RIGIDITY OF BROKEN GEODESIC FLOW AND
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Abstract. Consider a broken geodesics «([0,!]) on a compact Rie-
mannian manifold (M, g) with boundary of dimension n > 3. The
broken geodesics are unions of two geodesics with the property that
they have a common end point. Assume that for every broken geo-
desic a([0,!]) starting at and ending to the boundary 0M we know
the starting point and direction («(0),@’(0)), the end point and direc-
tion (a(l),a’(1)), and the length I. We show that this data determines
uniquely, up to an isometry, the manifold (M, g). This result has ap-
plications in inverse problems on very heterogeneous media for situa-
tions where there are many scattering points in the medium, and arises
in several applications including geophysics and medical imaging. As
an example we consider the inverse problem for the radiative transfer
equation (or the linear transport equation) with a non-constant wave
speed. Assuming that the scattering kernel is everywhere positive, we
show that the boundary measurements determine the wave speed inside
the domain up to an isometry.
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1. INTRODUCTION.

1.1. Main result. Let us consider a compact Riemannian manifold
(M, g) with boundary of dimension n > 3. Let SM denote its unit
tangent bundle. The classical boundary rigidity problem is the follow-
ing (see [12, 13, 14, 16, 27, 32, 33, 34, 37, 38|): Assume that we know
the distances d(x,y) of boundary points z,y € M. Can we determine
the isometry type of the manifold (M, g)? Michel |30, 31| observed that
in the case of simple manifolds these distance functions also determine
the values of the bicharacteristic flow at the boundary, the so-called
scattering relation or lens relation, that is,

L={(,8),(y,0),t) € SM x SM xR: x,y € IM,

(Yag (1), Or7e(t)) = (y, ¢) for some ¢ > 0}

where v, ¢ is the geodesic of (M, g) that leaves from z to direction &
at ¢t = 0. In other words, £ gives the information when and where

and in which direction a geodesic, sent from the boundary, hits again
1
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the boundary. It was shown in [16] under some conditions (see also
[2, 3]) that the wave front set of the scattering operator associated
to the wave equation for the Laplace-Beltrami operator of a smooth
Riemannian metric determines the scattering relation. The natural
conjecture is that for non-trapping manifolds the scattering relation
determines the isometry type of the manifold. For recent progress on
this problem see the survey papers [35, 40].

In the case of a very heterogeneous media with many scattering
points inside the manifold one can obtain further information by look-
ing at the propagation of singularities of waves going through the man-
ifold. This is the broken scattering relation or broken lens relation that
we proceed to define.

A broken geodesic (or, a once broken geodesic) is a path o = a, ¢ . (%),
where z = 7, ¢(s) € M for some s >0, n € S, M, and

_ ’79075(1;)7 t < S,
Cgznlt) = { Yot —s), t>s,

(See Fig. 1.) In Riemannian geometry broken geodesics are considered
e.g. in the classical Ambrose theorem [4], which says that the parallel
translations of the curvature tensor along broken geodesics determine
uniquely a simply connected Riemannian manifold.

We denote by l(ag¢.,) € Ry U {oco} smallest [ > 0 such that
Qze.n(l) € OM. Denote by v the interior unit normal vector and
by

Qp ={(z,§) e SM: ze€ oM, (§v), >0},
Q_={(z,§) e SM : x € 0M, (& v), <0}

the incoming and outgoing boundary directions respectively.
The boundary entering and exiting points of broken geodesics define
the broken scattering relation,

R = {(x>£)7<y7C)at) € SM x SM X R+ : (xag) € Q+> (y7C) € Qfa
t= f(ozx@,zm), and
(Qa.2 (1), Oeta .20 (1)) = (y, ¢) for some (z,7) € SM}.

Our main result is:

Theorem 1.1. Let (M,g) be a compact Riemannian manifold with
a non-empty boundary of dimension n > 3. Then OM and the bro-
ken scattering relation R determines the isometry type of the manifold
(M, g) uniquely.

We remark that this result doesn’t assume any a-priori condition on
the metric g or the manifold M. The difficulty in proving the result
lies in the possible complicated nature of the broken geodesic flow.
The proof of the theorem above and the other results stated in the
introduction are given in sections 2-3.
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FIGURE 1. Left: Propagation of singularities and mul-
tiple scattering for the radiative transfer equation.
Right: A broken geodesic corresponding the relation
((ZL‘Q,&)), (1‘1,51), t) € R with t = 51 + s».

1.2. Application: Radiative transfer equation. As mentioned ear-
lier the broken scattering relation can be determined by probing with
waves a very heterogeneous medium with many scattering points and
observing at the boundary the effects. The strongest singularities of the
waves are the ones propagating through the medium without any re-
flection and this determines the scattering relation. The next stronger
singularities correspond to the waves reflecting only once and this de-
termines the broken scattering relation at the boundary. This type of
situation arises in geophysics due to the many discontinuities in the
surface of the earth that act as reflectors and in optical tomography,
a novel medical imaging technique that allows one to reconstruct the
spatial distribution of optical properties of tissues by probing them by
near-infra-red photons [6, 7, 17, 18, 20]. This can be formulated as an
inverse problem for the radiative transfer equation and we consider this
application in more detail below. For previous mathematical analysis
on the problem, see e.g. |8, 10, 11, 21, 22, 40].

To avoid artificial difficulties on how to formulate the boundary value
problem for the radiative transfer equation, we consider a non-compact
complete manifold (V, g) without boundary. The inverse problem we
study is to find the metric in a compact subset M with smooth bound-
ary using external measurements made in the set U = N \ M.

We say that the function u(t, x, £) defined on (¢, x,€) € [0,00) X SN,
is a solution of the radiative transfer equation on N if

1) (Hu)(t,2,€) + (e, u(t, 2. ) — (Su)(t,2,€) =0,
u(t, z, &)|=0 = w(z, ).
Here H is the bicharacteristic flow on the tangent bundle T'N,
Ju Ju

0 o
Hult,2.€) = 5 +€ 50 — €€Th (@) 50,
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where (z!,... 2" &,...,&,) denotes local coordinates on the tangent
bundle T'N corresponding to local coordinates (x',...,2") of M and
& = ¢’%¢,.. The operator 9, called the scattering operator, is

SU(t,$,£> = K(x,ﬁ,f')u(t,ac,ﬁ') ng(gl)
S;N
Here K € C*°(SN ® SN) is called the scattering kernel, dS, is the
standard volume on S, N. Finally, the function o € C*°(SN) is called
the attenuation function. We denote the solution of (1) with the initial
value w € C*°(SN) by u(t,z,£) = u”(t,x,§).

For the results concerning the radiative transfer equation we need a
few more definitions. We say that the complete manifold NV is simple if
for any x,y € N there is only one geodesic connecting these points. We
say that M C N is strictly convex if all points in M can be connected
with a geodesic segment lying in M and the second fundamental form
of OM is positive.

We say that scattering kernel K is positive in M if

K(z,6,6)>0, forallz € M™ and &,& € S,N.

Next we define the external measurements. We assume that for any
w € C§°(SN), such that w(z,&) = 0 for x € M we know solution
u(t,z,&) for x € U. In other words, we assume that we are given the
measurement map A : C5°(SU) — C*(Ry x SU),

w
Aw =u ‘R+><SU-

Note that the map A gives us the geodesic flow in U and thus it deter-
mines the metric g;;(x) for x € U. Also, it can be used to determine
the absorption oy .

Theorem 1.2. Let N be a complete simple manifold, M C N a
compact and strictly convex set with smooth boundary. Assume that
K(x,0,0) vanish for x ¢ M, that is, K € C§°(SM ® SM) and that K
is positive in MM,

Moreover, assume that we are given the set U = N\ M and the mea-
surement map A. These data determine uniquely the broken scattering
relation of the manifold (M, g).

2. PROOF OF THEOREM 1.1

2.1. Auxiliary Lemmata. Let (M, g) be a compact manifold with
boundary, M. In the following, we use an auxiliary smooth closed
compact n—manifold (]\7 ,g) that contains (M, g). We continue to use
notation v, ¢(t), (z,€) € SM, for the geodesics on M with Yo e(0) =2
and 7, ((t) = £. All geodesics are parameterized by the arclength. We

denote by disty;(z,y) and dist(x,y) the distance functions on M and
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M, respectively. To simplify notations, we denote
(z0,0) Ri(w1,&1)  if and only if <($07§o), (21, —51),75> € R.

On M and M , we will use various critical distances along geodesics.
We start with critical distances associated with the Riemann exponen-
tial map, exp,,

exp, : T:CME Sz]\7 xRy — M, exp,(s§) = 79:,5(3)’

§ € SxM, s € Ry. The cut locus distance along 7,¢, denoted by
Tr(x, &), is defined by

(2) Tr(2,§) = max{s > 0 : dist3;(x,72.¢(s)) = s}.
The cut locus distance 75(z, §), (x,§) € SM determines the injectivity
radius inj (M) of M,
inj(M)= min _7g(x,¢§).
(z,£)eSM
We say that the set

we ={y € M: y=¢(r(2,6)), € € S, M},

is the cut locus with respect to . The cut locus w, consists of two
types of points. We say that a point y € w, is an ordinary cut locus
point if there are £, € S, M, n # £ with

Tr(,§) = TrR(2, 1), Voe(TrR(7,£)) = Vaou(TrR(2, 1)) = Y.
Consider now the differential of exp, at s¢ that is denoted by dexp,, |s¢.
We say that a point y = v, ¢(s) is a conjugate point along 7, ¢, if the
differential dexp, |s¢ : T,M — T,M is degenerate. This is equivalent

to the existence of a non-trivial Jacobi field Y (¢) along v = 7, ([0, s])
with the Dirichlet boundary conditions Y (0) = 0 and Y (s) = 0. For

(x,€) € SM we define the conjugate distance 7.(z,€) € Ry U{oo} to
be

T.(x,&) =1inf{s > 0: dexp, |s is not one-to-one}.

Each point y € w, is an ordinary cut locus point, a first conjugate
point, or both.

Next we discuss critical distances associated with the boundary ex-
ponential map, expy,/,

expyys  OM X R — M, expon (2, 8) = V20 (8), 2z € IOM,

where v = v(z) is the unit interior normal vector to 0M at z. The pair
(z,s) defines the boundary normal coordinates in M near OM.
The boundary cut locus distance, 7,(z), 2 € OM is given by

(3) m(2) = max{s > 0: dist(y.,(s),0M) = s}.
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The set of the corresponding points y = v, ,(7,(2)) is called the bound-
ary cut locus,

Wom = {y EM:y= ’VZ,V(Tb<Z))7 KAS aM}

The boundary cut locus consists of two types of points. We say that
a point y € wyys is an ordinary boundary cut locus point if there are
z,w € OM, z # w with

Tb(z) — Tb(w)v Vz,v(2) (Tb(z)) = Yw,v(w) (Tb(w)) =Y.
Also, we say that a point y = 7.,.)(7(2)) € w, is a focal point if
the differential, dexpyys |z (2)) @ T:0M x R — T, M is degenerate.
Equivalently, ¢ is a focal point if there is a non-trivial Jacobi field Y (¢)
along v, ,([0, s]) with Y (s) = 0 and Y’(0) = WY (0), where W is the
Weingarten map of OM at z. For z € OM, we define the focal distance,
7¢(2) to be

7¢(2) = inf{s > 0 : dexpyy, |(,5) is not one-to-one}.

Note that y € wyys is an ordinary boundary cut locus point, a first fo-
cal point, or both. Also, the functions 75, 7, 7, and 7; are continuous,
e.g. [26].

Comparing Jacobi fields Y'(s) along the geodesic 7., ([0, s]) with the
Dirichlet condition Y'(0) = 0 and the Robin condition Y'(0) = WY (0),
we see that 7¢(z) < 7.(z,v). Due to the compactness of 9M there is
co > 0 such that

T(z,v) > 14(2) + ¢, 2z € IM.

In a similar manner, we can show that 7r(z,v) > 7,(2), z € OM.
Indeed, assume the opposite, i.e., t = 7r(z,v) < 1,(2) for some z € IM.
Denote (y7n) = (’YZ,V(t)a _’Y,Iz,y(t)) By dualitYu TR(?JW) = TR(Za V) =t
Let ¢ > 0 and z. = 7., (—¢) = Yy (t + ). Then

disty; (ze,y) <t+e < 7(2) +¢

and there is . € S, M with y = ,_,_(dist37(2-,y)). Denote by ¢t. > 0
the last time when ~,_,_(s) hits OM. If ¢ is sufficiently small, we see
by the short-cut arguments that dist(y, OM) < 7,(z). This contradicts
the definition of 7, in (3).

Due to the compactness of OM, by making ¢y > 0 smaller if neces-
sary,

(4) Tr(2,v) > 1(2) + co, 2z € OM.

Later we will consider intersections of various geodesics on M. In
these considerations we would like to avoid pathological cases that may
happen to long geodesics. The first case we analyze is a self-intersection
of a geodesic.
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FIGURE 2. Left: Self-intersection of a normal geodesic.
Right: Geodesics corresponding to focusing directions.

Lemma 2.1. Let v, ,, 2 € OM be the normal geodesic and
Vew(84) = Ven(s52), 854> 5,

that is, 7., intersects itself. Then sy + s_ > 27r(z,v).

Proof. Assume that

(5) st +s- < 27g(z,v).

Then s_ < 7g(z,v). Let A=+,,(s_), B=",,(Tr(z,v)) be points on
V2, see Fig. 2, and denote by lps = s; — 7g(2,v) the length of the
"long" geodesic 7., ([Tr(2,v),s4]). Then, using definition (2) of 7,
s_ =dist(z, A), Tr(z,v) — s_ = dist(A, B), so that the length of the
broken geodesic v, ([0, s+]) U~..,([0,s_]) from z to z is

sy +s_ =dist(z, A) + dist(A, B) + lpa + dist(A4, 2).

Since 7, ,([s—,Tr(z,v)]) is the unique minimal geodesic between its
endpoints, [p4 > dist(A, B) = Tr(z,v) — s_. Therefore,

St +s->s_+ (tr(z,v) —s_) + (Tr(2,v) — s_) + s_ = 27r(2,v),
which contradicts (5). O

In the sequel, dists is the Sasakian distance on, depending on the
context, TM or SM, see [36].

Lemma 2.2. Let ¢ > 0, z € OM. There is 6 = 6(¢) > 0 such that if
(21,61) Rot (22,62), 1€ Yoy 61 (t1) = Vonga(t2), t1 + 12 = 2¢,
with t < Tr(z,v) + 0 and dists((2;, &), (z,v)) < 0,1 =1,2 then
[t —t;| <e, i=1,2.

Note that the constant § does not depend on z € OM.
Proof. Assume the opposite, i.e., an existence of points z¥ € 9M,
(2K, eQy, k=1,2,i=1,2,... and a parameter £ > 0, such that

lim dists((z], &), (2%, 0%) =0,
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Vak gk (th) = Vak b (t5), th 4tk = 2tk hll;n sup(th — (2", V%)) <0,
— 00
with t¥ —t& > 2¢. Using continuity arguments and compactness of 9M
we have that there is a subsequence k(p) with zk®) — » F®) _ ¢+

®) _, 4= and
You(ts) = Yan(to), to 4+t <27p(z,v), t4 —t_ > 2e,
which contradicts Lemma 2.1. O

Next we introduce auxiliary functions p;(2), ua(z), and 7a(2), 2z €
OM with p1(z) and ps(2) to be determined from the broken scattering
relation. The function p;(2) tells when a normal geodesics sent from
z € M exits M. By the definition of the broken scattering relation,
R, a point (z,£) € Q. is in relation with itself, (z,&)R(z,§), if and
only if the geodesic 7,¢((0,¢/2]) on M lies in M™. This makes it
possible to determine, for any 7., (2,€) € €1, its arclength to the
first hitting point to M. We denote this arclength by p;(z,£) and
p(z) = m(z,v).

The function ps(z) is an approximation to 74(z). If we want to
determine 7(z) we can argue as follows: assume that s > 7/(z). Then
the normal geodesic 7, ([0, s]) is no longer a shortest path from ~, ,(s)
to OM and there are sequences z,, — z, z, # 2, S, — Tf(2),t, — 7¢(2)
such that

Ve (Sn) = Vanwn(tn),  Vn = v(20).
In terms of the relation R, these imply that
(6) (z,v) Ry, (Zn, Vn),  Tn =ty + Sn,
with s, — 74(2), t, — 74(2), 2, — 2, when n — oo.

Therefore, it makes sense to try to find 7/(z) using (6). However,
there are two obstacles. First, it may happen that 7/(z) > i (2).
Second, having (6) with z, — 2, T,, — 2t, we want to conclude that
s, — t, t, — t. To do so, we intend to use Lemma 2.2, which requires
t < 7g(z,v) which is not known. To avoid these difficulties, we will not
determine 7¢(z) but another function p5(z) that is closely related to it.

Definition 2.3. Consider the set S(z) of those s € (0, p1(z)) for which
there are sequences z, — z, z, € OM z, # z, T,, — 2s such that

(7) (zn,vn) R, (2,V).

Define us(z) = inf S(z2), if S(z) # 0 and p2(2) = ui(z) otherwise.
Observe that o may be found from the broken scattering relation.

Lemma 2.4. Function ps : OM — R satisfies

(8)  min(u1(2), 74(2), Tr(2,¥)) < pa(2) < min(un (2), 7(2))-

and 1,(2) < pa(2).
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Proof. The right inequality in (8) follows from Definition 2.3 and
considerations before it.

To prove the left inequality of (8), let us assume that there is s <
min(7s(z), u1(2), 7Tr(z,v)) which satisfies (7). By Lemma 2.2, applica-
ble due to T, < 27g(z,v) for large n, we have

(9) fyznyl’n(sn) = ’YZ,V(S/TL)7 877» - S? S;q, - 87 Zn - Z) Zn ?A Z.

As s < Tf(2), expgy, is a local diffeomorphism near (z,s), which con-
tradicts (9). This proves (8).
Using definitions ;1 and 77, we see by using (4) that

n(2) < min( G (), 77(2), (e V().
This yields 7,(z) < pa(z). O

Finally, we need a function 7y/(2z) with 7p(2) > 7,(z) having the
property that, for ¢ < 7/(z) the geodesics sent back from a point
x = 7,,(t) hit the boundary 0M near z in a regular way. Namely, we
define

Ta(2) = min (11 (2), 7r(2,v(2))), 2 € OM.
As 1(2) < Lp1(2) we see by (4) that 7,(2) < Tar(2).

2.2. Family of intersecting geodesics. In this section we intend to
use the broken scattering relation to verify if a given family of geodesics
intersect at one point.

Let z9 € OM, Vg = I/(Z()), and zo = ’}/207,,0(%), 0 <ty < TM(ZQ).
Denote 179 = —7, ,, (to). Clearly, 7o is the direction of the reverse
geodesic, vz, from zo to zp. By considering Jacobi fields along this

geodesic, we see that the exponential map, exp,, : S, M x Ry — M,
is a local diffeomorphism near (1o, to).

As ty < Tr(x0, Mo) and 7y, . (to) hits OM normally, all geodesics vy,
hit OM transversally for n € S,, M close to 1. They determine smooth
functions z(n), t(n) such that ., ,(t(n)) = z(n) € M. Inverting these
functions and using transversality, we obtain, in a neighborhood U C
OM of zy a smooth section £(z) : U — SU and a function t(z) such
that

(10) Veg(x)(t(2)) = w0, 2z € U.

In the following, our aim is to determine, using the broken scattering
relation R, whether, for a given triple {U, (- ),t(-)} of a neighborhood
U C OM and functions £(z) and t(z), there exists a point xy € M such
that v, ¢ (t(2)) = zo for all z € U.

To this end, we notice that property (10) implies

(11)  (2,£(2)) Bres) (20,00),  (2,€(2)) Breen (2,6(), 22" €U,
T(z) =t(z) +to, T(z2,2')=1t(z)+t(2),
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for smooth £(z), t(z). In addition,

(12) t(z0) =to, dt(2)|,, =0, &(20) = v(20),
where the last properties follow from the fact that v, ,, is normal to

OM. Here, dt(z) = d,t(z) is the differential of the function ¢ : U — R.
These observations motivate the following definition:

Definition 2.5. Let zo € OM andty > 0. Consider a family F(zo,to) =
{U,&(-),t(-)} where U C OM is a neighborhood of zy, £ : U — SM
15 a smooth section, and t : U — R is a smooth function. We say that
F(z0,t0) is a family of focusing directions if £(z), t(z) satisfy condi-
tions (11) and (12). We then say that the geodesics 7. ¢(.), 2 € U are
the geodesics corresponding to family F (2o, to).

Note that the broken scattering relation R determines if given U,
£(z), and t(z) form a family of focusing directions. Our principal tech-
nical result in this section shows that the geodesics corresponding to a
family of focusing directions intersect at a single point.

Theorem 2.6. Let zp € OM, ty < Tp(20), and .7-"(23, to) be a family
of focusing directions. Then there is a neighborhood U C U of zy such
that

Vag(2)(E(2)) = Yzoo(to), forall z € U.

Proof. The proof of this result is rather long and will consist of several
steps and auxiliary lemmata.

Step 1. We start with an observation that (11) implies that, for any
z € U, there are s(z),5(z) > 0 such that

2(2) = V282 (3(2)) = 12000 (8(2)),  8(2) +3(2) = T(2).
As tg < Tg(20,10), by Lemma 2.2 s(z) — tg, 5(z) — to when z — z
and

(13) S(Zo) = /S\(Z()) = to.

Next we show that s(z),s(z) are C*°-smooth near z, and

(14) ds(2)|zy = d5(2)]z = 0.

To this end, consider the function H (s, 2),

H(s,z) = dist(Yagu(5), 2) + s = T(2), (s,2) € (to — d,to +9) x U.

As ty < Tr(20,10), the function H(s, z) is C*°-smooth a neighborhood
of (to, zo) and

H(to,20) =0, 0sH(to,20) = 0sdist(Vzyu(5)s 20)]t, +1 = 2.
Making U smaller if necessary, the equation H(s,z) = 0 has a unique
solution s = 5(z) which is C*°—smooth in U with $(zy) = ty. As also
s = 5(z) solves H(s,z) = 0, we see that 5(z) = 5(z), z € U. It then
follows that s(2) = T'(2) — 5(z) € C>=(U).
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Let us differentiate the identity H(5(z),z) = 0 with respect to z at
z = 2. Due to (12) and the fact that ~,,,, is normal to dM,
0=d.H(5(2),2) |z = d:5 ]2 (O5dist (720,00 (), 20)[s=to + 1) = 2d.5 .-
Thus, d,5|., = 0 and also d,s|,, = d.(T(z) — 5(2))|., = 0.
Step 2. Consider the map E € C*(U; SM),
E(2) = (2(2),n(2)) = (V2620 (5(2)), =Vei((5(2))),  E(z0) = (w0, m0).
Lemma 2.7. The map dE|,, : T.,0M — Ty, ,,SM has the form
(15) dE|.,(v) = (0,0v), veT,,0M,

where we identify Ty o SM =~ Ty M X T, (SyyM). Furthermore, O :
T.,0M — T, (S5, M) is bijective.

Proof of Lemma 2.7. As 2(z) = 7,,,,(5(%)), it follows from (14)
that dz|,, =0, i.e., dE|,, is of form (15). To show that © is bijective,
observe that

(16) expa (s()() = 2, 2 €U

Let us denote Exp(z, £) = exp, £, (z,£) € TM. By differentiating both
sides of (16) with respect to z and using dz|,, = 0, we obtain

AEED o) (5(20)0C + (ds-0C)n(20) ) = ¢
for any ¢ € T,,0M. Using that s(zq) = to,ds|., = 0, we get
d§ €XPy, |§=t0770 (tO@C) = Cv
which implies that © : T, 0M — T, (S,,M) is bijective. O

Step 3. Our further considerations are based on the analysis of the
intersection of a single geodesic and the geodesics corresponding to a
family of focusing directions.

Lemma 2.8. Let zy € OM and F(zp,to) = {U,&(-),t(-)}, to < Tar(20)
be a family of focusing directions. Let v(7) be another geodesic in M
which intersects vz, vy,

(A7) 7(0) = Yz (o), A (0) # £, 0 (o), 10 < Tar(20)-

Assume, in addition, that all geodesics vy, ¢(.) corresponding to F (2, to)
intersect v near yo, i.€.,

(18) Va2 (1(2)) = 7(7(2)),
where 0 < r(2) <1y < Ta(20) and |7(2)| < iy < ing(M). Then ro = to.

Proof of Lemma 2.8. Denote yy = 7,,.,(70). First we show that
r(z) is continuous at zp. If this is not true, there would be another
intersection of v, ,, and 7,

YaowoT) = (1), 1 <, v FE 1o, |7 < inj (M).
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This leads to a contradiction as both ([0, 7']) and ., .,([ro,7’]) are
unique minimal geodesics between their endpoints. Thus 7(z) is con-
tinuous at zj.

To prove the claim, we assume that 7oy # t5. Our next goal is to show
that the map ¥ : U x R, — M,

U(z,r) = exp,(r§(z))
is a local diffeomorphism near (zg,7(), see the right part of Fig. 3.
Indeed, as to, 70 < Tr(20, ), the map exp,, is a local diffeomorphism
near (to — 7)1, where g = 7.4, (t0), 70 = —7;0,1/0 (to). Thus,

depro ’(to—ro)no : T(to—ro)no (TxoM) - TyoM

is bijective. Using the definitions for s(z), E(z) = (x(z),n(z)) intro-
duced earlier we have

U(z,7) = 7B(2)(5(2) = 7) = expy() ((s(2) = 7)n(2)).

By (13) and (14), ds(2)|,, = 0 and s(zy) = t¢, which together with (15)
imply that

d\Ij|(ZO7T0)(C7 p) - deprO |(t0—7°0)770((t0 - TO)@C - P770)
for ( € T,,0M and p € R. Thus, by Lemma 2.7 and bijectivity of
deszO ’(tO*TO)TYOi

AV oy : T M x R — Ty M

is bijective, i.e., ¥ is a local diffeomorphism near (zg, ro).

Now, let ¥ be an (n — 1)—dimensional submanifold which contains
a part y(—¢,¢) of vy near y and is transversal to 7,, ., at yo, see Fig. 3,
the existence of such submanifold guaranteed by (17). Introducing the
boundary normal coordinates (w, n) associated to X, with n = 0 on X,
we rewrite W in these coordinates as

U(z,7r) = (w(z,r), n(z,1)).

By transversality, g—’;(zo,ro) # 0. This implies that for any z near 2
the equation n(z,r) = 0 for has a unique solution r = 7(z). Moreover,
7(29) = ro and the function 7(z) is smooth in a neighborhood of z.
Now r(z) and 7(z) are continuous at zo and they both solve the
equation n(z,7) = 0. Thus, there is a neighborhood U C U of 2, such
that 7(z) = r(z) for z € U. As also VU is a local diffeomorphism, we
see that if U is small enough, then U : U — U(U) C X, where U(z) =
U(z,7(z)), is a diffeomorphism of (n — 1)-dimensional submanifolds.
On the other hand, condition (18) implies that W(U) C ~v(—¢,¢). As
v(—¢, ) is a one-dimensional submanifold of ¥, we get a contradiction
for n > 3. Thus, rq = . O

Step 4. Let 0 < & < +min(inj (M), Tr(20,v) — to) and 0 < § < d(e)

where 0(¢) is defined in Lemma 2.2. We choose a neighborhood UcuU
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20

oM

FI1GURE 3. Left: Submanifold ¥ contains geodesic v and
is transversal to 7., ,. Right: Geodesics corresponding to
F(z0,t0) almost intersect at the point xy = 7, . (to) and
define coordinates near p = v, ,(70)-

of zy so that
t(z) —to] <e and ds((2,€(2)), (z0,0)) < for z € U.

By Definition 2.5, there exist functions s1(z, ), s2(2/,2) > 0, 2,2’ €
U, such that

7275(2)(31(27 Z/)) = ’72’75(2’)(32(2/7 Z))v 81(27 Z,) + 52(2,7 Z) = t(Z) + t(zl)'
By Lemma 2.2, these imply that
(19) lto — s1(2,2")| < 22, |to — s2(2', 2)| < 2e.

Consider a geodesic Y(s) = 7. ¢y (s + s2(2', 20)) for some fixed 2’ € U,
2 # zp. It follows from (19) that Lemma 2.8 is applicable to the
family F(zo, o) and the geodesic v with ry = Tr(z0,10) — 2¢, i1 = 2e.
Thus, V. ¢y and 7., intersect at xo = 7., (to). As 2 € U\ {2} is
arbitrary, all geodesics corresponding to family F(zg, o) with a starting
point 2’ € U intersect in x. O

Later on we will need the following modification of Lemma 2.8 which
do not require that all geodesics of F(zo, ty) intersect v near yp.

Lemma 2.9. Let zy € OM and F(zp,to) = {U,&(-),t(-)}, to < Tar(20)
be a family of focusing directions. Let v(7) be another geodesic in M
which intersects all geodesics . ¢(») corresponding to F(zo, to),

V26(2)(1(2)) = 7(7(2)),

where 0 < r(z) <ry < mp(20) and |7(2)| < L, where L > 0 is arbitrary.
Assume, in addition, that h(z) = r(z) + 7(2) is continuous. Then
Vog(x)(L(2)) = v(R(20) — to) when z is sufficiently close to 2, i.e., all
geodesics intersect at the same point.
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Proof. We first show that there is only a finite number of intersec-
tions of 7.,.,((0,71)) with v([-L,L]). Let 7,...,7v € [-L, L] and
rs, ..., 7" € (0,71) define the points of the intersection,

'72071/(20)(7“6) = 7(@)‘
As all geodesics in balls of radius inj (/) are shortest and 7‘6 < r; with
Vz0.0([0,71]) being the shortest between its endpoints,
2L
<
inj (M)

|+

where [t] denotes the integer part of ¢t € R.
Let 0 < e < 3inj (M) and U(p) = OMNDB(z, p), where B(z, p) C M
is the ball with center 2z, and radius p. Then there is py > 0 such that
; o
in 7(2) — 1| <e, forz € Ulpo).

Indeed, otherwise there is a sequence z, — zy with 7(z,) — 7 <
Tr(20,v(20)) and 7(z,) — 7, |T| < L, such that

720,V0<m:7(?)7 777&7”3, j=1,...,N,

which is a contradiction.
For 0 < p < pg, denote

Vilp) ={z € Ulp) : 1zg((r) = (1), 7(2) +7(2) = h(2), |r —rpl < e}
Sets V;(p) are relatively closed U(p) and, therefore, measurable on
OM. As Uﬁvzl Vi(p) = U(p), we see that for some j the set V;(p) has
non-zero (n — 1)-dimensional measure. However, if 7 # t,, the same
considerations as in the proof of Lemma 2.8, by replacing r( by ré and
using a relatively open neighborhood UcC Vi(p) of zo, show that the set
V;(p) has (n — 1)—dimensional measure equal to 0 when p > 0 is small
enough. This shows that there are 7 and p > 0 such that ré = tp and
U(p) \ Vj(p) has (n — 1)—dimensional measure equal to 0. Thus V;(p)
is dense in U(p). As e > 0 is arbitrary, the continuity of the geodesic
flow shows that 7., ¢,(t0) = 7(h(20) —to). Together with Theorem 2.6
this completes the proof. O

In the following we say that two geodesics p(t) and pi(t) coincide if
wu(ty) = pu(te) and p/(t1) = £’ (t2) for some t1,t, € R. Note that this is
equivalent to p(t) = pp(a+1t) or pu(t) = p(a —t) for all ¢ in a non-empty
open interval and a € R.

2.3. Reconstruction of the boundary cut locus distance.

Lemma 2.10. The boundary, OM, and the broken scattering relation,
R, determine the boundary cut locus distance ,(z), 2 € OM.
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Proof. We recall that for ¢y < 7,(z0) the point 2z in the unique point
of OM closest to 2o = vz, (to). On the contrary, when ¢, > 7,(20)
there is another point w € dM with dist(7,, ., (t0), w) < to. What is
more, considerations in the beginning of Section 2.2 show the existence
of a family F (2o, ty) of focusing directions for t, < 7a/(z0). Recall that
Tb(Zo) < TM(Z()).

Thus, when 7,(29) < to < 7Tam(20), there is a family F(zo,ty) =
{U,&(-),t(-)} of focusing directions, a point w € IM, w # 2y, and
So < to such that

(20) (2,6(2)) Ry (w,v(w), 2 €U,

Our next aim is to show that when ¢y < 7,(29), there are no w € OM
and F(zg, to) satisfying (20) with sy < .

Assuming the opposite, there is a neighborhood U C M of 2z, and
a function r(z) with

(21) Vz,g(z)(r(z)) = Yw,p(w) (t(Z) - T(Z) + 50)7 zeU.
Next we prove that

(22) ro = limsupr(z) < to.

z—20
Assume that (22) is not true. Then there is a sequence z, — zy with
r(z,) — 10 > to. By the continuity of the exponential map, it follows
from (21) that v.,.,(70) = Yww)(to — 70 + s0). Thus, by the triangle
inequality,

dist (w, V2.0 (t0))
< dist(w, Yw,v(w) (to — T+ 50)) + diSt(’YZo,Vo (TO)’ V0,10 (to))
< (tO—T0+80)+<TO_t0) < 50 < to,

which contradicts the definition (3) of 7,. Thus (22) is valid.
Therefore, by making U smaller if necessary, we have

r(z) < tam(z0), z€U.

Assume first that geodesics 7., ., and 7, ,(w) do not coincide. Applying
Lemma 2.9 with v(7) = Y u(w)(to + 50 —70+7) and L = 2t,, we obtain
Vaowo (t0) = Yww(w)(S0). As s < to this contradicts with the definition
of 7. If 7., and 7y w) coincide, condition w # 2z, implies that
Vaow(z0) (to+50) = w. Then we would have dist(zo, 0M) < dist(zo, w) <
S0 < Tp(20), that is not possible.

Finally, by Lemma 2.4 the relation R determines the function ps(z)
satisfying 7,(z) < uo(z). Let J(z) be the set of those ty € [0, p2(20)]
for which there are w € M, sy < to, and F(zg,to) satisfying (20).
If 7(20) < pa(z0), we see that (7,(20), 2(20)) C J(z0). Thus we can
determine 7,(29) by setting 7,(z0) = inf J(2q) if J(29) # 0 and 7,(29) =
t2(zo) otherwise. O
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2.4. Boundary distance representation of (M, g). Next we con-
struct of isometry type of manifold (M, g) by showing that the broken
scattering relation, R, determines the boundary distance representation
R(M) of (M, g) that is the set

R(M)={r,: z€ M} C C(OM),
where 7, : 9M — R are the boundary distance functions
ry(z) =dist(z,2), z€ IM.

It is well-known, e.g. [5, 24, 25| that the set R(M) possesses a natural
structure of a Riemannian manifold with the map

R:M —R(M), R(z)=r.),

being an isomorphism. What is more, this metric structure can be
identified just from the knowledge of the set R(M). An additional ad-
vantage of dealing with R(M) is the existence of a stable procedure to
construct a metric approximation, in the Gromov-Hausdorff topology,
to (M, g) given an approximation to R(M) in the Hausdorff topology
on L>(0M), |23]. To construct R(M), we assume that the function
7y i1s already known. We start with finding distgy, on M which is
inherited from (M, g). We define that distgas(21, 22) = 0o when z; and
zy lie on different components of OM.

Lemma 2.11. The boundary, OM, and the broken scattering relation,
R, determine, for any 21,22 € OM, the distance distgp(z1,22) along
OM.

Proof. It is enough to consider the case when z; and 2, are in the
same component of OM.

Using boundary normal coordinates, we see that there is ¢ > 0 and
co > 0 such that

(23) ‘dlSt(yla y2> - diStaM (y17 y2)‘ S 0063/27

if distons (y1,92) < €34, & < 0. Let 29 = 7,,,,(¢”*). Making gy > 0
smaller if necessary, we see that there is a unique shortest geodesic in
M, vy, e, with (y1,&1) € Qf, from y; to 5. Moreover, using again
boundary normal coordinates, we see that

(24) |dist(y1, ZL‘Q) + diSt(fg, y2> — diStaM(yl, y2)| S 0155/4.

Let 1 = p([0,1]) be a shortest geodesic of M from z; to zo. Let
N € Zy,e=1/Nandy; = pu(cj), j=0,...,N. Define z; = v, ,, (¢°/)
and associate with each j = 1,..., N a broken geodesic a;; which is the
union of the geodesic from y;_; to z; and from z; to y,. Inequality (24)
implies that if N — oo, then

N
(25)  |distons (21, 22) — Y (dist(y;-1,2;) + dist(y;, z;)) | < c2e/* =0,

Jj=1
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Motivated by this, define for N € Z, and ¢ = 1/N

N
dN(Zl,ZQ) = 1nf ZSj,
7j=1

where the infimum is taken over the points y; € OM, j =0,1,..., N, yo =
21, YN = 2o, which satisfy the following condition: Forany j =0,..., N—
1, there are n; € S,, M, (vj,1;), > 0 and positive s; < €%/ such that

((yj,nj), (yj+177/(yj+1))78j> €ER, j=0,1,...,N—1.

Using (23) we see that dy(z1,22) > distaar(z1, 22) — cze'/2. On the
other hand, as we saw in (25), there are y;,7n;, and s; such that

|distons (21, 22) — dn(z1, 22)| < c,et’t =eN"V* 50, when N — cc.
Thus we get that
distons(z1, 22) = A}im dn(z1, 22).
O

Next we determine the distance between boundary points with re-
spect to the metric g in M.

Lemma 2.12. The boundary, OM, and the broken scattering relation,
R, determine the distance function dist(x1,xs) for x1,z9 € OM

Proof. By [1], for any x1, 25 € OM a shortest path connecting them is
a C'—path. Let z(s), s € [0,1], | = dist(z1, z2), £(0) = z1, x(I) = x5 be
such a shortest path, parameterized by the arclength, that connects
to x5 in M. Moreover, by [1] it holds that if z(s) € M™ for s € (a, b),
then x((a,b)) is a shortest geodesic between x(a) and z(b) in M.

Clearly, the set of s € [0,[] such that x(s) € M™ is open. By (23),
for any € > 0 there is a finite number points a;, i = 1,...,p, ap41 =,
and b, t=1,...,pwith0 <a; <b <ay--- <b, < apy; =l such that
zi = x(a;),y; = x(b;) € OM and

(26) dist(z1, x2) < distons (21, 21) +

p
+ (Z dist(z;, y;) + dista (v, zi+1)> < dist(zq,x0) + €

i=1

and there are shortest paths ., ,.([0,/;]) in M of length [; = b; — q;
from z; to y; that satisfy v, ., ((0,b; — a;)) C M™. Next we will relate
(26) to the broken geodesic relation. Recall that relation R involved
broken geodesics that start and end non-tangentially to the boundary.
Because of this, we consider for tangential 7; the vector & = (1 —
h)'2n; + hY?u(z) € S.,M. If n; is non-tangential, we set & = 7.
When h > 0 is small enough and s; < [; is sufficiently close to [;,
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we have that 7., ¢,((0,s;]) C M™, and the closest boundary point to
Yz (8i), denoted y;, satisfies

. ~ 9 . ~ IS
dist (72,6, (5:), vi) < ];7 distons (Vi i) < ]—3

Consider the broken geodesic from z; to y; which is the union of the
geodesic from z; to 7, ¢,(s;) and from v,, ¢,(s;) to y;. It has the length
t; < l; + ¢/p and non-tangential starting and ending directions. Thus
(zi,&) Ry, (Y, v). These considerations show that

p
diSt(J}l, ZL‘Q) = inf (diStaM(fL‘l, 21) + (Z tz + diStaM(gi, Zi—i—l)))
i=1
where the infimum is taken over ¢; > 0, z;,y; € OM, and directions
&, G such that 2,1 = x5 and the relations (z;, &) Ry, (vi, ;) are valid.
O

Theorem 2.13. The boundary, OM, and the broken scattering rela-
tion, R, determine the set R(M) C C(OM).

Proof. Let wyy be the boundary cut locus on M. As M\ wgy, is dense
in M, it is sufficient to find R(M \wanr). Recall that, for zo € M \wa,
we have zg = 7,,.,(to), where ¢, = dist(xg,0M) < 7,(2p) and zj is
the unique boundary point closest to xg. Using the broken scattering
relation R, we intend to determine, for any wy € OM, D(z, to, wp) :=
dist(xg, wo).

Let z(s) be a shortest path from zy to wy parametrized by the ar-
clength. Denote by w = z(so) the first point where z(s) is in dM.
Clearly,

(27) diSt(ZE(), ’lU()) = S0 + dlSt(’w7 wo), S0 2 to.

By [1], the path ([0, so]) is a geodesic in M. We denote n = —x'(so)
so that xo = Yw,(s0). As to < 7(20) < Tar(20), there is a family of
focusing directions F(zg,t9) = {U,&(-),t(-)} such that for s; = s,
w; = w, and n; = n we have

(28) (wla 771) RS1+t(z) (Z7 5(2)), zeU.
After these preparations we will show that
(29) D(Zo, to, w()) = inf(dist(wo, U)l) + 31)

where infimum is taken over w; € OM, n; € S, M, and s; > to such
that there is a focusing sequence F(zo,to) = {U,&(-),t(-)} satisfying
(28).

Formula (27) shows that the infimum on the right side of (29) is less
or equal to D(zg, tg, wp). Thus to prove (29), it is enough to show that
if wy,m, and s; satisfy (28) then p = dist(wg, wy) + s1 > dist(zg, wp).

Assume now that (28) is valid. Then, for some r(z),7(z), r(z) +
7(2) = 51 + t(2), we have that 7. ¢.)(7(2)) = v(7(2)).
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Keeping aside the trivial case when the geodesics 7., ., and 7y,
coincide, consider first the case when limsupr(z) =r > ¢y as z — 2.
Denoting 7., ,,(r) = x1, we then have

dist(wl, $0) S diSt(w1, 1'1) + dist(xl, 330)
< (51+t0—7‘)+(r—t0) S S1,

yielding p > dist(wp, wr) + dist(wy,zo) > dist(wo, zo). If, however,
limsup, ., 7(z) = r < to, we are in the situation of Lemma 2.9, which
shows that

Yzo0,v0 (tO) - ’7(31)7
yielding again that p > dist(wg, o). O

As the set R(M) can be naturally endowed with a differential struc-
ture and a Riemannian metric so that is becomes isometric to (M, g),
see e.g. [24, 25|, we have finished the proof of Theorem 1.1. O

3. PROOFS FOR THE RADIATIVE TRANSFER EQUATION.

3.1. Notations. Let X be a manifold with dimension n and A; C
T*X\0 be a Lagrangian submanifold. Let (z1,...,z,) = (2/,2",2") be
local coordinates of X with 2’ = (z1,...,24,), 2" = (Tay41, - -+ s Tdy+dy )5
2" = (Tayidot1s--->Tn), and ¢(z,0), 8 € RN be a non-degenerate
phase function that parametrizes A;. We say that a distribution u €
D'(X) is a Lagrangian distribution associated with A; and denote u €

I'™(X; Ay), if it can locally be represented as

u(x):/ @ a(z,0) db,
RN

where a(z,0) € S™/AN2(X x RN\ 0), see [15, 19, 29].

Let S; € X be a submanifold of codimension d;. We denote its
conormal bundle by N*S = {(z,£) e T*X \0: z € S, £ L T,S}. If
S1 = {2’ = 0} in local coordinates, A; = N*S; and u € I"™(X;Ay),
then locally

u(z) = / eim/'e/a(x,e') do', a(z,0) € S"(X x R™\ 0)
R41

where = m — d; /2 + n/4. We denote I*(X;S;) = I™(X; N*S;) and
say that I*(X;S)) is the space of the conormal distributions in the
space X associated with submanifold S;.

Also, we denote by IP!(X;A;, Ay) the space of the distributions u
in D'(X) associated to two cleanly intersecting Lagrangian manifolds
Ay, Ay C T*X N\ 0, see [15, 29]. Let S; and Sy be submanifolds of M
of codimensions d; and d; + ds, respectively, and Sy C S;. If in local
coordinates S; = {2’ = 0}, Sy = {2/ = 2" = 0}, and Ay = N*S,
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Ay = N*S,, then the distribution v € I»'(X; A1, Ay) can be locally
represented as

u(x) = / el 0T g (2 00" d6'db”,
R41+d2

where a(z,6’,0") belongs to the product type symbol class S**" (X x
(R%\ 0) x R%) containing symbols a € C* that satisfy

101059,a(x,6,0")] < Copyrc (14 10 + 0771 (1 + |97 1P

for all x € K, multi-indexes «, 3,~, and compact sets K C X. Above,
u=p+Il—d/2+n/4and ' =—1—dy/2.
By [15, 29], microlocally away from A; N Ag,

Ip’l(Ao,A1> C [erl(AO \ Al) and [p’l(Ao,Al) C Ip(Al \ A(])

Thus the principal symbol of u € IP!(Ag, A1) is well defined on Ay \ A,
and Al \A[)

3.2. Born series. In the sequel, we denote the distance on (N, g) by
d(z,y) = dist(x,y). Let v, ¢(t) be the geodesic on (N, g) with the initial
point x and the initial direction £ € S, N. Denote

VYo = {V2e(t) € N: t € R},
Moe = {(Vee(t), 4ne(t) € SN : t € R},
77;5 = {(V2,e(t),Jue(t) € SN : t e Ry}

The measurement operator A can be extended to distributions w sup-
ported in SU. In the following we consider u corresponding to the ini-
tial value wo(x,§) = 0(z.20)(2, &), xo € U. We assume that v, ¢ (R;)
intersects the strictly convex manifold M C N. To analyze the cor-
responding solution, let us denote the specific geodesic on which the
leading order singularities propagate by vy = 74,¢,- Also, we denote
the corresponding spray in SN by 79 = 7z, ¢, -

Let ug(t, x, &) be the solution of the equation (1) with S being zero,
that is, Hug + oug = 0, ugli=o = wo. Then wug(t) = co(x)dy @ (2, §),
t > 0 where cy(x) is a non-vanishing smooth function. To simplify
notations, we consider the equation for all t € R, obtaining

up(t, 2, &) = o)y (2, §), (t,2,§) € R x SN.

In the following we analyze the higher order terms in the Born series,
that is,

Uj = quj—h j > 17
where () is defined by v = QF where
Hv+ov=F inR,x SN, V=0 = 0.
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We note that there are C'y, Cs > 0 so that the solution u" of equation
(1) satisfies

(30) ‘Uw<t,$,£)‘ < 01€C2t||UJHLoo(SN), t>0.

To analyze the singularities of u, let us take the Laplace transform £
in time ¢t and consider u(k, x, &) = (Lu(-,z,£))(k). By (30) the Laplace
transform is well defined for £k € C, Rek > (5. In the following, we
consider £ first as a parameter, and denote u(x,&) = u(k,z,§). Then

(k+ H)i+ ot — St =wy in (z,€) € SN,

where wo(2,§) = 0(z,¢) (2, &) and
- Ov )
i _glegpmy 22
axj(maf) 56 Fl](x)agm(xag)
The operator H + k : C®(SN) — C*(SN) has a parametrix Qy, see
[19, 29|, that satisfies L(QF')(k) = Qx(LF (k)). Also, we denote u(k) =
ao(k?) + ﬂsc(k;), where ﬂsc(k:) = ﬂl(k) + ag(k’) + ..., ﬂj(k:) = (E?h)(k)
Consider now a Born iteration starting at a general w(. Since the

coefficients of H are smooth functions and the kernel of S is a smooth
compactly supported function, we see that for any s > 0 there is C5 =
C3(s) > 0 such that for Rek > C3 the Born series

oo

(31) B(k) = (QrSYwp

J=0

Fo(e,€) = ¢ ov

converges in the Sobolev space H; .(SN) when wj € Hj (SN).

3.3. Properties of the compositions of the operators S and @k

Lemma 3.1. We can write S = 51.9,

S]f(ﬂf,g) = Kj($7€7£,)f(x>€/) ng(gl)v ] = 172

SN
where K;(z,£,£') € Cg°(SN ® SN).

Proof. Interpreting x as a parameter and considering S,N as the
(n — 1)-sphere S" !, we define K, : L*(S" ') — L?(S"!) by

K f(§) = K(x,&,8)f(€)dS(E).

Sn—l
As the kernel K(x,&,¢') is smooth, we see that for all &« € N and
[,m € N there is a constant c,;,, such that

(32) sup 105(1 — Ag)" K (2,8, &)l cr(sn-1x8m-1) < Catm,
xe

where A, is the Laplace-Beltrami operator of the (n — 1)-sphere S" 1.

Let a,, > 0 be numbers such that 0 < a,, < e~ min(1, ¢} ) for all
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a, [ with max(|a|,l) < m. Then the operator

B = am(l — Ag)m

m=0

defines an unbounded non-negative selfadjoint operator B : L*(S" 1) —
L*(S™!) having an inverse J = B~! that can be extended to a smooth-
ing operator D’'(S"!) — C>°(S"~1). Moreover, by (32) we see that for
any x the operator L, = BK, defines a smoothing operator D'(S""1) —
C>(S"1) and its Schwartz kernel L, (¢, ¢’) is a C°°-smooth in all vari-
ables (z,£,¢). Thus we prove the assertion by defining Ks(z,&, &) =
L,(&,¢) and K(z,&, &) = x(x)J(&, &), where J(£,¢') is the Schwartz
kernel of J and x € C3°(N) satisfies x(x) =1 for all x € M. O

The terms in the Born series can be written as
Ui (k) = QpS1 AT Sytig(k), j>1

where A = S2@k51. To analyze the operator A we consider first the
case where K(x,& ) is equal to the constant 1. Denote by S¢ the
operator corresponding to the constant scattering kernel K(z,&, &) =
1. For this purpose, we introduce operators T' = m, : L>(SN) — L*(N)
and T* = * : L*(N) — L*(SN), that is,

Tu(x) = ¢! / udS, (€, Tu(w8) = ofa),

where ¢, = vol(S,N).

Lemma 3.2. Let Z = SN x SN, Ly ={(z,§,y,n) € Z: v =y}, and
Yo = N*Lg. The Schwartz kernels of A° and A satisfy

(33) A%z, &, y,m) € I71(Z: Lo) = I'(Z; %),
(34) A(x7§7y77]) S IP(Z7 EO)
where r = —(n+1)/2, p=r+¢, and € > 0.

Proof. Clearly, TT* = I and S¢ = T*T. Thus we have S¢ = S{S§
where Sf = S§ = S° In the local coordinates S¢ has the Schwartz
kernel

S¢(z,&,2',¢) = 0(x — ') € I°(Z; Lo) = I™(Z; %),
where m; = (1 —n)/2. To analyze A = SQ@\kSl, we first consider the
operator
A® = S50,S¢ = T*TOT*T.
Denote Qi = TQ,T* : LA(N) — L*(N) and let v € C5°(N). Then

0

(OuT"v) (. €) = / h(—s, 2, €, K)o(ac(s)) ds

—0o0
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where h(s,x,&, k) is the solution of the differential equation

(35) Osh(s, 2,6, k) + (k + 0 (ue(s)))h(s, z, £, k) = 0,
h(s>$757k)|s:0 = 1.

Note that h(—s,z, =&, k) = h(—5,72£(5), Yue(s), k) and
(36) h(s,z,&, k) = e *h(s,z,£,0).

Thus, using the assumption that the manifold N is simple, we have

(37) (T@kT*v)(x) = /N/ h(s,x, &, k)v(vee(s)) dsdSy(€)

- /N h(s(z,y), 2, £(z, 1), k) (., )]o(y) dVi(y),

where s(x,y) € (—00,0] and &(z,y) € S, N are defined by exp;'(y) =
s(z,y)é(x,y), and j(z,y) = det(dexp, |,)~" is the Jacobian determi-
nant where dexp, |, is the differential of the map exp, evaluated at y.
Since (N, g) is simple, the kernel b(x,y) := h(s(x,y), x,&(x,y), k)j(x,y)
is smooth outside the diagonal and behaves near the diagonal as

b(z,y) ~ e~ FFAED (g 4y n,

Using (37) we see that @y is a pseudodifferential operator of order (—1)
(for a similar argument see [37]).

The Schwartz kernel Q,(z,2') € I71(N x N;diag (N x N)) of Q can
be written as

Qu(z,2') = / @z, 2’ 0)dh, a e STH(N x N xR™\ 0).

The same expression defines a function Qx(z,&,2',¢') == Qx(z,2') €
I7' (SN xSN; Ly). This function is the Schwartz kernel of A° = T*Q,T
and thus we see that the first part of the assertion, the formula (33) is
satisfied.

Next we consider the Schwartz kernel of A, that is, A(x,&,y,n). As
A= SQQ\kSl, we can, roughly speaking. consider A(x,¢,y,n) as the
coefficient corresponding to the combination of a scattering at y where
direction (y,n) changes to (y, ), propagation from y to = along geodesic
Vy.0, and a scattering at x where direction changes to (z,§). In rigorous
terms, we observe that kernel of A can be written as a product

(38) Az, & y,m) = A%z, & y,m) (2,6, y,m)

where (using the Riemannian normal coordinates at x)

‘](:L‘7§ay7n) :K2($7§7 T )Kl(ya Y

T— 1)
|y — x| |

lz —y
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Now Ki(x,z/|z|,€) and Ky(x,&, 2/|z|) are homogeneous functions of
degree zero in z, and we see that by [15, formula (1.2)]
y—x x—y s
KQ(ZL‘,f, |y_x|)7K1(y7 |$_y|a’rl)€] (ZvLO)
Now we can write A as the product of Ky, Ky, and A°. To analyze this
product, we need the following lemma extending results of [15] for less
regular conormal distributions.

Lemma 3.3. Let X be a manifold of dimension n and L be a sub-
manifold with codimension d. Assume that A € [74(X;L) and B €
I"(X; L), p < 0. Then the pointwise product AB € I"<(X; L) for any
e > 0.

Proof. Let (2/,2") be local coordinates of X such that L = {2z’ = 0}.
By [19], A and B can be written as

A(z):/ e 0a(2",0) do, B(z):/ e (2", 0) do,
RY Rd

where a(2”,0) € SR x R?\ 0) and b(2",0) € SH(R"4 x R\ 0).
Then the product C(z) = A(z)B(z) is given by

C(z) = / ¢ 0e(" 0)dh,  o=",0) / a(=", 0 — 0)b(=",5) b
R4 Rd

and a simple computations shows that
le(z",0)] < C/ (1410 —0)~4(1+10])* do < C'(1 +|0])"+,
]Rd

with ¢ > 0. Indeed, decomposing the domain of integration as R% =
B(0, 5161) U B(0, 510]) U (R \ (B(8, 5|0]) U B(0, 510]))), we see that

le(z",0)] < C1l0]"log |6] + Col6]~°10]"** (1 + 6,,,—alog |0]) + C5[0]"
< (140D,

where |0] > 1 and 6, 4 is one if © = —d and zero otherwise. The
derivatives of ¢(z”,0) can be estimated in similar way, and we obtain
that c(2”,0) € SHHe(R"4 x R4\ 0). O

Applying Lemma 3.3 for the product (38) we obtain (34). This proves
Lemma 3.2. O

The previous result says, roughly speaking, that A is like a DO of
order (—1) when ¢ and 7 are considered as parameters.

Next we consider powers of A. Next, 3 denotes the canonical rela-
tion corresponding to the Lagrangian manifold ¥,. We see that 3 x X,
intersects cleanly 7*SN xdiag (T*SN xT*SN)xT*SN with the excess
d = (n —1). Thus using [42, Thm VIIL.5.2|, we see that

A?= Ao A eI 7, %y) = I"(Z; %),
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where po = —(n + 3)/2 + 2¢ with any € > 0. Iterating the operator A,
we see that

, . —1
Al € I7(Z;50) = T79%5(Z; Ly), pj = ——

2

3.4. Singularities of the terms in the Born series. In the follow-
ing, let Ay = N*Y, and Ay = N*Y7, where

Yo ={(n(),%(t) € SN: teR}, Yi={(z,§) € SN: z€n(R)}.
Moreover, let P = P(x,&, D,, D) = H+ k,
char (P) = {(x,£,7,§) € T*(SN) : €7 — £&T(x)€ = 0},

—j+4e e>0.

where (E,E) are the dual variables corresponding to (z,£) € SN. Let
E(x,&,T,€) be the bicharacteristic of P(z,¢, D,, D) (i.e. the integral
curve of the Hamilton vector field of P in 7*(SN) \ 0) starting from

(x,&,7,6) € T*(SN). Then the flow-out canonical relation generated
by char (P) is

Ap = {(@,6,7,&y,(,5,¢) € (T"(SN) \ 0) x (T*(SN) \ 0) :
(2.6, 7.€) € char (P), (4.¢.7.C) € E(x,6,7,.§)}.
The flow-out of A; in char (P) is the Lagrangian manifold Ay C T*SN'\
0 satisfying A}, = A, o A].
Lemma 3.4. We have
Up(k,z,€) = co(x, k)b, (x,€) € I"™(SN; Ay),

where co(x, k) is a smooth non-vanishing function and ro = (2n—3)/4.
For j > 1,

- 1 o1
(39) uj(k) el Q(SN;Al,AQ), ’/’j:—j—f—i—i-é?éjzg, e >0,

where d;>2 15 one if j > 2 and zero otherwise.

Proof. For the zeroth term in the Born series the claim is true by
definition. Next we analyze the higher order terms. Clearly,

52@\0(1437 x, f) = K2($, &, 77(95))(56@0)(7% Z, 5)?

where 7(z) € S, N defines a smooth vector field such that if x = ~,(s)
then n(z) = jo(s). A simple computation shows that Aj x X, intersects
diag(T*SN x T*SN) x (T*SN) transversally. Now S, € I°(SN x
SN; Ly) = I"™ (SN x SN; %), where m; = (1—n)/2 and by [19, Thm
25.2.3| S5 can be considered as a continuous operator

SQ : ITO(SN;A()) - ]S(SN,A1>,

where s = ro+m; and A} = AjoX. A simple computation shows that
A oXy = Al, and that A} x X intersects diag(T*SN xT*SN)x (T*SN)
cleanly with excess e = (n—1). Thus we have by [19, Thm 25.2.3| that

AjSan(k?) S ij+s+e/2(SN; Al)
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Again, as A o X = A/, and A} x X intersects diag(T*SN x T*SN) x
(T*SN) cleanly with excess e, we see that since S} € ™ (Z; %),

(40) Sy AT Sytig(k) € IPtrot2mte (SN ALY = [P0 (SN A ).

To analyze u;(k) = QrS1 A7 S,1i(k), we observe that the operator
P = H + ik is a first order operator of real principal type. As Q. is its
parametrix, it follows from [29] that the Schwartz kernel

(41) Qr € I%_l’_%(z; Apez,Ap),

where A’.. , is the diagonal of T*Z x T*Z and A, C T*(Z) is the flow-
out canonical relation generated by char (P). Now N*Y] intersects
char (P) transversally. Hence we obtain (39) by [15, Prop. 2.1]. O

3.5. Principal symbol of the singularity. For any s > 0 there is j
such that u; (k) € Hf .(SN). Using the convergence of the Born series
(31), we see that the series @), (k) + Wjo4+1(k) + Ujo+2(k) + ... converges
in Hs (SN).

Next we consider how to find the geodesic 7 in U. To this end we
observe using T'u;(k) = T A7~ Sytuy(k) and arguing as in the proof of
Lemma 3.2 that Tu(k) = Tug(k) + TUs.(k) € I°(N; ) and Tug(k) €
I°(N;~) have the same non-vanishing principal symbol. Thus Tu(k)
in U determines U N 7.

Moreover, the above convergence of the Born series in Sobolev spaces
and (39) yield that u; (k) and us.(k) = uy(k) + ua(k) + ... are both
elements in ™3 (SN; Ay, Ay) and they have the same principal symbol
on Ay \ A;. Motivated by this, we consider next u (k).

Using the above notations, we see that

Sty (k,z,€) = K(z,&,n(z))h(d(z, 20), 0, &0, k)1 (x)6,, () € I°(SN; Y1),

where ¢; () is a smooth non-vanishing function. Moreover, the operator
Q. has the Schwartz kernel (41) that away from the diagonal has the
form

@k(wa 67 wla 5/) = h(d(l’, .T/), xlv 6/7 k>5n;r, (l’, 5)5

N3

where h is defined in (35). Thus, in (z,&,2/,¢') € Z \ Lo, the kernel of
Q1 has the form

@k(‘ra g? 13/7 5/) =
/ ST EO (A, 2'), o, € kg, €,0)] 8 mod C(Z)
RN
where ¥(x, &, 2', €', 0) is a non-degenerate phase function parameteriz-

ing the Lagrangian Ap and q(z,&,0) € S™1/2FUn=2)/4=N/2(Rn » Rn—1 x
R™ \ 0) has a non-vanishing principal symbol.
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Let us use in SN\ 7y local coordinates S : (z,£) — (s;(x,€))72;"!

having the property that if 7, (R_) intersects the geodesic 7o (R ) then
s1 = s1(x, &) is the unique value such that

Yo g(R2) Nyo(Ry) = y0(s1),
and sy(x, &) = d(vo(s1(x,€)), z). By [15, Prop. 2.1],
U1 (k) = QuStig(k) € I'72(SN; Ay, Ay)

and uy(k,z,€) in (z,£) € SN \ 1o has in the above local coordinates
the form

kv, = [ lafa, & Wp(e.£,0]d mod C(SN),

a(z,§, k) = h(s1,20,0, k) K(v0(51),¢,F0(51)) h(52,70(51), ¢, k)

where ¢(z,£,0) is a non-generate phase function parametrizing the
Lagrangian manifold Ay, s1 = s1(,€), s2 = sa2(x,§), ¢ = ((x,§) =
—ue(—52(2,§)) is the direction of x from vy(s1) and p(x, &, 0) is a sym-
bol with a non-vanishing principal symbol. Note that on Ay \ A; the
principal symbol of a(k, z, £)p(x, &, #) is non-vanishing on the conormal
bundle of the submanifold

K ={(x,6) € SN : 7pe(R_) Nyo(Ry) N M™ £ 0},
By (36),

(42) CL(JI, 57 k) = 6_k(81+82) K(70(51)7 Ca ;VO(SI)> b0($7 §)7

where s1 = s1(2,€), s2 = s2(2,€), ¢ = ((z,€), and by(z,§) is non-
vanishing and independent of k.
Now we are ready prove unique solvability of the inverse problem.

Proof of Theorem 1.2. First we note that have found already the
set 70N U. Thus we know the set W := SN\ (SM U1y). By observing
the singularities of u(k) at W, we can find the conormal bundle of
the manifold K N U. Thus by observing u(k) at W we can find all
points (z,£) € W such that there is a broken geodesic from (z, &)
to (r,&) with a breaking point in M™. Moreover, we can find the
principal symbol of u(k) on N*K N W in some local coordinates. By
(42), observing the asymptotics of the principal symbol on N*K N'W
when k& — oo, we can find the function d(xg,vo(s1)) + d(70(s1), ),
s = s1(z, &) on (x,&) € W. Here yy(s;) € M is the point at which
the broken geodesic from (xg, &) to (z,&) breaks, that is, the broken
geodesic changes its direction.

Using the continuity of the geodesic flow, we can find all (z,£) € SN\
SM that are in the broken scattering relation with (zg, &) and more-
over, in such case we can find the broken geodesic distance d(zo, Yo(s1))+
d(70(s1),z). This proves the result and even more: The singularities of
the Schwartz kernel of the operator A determine the broken scattering
relation R. O
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