y, η)
�Ã­J±[¡

~ �af�gcfx�Ã�a`nbp_am's���f�uvbefhqkiY_a_abpiY_�_a]JgnqxiY}�o�]5]Jgcdabe_DiKscfh`�iKs x ¡

J(x, ξ, y, η) = K2(x, ξ,
y − x

|y − x|
)K1(y,

x− y

|x− y|
, η).
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bv] ~ K1(x, z/|z|, ξ)

iK_ad
K2(x, ξ, z/|z|)

iYgcf��a]Jq�]JmJf�_afh]J��`(z|�a_aots�be]J_a`(]Yz
dafhmYgcf�f
�hf�gc]�bp_

z � iY_ad ~ f�`nfhfRs��aiKsvj[�9É · ® � z|]Jgcq���}�i�� · � °J¡�Ì

K2(x, ξ,
y − x

|y − x|
), K1(y,

x− y

|x− y|
, η) ∈ I−n(Z;L0).

b ] ~�~ f o�iK_ ~ gnbescf A iY`(s���f r�gc]5da�aots^]Kz
K1 � K2 � iY_�d Ac �3� ]�iY_DiK}e���hf�s��abe`ragc]5d��ao�s ��~ f$_afhf�d�s��af�z|]J}e}p] ~ be_am�}pf�qkqki�ft�5s�f�_adabe_am�gnfh`n�a}esc`�]Kz@É · ®�Ì�z|]Jg^}efh`c`gcf�mJ�a}piYg�o�]J_a]JgnqxiK}Gdabe`nscgcbpj���s�be]J_a` �

��³5ú�ú�We�GZ_�EZ�ü1ýtþ
X ÿ ý§�w������� �������h�.�:���0�xý��
1��2��� n ���)�

L ÿ ý§��1�' ÿ $������� �������¨���¨þ! ����D���0�xý��
1��2���
d 3wm 1�1,'(�xý�þ0 
�Yþ A ∈ I−d(X;L)

���)�
B ∈

Iµ(X;L)
f
µ < 0 3�4  Dý���þ0 Dý������0�Dþ&���@1�ý��)+8�D�6'��tþ AB ∈ Iµ+ε(X;L)

����+�����%
ε > 0 3
%�V�©G©7[�Z$ÆEf�s

(z′, z′′)
j-f�}p]5ohiY}Eoh]5]Jgndabp_aiKs�f�` ]Kz

X
`c��o��Ès��aiKs

L = {z′ = 0} �ë@�9É · ¢BÌ � A iY_ad
B
o�iY_#j-f ~ gcb{scs�f�_�iY`

A(z) =

∫

Rd

eiz
′·θa(z′′, θ) dθ, B(z) =

∫

Rd

eiz
′·θb(z′′, θ) dθ,

~ �af�gcf a(z′′, θ) ∈ S−d(Rn−d × R
d \ 0)

iY_�d
b(z′′, θ) ∈ Sµ(Rn−d × R

d \ 0) �
� �af�_�sc�afRragc]5d��ao�s C(z) = A(z)B(z)

be`�mJbe�Jf�_#j[�

C(z) =

∫

Rd

eiz
′·θc(z′′, θ) dθ, c(z′′, θ) =

∫

Rd

a(z′′, θ − θ̃) b(z′′, θ̃) dθ̃,

iY_ad�i'`cbeqkra}ef$o�]Jqkr���s£iKscbp]J_�`�`n�a] ~ `�s��aiKs

|c(z′′, θ)| ≤ C

∫

Rd

(1 + |θ − θ̃|)−d(1 + |θ̃|)µ dθ ≤ C ′(1 + |θ|)µ+ε,

~ besc� ε > 0 �kÓ _�dafhf�d � daf�oh]Jq�r-]J`nbp_am�sc�af�da]YqxiYbe_9]Kz�be_=s�f�mJgciKs�be]J_9iY` R
d =

B(θ, 1
2
|θ|) ∪B(0, 1

2
|θ|) ∪ (Rd \ (B(θ, 1

2
|θ|) ∪B(0, 1

2
|θ|))) �a~ fR`cf�fRs��DiKs

|c(z′′, θ)| ≤ C1|θ|
µ log |θ|+ C2|θ|

−d|θ|d+µ(1 + δµ,−d log |θ|) + C3|θ|
µ

≤ C ′(1 + |θ|)µ+ε,

~ �af�gcf |θ| > 1
iY_�d

δµ,−d
be`�]J_af#bez

µ = −d
iY_ad��hf�gc]�]Ys���fhg ~ be`cf ��� �afdafhgnbe�BiKs�b{�Jfh`�]Kz

c(z′′, θ)
o�iK_9j-f�f�`ns�beqxiBs�fhdQbe_Q`cbeqkbe}piKg ~ i�� � iK_ad ~ f']Jj�s£iKbp_s��DiBs

c(z′′, θ) ∈ Sµ+ε(Rn−d × R
d \ 0) � 2

� rara}{�7be_am�ÆEfhq�qxi�­ � ­�z|]Jg�s���f(ragn]5da�aots^� ­Y±[¡ ~ f(]Jj7s£iYbe_�� ­Y²[¡ �/� ��bp`Eragc]��Jfh`ÆEfhq�qxi'­ � ° � 2

� ��f�ragcft�5bp]J��`vgnfh`n�a}es�`�i��7` � gc]J��mJ�a}{��`cr-fhiYl=bp_�m � s��DiBs A bp`�}ebplYf�i
Ψ ÷ ø ]Yz

]Jgcd�fhg
(−1) ~ �af�_ ξ iY_ad η iYgnfRoh]Y_a`cbedafhgnfhdÈiY`�rDiYg�iKqkfts�fhgn` �bvft�5s ~ f�o�]J_a`nbpdaf�gvr-] ~ fhgn` ]Kz A � b ft�5s � Σ′0 d�fh_a]Yscfh`�s��afRo�iK_a]J_abeo�iY}Ggcf�}�iBws�be]J_�o�]Jgcgnfh`cr-]Y_adabp_�m$sc]�s���f�Æ1iYmYg�iY_amYb�iY_�qkiY_ab{z|]J}{d

Σ0 �H� f�`nfhf^s��aiKs Σ′0×Σ′0bp_[s�f�gc`cf�o�sc`Hoh}ef�iK_a}e�
T ∗SN×

dab�iKm
(T ∗SN×T ∗SN)×T ∗SN ~ b{s��Rs��af(ft�7ohf�`c`

d = (n− 1) �(� �=�a`v�a`cbe_am�É ²=° �D� ��qÉÈ ÓcÓnÓ£� ® � °BÌ �a~ f�`cf�fRs��DiBs
A2 = A ◦ A ∈ I2ρ+d/2(Z; Σ0) = Iρ2(Z; Σ0),
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~ �af�gcf ρ2 = −(n+ 3)/2 + 2ε ~ b{s��#iY_[� ε > 0 �;Ó scfhgciKs�be_am�s��af�]Jr-fhgciKs�]Jg A �
~ fR`cfhfRsc�DiKs

Aj ∈ Iρj(Z; Σ0) = I−j+ε(Z;L0), ρj = −
n− 1

2
− j + ε, ε > 0.

­ � ² � �G¦ ªS£-ÅH¥|WaVB¦¨U�¦¨³7T�©7[^U�ù/³�U�³=VBú�T�¦ ª�U�ù/³#��©-VBª�Th³=VB¦Ã³5TYZ Ó _�s��af�z|]Y}p}e] ~ wbp_am � }ef�s Λ0 = N∗Y0

iK_ad
Λ1 = N∗Y1 ��~ �afhgnf

Y0 = {(γ0(t), γ̇0(t)) ∈ SN : t ∈ R}, Y1 = {(x, ξ) ∈ SN : x ∈ γ0(R)}.

Ï ]Jgnfh]��Jfhg � }pfts P = P (x, ξ,Dx, Dξ) = Ĥ + k �
o£�DiYg

(P ) = {(x, ξ, x̃, ξ̃) ∈ T ∗(SN) : ξix̃i − ξiξjΓkij(x)ξ̃k = 0},

~ �af�gcf (x̃, ξ̃) iYgcf�s���f�da�DiY}/�KiKgcb�iKja}pf�`�o�]Jgcgnfh`nr-]J_adabe_am�s�] (x, ξ) ∈ SN � ÆEf�s
Ξ(x, ξ, x̃, ξ̃)

j«f�s��af�jabeo��DiKg�iYots�f�gcbp`¤s�beo�]Yz
P (x, ξ,Dx, Dξ)

�|b � f � sc�af�be_=scfhmJgciY}oh�ag¤�Jfk]Kz@s��af�`�iYq�bp} s�]Y_Q�Jf�o�sc]JgRôDfh}edO]Yz
P
bp_
T ∗(SN) \ 0

¡$`ns�iYgnscbp_am�z|gn]Jq
(x, ξ, x̃, ξ̃) ∈ T ∗(SN) ��� ��fh_9s��af�ÒD] ~ w�]Y��sRohiY_a]Y_abpohiY}Igcf�}�iKscbp]J_ÈmJfh_�fhg�iBs�fhdj=��o£�DiYg

(P )
be`

Λ′P = {(x, ξ, x̃, ξ̃; y, ζ, ỹ, ζ̃) ∈ (T
∗(SN) \ 0)× (T ∗(SN) \ 0) :

(x, ξ, x̃, ξ̃) ∈
o£�DiYg

(P ), (y, ζ, ỹ, ζ̃) ∈ Ξ(x, ξ, x̃, ξ̃)}.

� �af@ÒD] ~ w¢]J��sI]Yz Λ1
be_�o£�DiYg

(P )
be`/s��af�Æ1iYmYg�iY_amYb�iY_�qxiK_abez|]Y}ed

Λ2 ⊂ T ∗SN \
0
`ciKs�be`nz¨�5bp_�m

Λ′2 = Λ
′
P ◦ Λ

′
1 ���³5ú�ú�W-�GZ��1Z © ýB 
��iYý

û0(k, x, ξ) = c0(x, k)δη0(x, ξ) ∈ I
r0(SN ; Λ0),�q Dý�+�ý

c0(x, k)
�@1���1��l�;�Bþ0 L�#����$¥i������@1� ��0��=��,'��#�tþ��2�������)�

r0 = (2n−3)/4.�Y��+
j ≥ 1

f

ûj(k) ∈ I
rj ,−

1

2 (SN ; Λ1,Λ2), rj = −j +
1

4
+ εδj≥2, ε > 0,

�Ã­6¢[¡
�q Dý�+�ý

δj≥2

�@1>����ý?� �
j ≥ 2

���)�AÆBý�+8�v�Bþ0 Dý�+,���@1�ý 3
%�V�©G©7[�Z ï ]Jg�sc�af/�hf�gc]Ysc��scfhgcq bp_�sc�af#ë^]Jgn_�`cf�gcbefh`'s��af�o�}�iYbeqöbe`�s�gn�af�j=�
daf�ôa_abescbp]J_ � bvft�5s ~ f�iY_DiK}e���hf$s��afR�abemJ�af�g�]Ygcdaf�g�s�f�gcq�` � \^}pf�iKgc}e� �

S2û0(k, x, ξ) = K2(x, ξ, η(x))(S
cû0)(k, x, ξ),

~ �af�gcf η(x) ∈ SxN daftôD_af�`$i�`cq�]5]Ysc���Jfhots�]Ygvôafh}pd#`n�ao��#s��DiKsvb{z
x = γ0(s)s��af�_

η(x) = γ̇0(s) �I� `nbpq�ra}pf@oh]Yqkra�7s£iKscbp]J_�`c�a] ~ `;s��DiBs Λ′0×Σ′0 bp_=scfhgn`cfhots�`dab�iKm
(T ∗SN × T ∗SN) × (T ∗SN)

scg�iY_a`¤�Jfhgn`�iY}e}e� � bv] ~ S2 ∈ I0(SN ×
SN ;L0) = Im1(SN ×SN ; Σ0) �5~ �af�gcf m1 = (1−n)/2

iY_adxj=��É · ¢ �5� �aq°J® � ° � ­KÌ S2

o�iK_�j-fRo�]J_a`cbedafhgnfhdÈiK`vi�o�]J_=scbp_5��]J�a`�]Yr«f�g�iBs�]Jg
S2 : I

r0(SN ; Λ0)→ Is(SN ; Λ1),

~ �af�gcf s = r0+m1

iY_ad
Λ′1 = Λ

′
0 ◦Σ

′
0 �3� `nbpq�ra}pf^oh]Jq�ra��s�iKs�be]J_'`c��] ~ `(s��DiBs

Λ′1◦Σ
′
0 = Λ

′
1 � iY_�d�s��DiKs Λ′1×Σ′0 bp_[s�fhgn`cfhots�`Hd�b�iYm (T ∗SN×T ∗SN)×(T ∗SN)oh}ef�iY_�}e� ~ b{s���ft�7o�fh`c` e = (n−1) �3� �=�a` ~ fv�ai��Jfvj=��É · ¢ �=� �aqÄ°J® � ° � ­KÌas��DiKs

AjS2û0(k) ∈ I
ρj+s+e/2(SN ; Λ1).
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� mJiYbp_ � iK` Λ′1 ◦Σ′0 = Λ′1 � iK_ad Λ′1×Σ′0 be_=scfhgc`nfhots�`�dabpiYm (T ∗SN ×T ∗SN)×
(T ∗SN)

oh}ef�iY_a}{� ~ b{s���ft�7ohf�`c` e ��~ fR`cfhfRsc�DiKs�`cbe_aohf S1 ∈ I
m1(Z; Σ0) �

S1A
jS2û0(k) ∈ I

ρj+r0+2m1+e(SN ; Λ1) = Iρj+r0(SN ; Λ1).
�Ã²JÑ[¡

� ]�iK_DiY}e����f ûj(k) = Q̂kS1A
j−1S2û0(k) ��~ f#]Jja`nfhgn�Jf�s��DiBs�s��af�]Jr-f�g�iKsc]Jg

P = Ĥ + ik
bp`^i�ôDgn`ns�]Jgcdaf�g^]Jr-fhgciKs�]Yg^]YzEgcfhiY}«ragcbe_ao�bprDiY}Ds��7r-f �(� ` Q̂k

be`@bes�`
rDiYgciYq�f�s�gnb{� � bes�z|]J}e}p] ~ `^z|gc]Jq�ÉÐ°�¢BÌEsc�DiKs�s��af�õ7o£� ~ iYgns<��lYfhgn_afh}

Q̂k ∈ I
1

2
−1,− 1

2 (Z; ∆T ∗Z ,ΛP ),
�Ã² · ¡

~ �af�gcf ∆′T ∗Z bp`(sc�af dab�iKmJ]J_DiK}D]Yz T ∗Z×T ∗Z iY_ad
Λ′P ⊂ T ∗(Z)

bp`(s���f Òa] ~ w]J��s�o�iY_�]J_abpohiY}$gcf�}�iKscbp]J_�mJfh_�fhg�iBs�fhdòj[�óo��DiKg
(P ) � b ] ~ N ∗Y1

bp_=scfhgn`cfhots�`
o£�DiYg

(P )
s�g�iK_a`n�Jf�gc`�iK}p}{� � ` f�_aohf ~ fR]Jj�s£iKbp_O� ­6¢[¡^j[�9É · ® � V;gc]Jr � ° � · Ì � 2

­ � ® � %�VB¦ ª/X[¦!W/WD¥HT�´1úQS;©-¥H©7[(U�ù/³�Th¦ ªS£«Å/¥|WaVB¦|U�´3Z ï ]Jg�iK_=� s > 0 s��af�gcfvbp` j0`c�ao£��s��DiBs
ûj0(k) ∈ H

s
loc(SN) ��� `cbe_am�s��af�oh]Y_=�Jf�gcmJf�_aohf�]YzGs��af$ë^]Jgn_�`cf�gcbefh`� ­ · ¡ �=~ f�`cf�f�sc�DiKs@s��af `cfhgnbpf�` ûj0(k)+ ûj0+1(k)+ ûj0+2(k)+ . . .

o�]J_=�Jf�gcmJf�`
bp_
Hs
loc(SN) �bvft�5s ~ f�oh]Y_a`cbedafhg��a] ~ sc]xôD_ad�sc�af�mJf�]5dafh`nbpo

γ0

bp_
U �$� ]�s���bp`�f�_ad ~ f]Jja`nfhgn�Yfk��`cbp_�m

T ûj(k) = TAj−1S2û0(k)
iK_ad�iYgnmJ�abe_am�iY`�bp_Qsc�af�ragn]5]Yz@]Yz

ÆEfhq�qxi�­ � °'s��DiBs T û(k) = T û0(k) + T ûsc(k) ∈ I
0(N ; γ0)

iY_ad
T û0(k) ∈

I0(N ; γ0)
�ai��Jf�sc�af�`ciYq�f�_a]J_7wî�KiY_abe`c�abe_amxragnbp_ao�bprDiK}/`n�5q�j-]J} ��� �5�a` T û(k)bp_

U
d�f�s�f�gcq�bp_�fh`

U ∩ γ0 �
Ï ]Jgcf�]��Jfhg � s��af�iKj«]��Jf^oh]Y_=�JfhgnmJfh_�ohf�]Yzasc�af�ë^]Jgn_�`cf�gcbefh`Ibp_�õ7]Jj-]J}ef���`nrDiYohf�`iY_adó� ­6¢J¡��5bpf�}pdOs��DiKs

û1(k)
iK_ad

ûsc(k) = û1(k) + û2(k) + . . .
iYgnfxj-]Ks��

fh}efhq�fh_[s�`1be_
Ir1,−

1

2 (SN ; Λ1,Λ2)
iK_adRs��aft�R�Di��Jf(s���f�`ciYqkf;ragcbe_aohberDiY}Y`n�5q�j-]J}

]J_
Λ2 \ Λ1 ��Ï ]Yscbe�KiKscfhd�j=��s���bp` ��~ f�o�]J_a`cbedafhg�_�ft�5s û1(k) �
� `cbe_am�sc�af�iYj-]��Jf�_a]Ks£iKscbp]J_a` ��~ f�`nfhfRs��aiKs

Sû0(k, x, ξ) = K(x, ξ, η(x))h(d(x, x0), x0, ξ0, k)c1(x)δγ0(x) ∈ I
0(SN ;Y1),

~ �af�gcf c1(x) be`1i�`cq�]5]Ys���_a]J_7wî�KiY_�bp`c��bp_am�z|��_ao�scbp]J_ �HÏ ]Jgnfh]��Jf�g � s��af;]Jr-f�g�iKsc]Jg
Q̂k

�DiY`�sc�af'õ7o�� ~ iYg¤s8��lYfhgc_�fh}��Ã² · ¡�sc�DiKs�i ~ i��#z|gn]JqÔsc�af�dab�iYmY]J_DiY}1�DiY` s��af
z|]Jgcq

Q̂k(x, ξ, x
′, ξ′) = h(d(x, x′), x′, ξ′, k)δη+

x′,ξ′
(x, ξ),

~ �af�gcf h be`�daftôD_af�d�bp_O�Ã­[®J¡ �3� �5�a` � bp_ (x, ξ, x′, ξ′) ∈ Z \ L0 � sc�afRlYf�gc_af�}E]Yz
Q̂k

�DiY`�sc�af�z|]Jgcq

Q̂k(x, ξ, x
′, ξ′) =∫

RN

eiψ(x,ξ,x′,ξ′,θ)[h(d(x, x′), x′, ξ′, k)q(x, ξ, θ)] dθ
q�]5d

C∞(Z)

~ �af�gcf ψ(x, ξ, x′, ξ′, θ) bp` i�_a]Y_7w�daf�mJfh_�fhg�iBs�f�ra�DiY`nf�z|��_ao�scbp]J_�rDiKg�iYq�f�scfhgnb@�twbp_am�sc�af$Æ1iYmYg�iY_�mJb�iY_
ΛP

iY_�d
q(x, ξ, θ) ∈ S−1/2+(4n−2)/4−N/2(Rn×R

n−1×
R
N \ 0)

�DiK` i'_a]J_5w¢�KiY_�bp`c��bp_am'ragcbe_aohberDiY}�`¤�7q�j-]J} �
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ÆEfts��a`��a`nf�be_

SN \ η0
}p]5o�iK}�o�]5]Jgndabp_DiBs�fh`

S : (x, ξ) 7→ (sj(x, ξ))
2n−1
j=1�Di��7be_am sc�af@ragc]Jr-f�gns���sc�DiKsHbez

γx,ξ(R−)
be_=scfhgc`nfhots�`Hs��af@mJf�]5dafh`nbpo

γ0(R+)
s���fh_

s1 = s1(x, ξ)
bp`�sc�afR�a_abe�5��fR�BiY}p��fR`c��o��#s��aiKs

γx,ξ(R−) ∩ γ0(R+) = γ0(s1),iY_ad
s2(x, ξ) = d(γ0(s1(x, ξ)), x) � ë��9É · ® � V;gc]Jr � ° � · Ì �

û1(k) = Q̂kSû0(k) ∈ I
r1,−

1

2 (SN ; Λ1,Λ2)iY_ad
û1(k, x, ξ)

be_
(x, ξ) ∈ SN \ η0

�DiK`�bp_Qs��afkiKj«]��Jf�}p]5ohiY}3oh]5]Ygcdabe_DiKs�f�`
s��af�z|]Ygcq

û1(k, x, ξ) =

∫

RN

eiφ(x,ξ,θ)[a(x, ξ, k)p(x, ξ, θ)] dθ
q�]5d

C∞(SN),

a(x, ξ, k) = h(s1, x0, ξ0, k)K(γ0(s1), ζ, γ̇0(s1))h(s2, γ0(s1), ζ, k)

~ �af�gcf φ(x, ξ, θ) bp`�i�_a]J_7w¢mJf�_afhgciKs�f�r��DiY`cfOz|�a_aots�be]J_òrDiYgciYq�f�s�gnb@��bp_�m�s��afÆ1iYmJgciY_amJbpiY_�qxiK_abez|]Y}ed
Λ2 � s1 = s1(x, ξ) � s2 = s2(x, ξ) � ζ = ζ(x, ξ) =

−γ̇x,ξ(−s2(x, ξ))
be`Hs���f�dabpgnfhots�bp]Y_�]Yz

x
z|gc]Jq

γ0(s1)
iY_ad

p(x, ξ, θ)
bp`Ii�`n�5q�w

j-]J} ~ besc�Oi�_a]J_7wî�KiY_abe`c�abe_am�ragnbp_ao�bprDiY}H`n�5q�j-]J} � b ]Ks�f�s��DiKsR]Y_ Λ2 \ Λ1

s��af
ragcbe_aohberDiY}7`n�5q�j-]J}D]Kz

a(k, x, ξ)p(x, ξ, θ)
be`;_a]J_5w¢�KiK_abp`n�abp_am�]J_'s���f�oh]J_�]JgcqkiY}

ja�a_ad�}pfR]KzHs���f�`n�ajaqkiY_ab{z|]J}ed
K = {(x, ξ) ∈ SN : γx,ξ(R−) ∩ γ0(R+) ∩M

int 6= ∅}.ë@�O�Ã­ Ê ¡ �
a(x, ξ, k) = e−k(s1+s2)K(γ0(s1), ζ, γ̇0(s1)) b0(x, ξ),

�|²=°J¡
~ �af�gcf s1 = s1(x, ξ) � s2 = s2(x, ξ) � ζ = ζ(x, ξ) � iY_ad b0(x, ξ) be`k_�]J_7w�KiY_�bp`c��bp_am�iK_ad#bp_ad�fhr-fh_�dafh_[s ]Yz

k �bv] ~ò~ f�iYgcfRgnf�iKd���ragc]��Jf��a_�bp�=�afR`c]Y}e�KiYj�bp}eb{s��x]KzHs���fRbp_=�Jf�gc`nf�ragn]Jja}pf�q �%�V�©G©7[�©7[�	�ù/³=©>V�³7ú ûDZ_c �xï bpgn`ns ~ f�_a]Ys�f's��DiBs��ai��Jf�z|]J�a_ad�iY}pgnf�iYd��Ès��af`cfts
γ0 ∩U �3� �=�a` ~ f�l=_a] ~ s��af `cfts W := SN \ (SM ∪ η0) � ë��k]Yja`cf�gn�5bp_�ms��afÈ`cbe_amJ�a}piYgcb{scbef�`k]Yz

û(k)
iBs

W ��~ f�o�iY_�ôa_ad�s��afÈoh]J_�]JgcqkiY}vja��_ada}pfÈ]Yzs��af�qkiY_ab{z|]J}{d
K ∩ U ��� �=�a`�j=��]Jja`nfhg¤�7be_am û(k) iKs W ~ f#ohiY_�ôD_ad�iY}p}r-]Jbp_[s�`

(x, ξ) ∈ W
`c�ao£��s��DiKs�s��af�gcf�bp`'iQjagn]JlYfh_�mYfh]5daf�`cbpo�z|gn]Jq

(x0, ξ0)s�]
(x, ξ) ~ b{s���i�jagnf�iYl=bp_�m�r-]Jbp_[sxbe_ M int � Ï ]Jgnfh]��Jfhg ��~ fÈo�iY_yôa_adys��afragcbe_aohberDiY}/`n�5q�j-]J}3]Kz

û(k)
]J_

N ∗K ∩W
bp_Q`n]Jq�f'}e]5o�iY}Ho�]5]Jgcd�bp_DiBs�fh` � ë@��Ã²=°Y¡ � ]Jj�`cfhg¤�5bp_amks��af�iY`n�5q�r�s�]Yscbpo�` ]Yz3sc�af�ragnbp_ao�bprDiK}1`n�5q�j-]J}/]J_ N∗K ∩W

~ �af�_ k → ∞ ��~ fQohiY_�ôD_�dósc�afÈz|�a_aots�be]J_ d(x0, γ0(s1)) + d(γ0(s1), x) �
s1 = s1(x, ξ)

]J_
(x, ξ) ∈ W � ` fhgnf γ0(s1) ∈ M

int bp`vsc�af�r-]Jbp_[s$iKs ~ �abeo£�s��af�jagn]JlYfh_�mJf�]5daf�`cbpo'z|gc]Yq
(x0, ξ0)

sc]
(x, ξ)

j�gcf�iKl5` � s��aiKs�be` � sc�af�jagc]JlYf�_mJf�]5dafh`nbpoRo£�DiY_amJf�`vbesc`�dabpgnfhots�bp]Y_ �
� `cbe_am�sc�af(oh]Y_=s�be_5�ab{s ��]Kz7s���f�mYfh]5daf�`cbeo(Òa] ~R��~ f�ohiY_RôD_ad�iY}e} (x, ξ) ∈ SN\

SM
sc�DiKs�iYgcf�bp_#sc�af�jagc]JlKfh_�`cohiKsns�fhgnbp_amkgcf�}�iKscbp]J_ ~ besc� (x0, ξ0)

iY_adÈq�]Jgcf�w
]��Jf�g � be_�`c��o���o�iK`cf ~ f;o�iK_Rôa_adRsc�af;jagc]YlYfh_�mJf�]5dafh`nbpo;dabe`ns�iY_aohf d(x0, γ0(s1))+
d(γ0(s1), x) �3� �abe`�ragn]��Jfh`�sc�afvgcf�`c�a}{s^iK_adkf��Jf�_�q�]JgnfYÍ � �af `nbp_amY�a}�iKgcb{s�b{fh`;]Yzs��af�õ7o�� ~ iYg¤s8�$lYfhgc_�fh}G]YzEs���f$]Jr-fhgciKs�]Yg A d�f�s�f�gcq�bp_af sc�af$jagn]JlYfh_�`cohiKscscfhgcbe_am
gcf�}�iKscbp]J_
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