PARTIAL DATA FOR THE CALDERON PROBLEM IN TWO
DIMENSIONS
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ABSTRACT. For the conductivity equation in a simply connected two-dimensional bounded
domain, we show that Dirichlet data on an open subset of the boundary and Neumann
data on slightly larger set than the complement, uniquely determine the conductivity. We
prove also a similar result for the Schrodinger equation. Using Carleman estimates with
degenerate weights we construct appropriate complex geometrical optics solutions to prove
the results.

1. Introduction

This paper is concerned with the Electrical Impedance Tomography (EIT) inverse problem.
The EIT inverse problem consists in determining the electrical conductivity of a body by
making voltage and current measurements at the boundary of the body. Substantial progress
has been made on this problem since Calderén’s pioneer contribution [8]. This inverse
problem is known also as the Calderén problem. This problem can be reduced to studying the
Dirichlet-to-Neumann (DN) map associated to the Schrodinger equation. A key ingredient
in several of the results is the construction of complex geometrical optics solutions for the
Schrodinger equation (see [24] for a recent survey). By this method in dimensions n > 3
for the conductivity equation, the first global uniqueness result for C? conductivities was
proven in [22] and the regularity was improved to having 3/2 derivatives in [4] and [20].
More singular conormal conductivities were considered in [12]. The uniqueness results were
proven also for the Schrodinger equation.

In two dimensions the first global uniqueness result for the Calderén problem with full data
is in [19] for C%-conductivities, and this was improved to Lipschitz conductivities in [5] and
for merely L> conductivities in [2]. However, the corresponding result for the Schrodinger
equation was not known until the recent breakthrough [6]. As for the uniqueness in deter-
mining two coefficients, see [9]. In [15] it is shown in two dimensions that one can uniquely
determine the magnetic field and the electrical potential from the DN map associated to the
Pauli Hamiltonian.

If the DN map is measured only on a part of the boundary, then much less is known. We
only review here the results where no a-priori information is assumed. In dimensions n > 3 a
global result is shown in [7] where partial measurements of the DN map are assumed: More
precisely, for C? conductivities if we measure the DN map restricted to a slightly larger than
the half of the boundary, then one can determine uniquely the potential. The proof relies

First author partly supported by NSF grant DMS 0808130.
Second author partly supported by NSF and a Walker Family Endowed Professorship.
1



2 O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO

on a Carleman estimate with a linear weight function. The Carleman estimate can also
be used to construct complex geometrical optics solutions for the Schrodinger equation. In
[17] the regularity assumption on the conductivity was relaxed to C%/?** with some ¢ > 0.
Stability estimates for the uniqueness result of [7] were given in [13]. Stability estimates for
the magnetic Schrodinger operator with partial data in the setting of [7] can be found in
23].

In [16], the result in [7] was generalized and it is shown that by all possible pairs of
Dirichlet data on an arbitrary open subset ', of the boundary and Neumann data on a
slightly larger open subset than 02 \ I';, one can uniquely determine the potential. The
case of the magnetic Schrodinger equation was considered in [10] and improvement on the
regularity of the coefficients can be found in [18].

In this paper we show a result similar to [16] in two dimensions by constructing complex
geometrical optics solutions with degenerate weights. We note that in two dimensions the
problem is formally determined while in three or higher dimensions it is overdetermined. We
now state the main result more precisely.

Let © C R? be a simply connected bounded domain with smooth boundary. The electrical
conductivity of  is represented by a bounded and positive function (z). In the absence of
sinks or sources of current, the potential v € H'(Q) with given boundary voltage potential
f € H2(89) is a solution of the Dirichlet boundary value problem

div(yVu) = 01in Q,
u’aﬂ = I

(1.1)

The Dirichlet to Neumann (DN) map, or voltage to current map, is given by

(1.2 M) =

where v denotes the unit outer normal to 0€2. This problem can be reduced to studying the
set of Cauchy data for the Schrédinger equation with the potential ¢ given by:

el
NE

"
o0

(1.3) q

(1.4) c, - {<u|m,% m) (A +q)u=0on 0, ueﬂl(m}.

We have 6’,1 C H2(09) x H™2(9).

By using a conformal map, thanks to the Kellog-Warchawski theorem (see e.g. p. 42 [21]),
without loss of generality we assume that Q = {z € R?||z| < 1}.

Let T'_ = {(cosf,sin0)|0 € (—0y,00)} be a connected subdomain in 9 and 6, € (0, ),
T4 the boundary of I'_: 9T = {Z4}. Denote I'y = S*\ T'"_. Let € > 0 be a small number
such that 6y + € € (0, 7]. Denote by I'_ . = {(cos0,sin#)|0 € (—0y — €,6y + €)} and by Ty .
the endpoints of I'_ .

We have
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Theorem 1.1. Let q; € C™(Q), j = 1,2 for some positive £. Consider the following sets
of partial Cauchy data:

(1.5) Cqe = {(U‘F“%’F ) | (A+q))u=01inQ, ulp_ =0, uEHl(Q)}, j=1,2.

Assume
Coie = Cgoe
with some € > 0. Then
q1 = 42

As a direct consequence of Theorem 1.1 we have

Corollary 1.1. Let vy, v be strictly positive functions and there exists some positive number
¢ such that 1,7y, € C3F(Q). Assume that v, = 7o on Q and

71@ = 72% on I'_. forallue H%((?Q), supp u C I';y.
ov v ’

Then v1 = 7s.

The proof of Theorem 1.1 uses Carleman estimates for the Laplacian with degenerate lim-
iting Carleman weights. The results of [7] and [16] use complex geometrical optics solutions
of the form

(1.6) u= eV (g 4 p),

where Vi - Vi = 0,|Vp]? = |[V¢|? and ¢ is a limiting Carleman weight and a is smooth
and non-vanishing and ||r||z2) = O(2), |7[lm1 @ = O(1). Examples of limiting Carleman
weights are the linear phase p(z) = z - w with w € S"~! which was used in [7], and the non-
linear phase ¢(z) = In|x — 20|, where 7y € R"™ \ Q which was used in [16]. For a complete
characterization of possible local Carleman weights in the Euclidean space and more general
manifolds; see [11].

In two dimensions the limiting Carleman weights are harmonic functions so that there
is a larger class of complex geometrical optics solutions. This freedom was used in [25] to
determine inclusions for a large class of systems in two dimensions. In particular, one can
use the harmonic function ¢ = Re 2™ as limiting Carleman weight, assuming that 0 is outside
the domain.

In this paper we construct complex geometrical optics solutions of the form

(1.7) uw=e" VT g 4 ) +u,,

where wu, is a “reflected” term to guarantee that the solution vanishes in particular subsets
of the boundary, ¢ is a harmonic function having a finite number of non-degenerate critical
points in 2, and v is the corresponding conjugate harmonic function. However we need to
modify the form with ¢ harmonic but having non-degenerate critical points. Solutions as in
(1.6) with degenerate harmonic functions were also used in [6] but here the phase function
needs to satisfy further restrictions in order to use them for the partial data problem. Another
complication is that the correction term r and the reflected term u, do not have the same
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asymptotic behavior in 7 as in [16] because of the degeneration of the phase, so that one needs
to further decompose these terms and analyze their asymptotic behavior in 7. See section 3
for more details. In section 2 we prove a general Carleman estimate with degenerate weights.
Finally in section 4 we prove Theorem 1.1.

2. Carleman estimates with degenerate weights

Throughout the paper we use the following notations:

Notations i = /=1, 71,22, &1,& € R, 2 = 21 +ixg, ( =& +1i&o, £ = 3(00y — 10,,), 2 =
3(00, +i0y,), H'7(Q) denotes the space H'(Q2) with norm [[v[[31-q) = [0 gy +721v[|72(0)-
The tangential derivative on the boundary is given by 0, = Vgaiml — 1/18%2, with v = (14, 1)
the unit outer normal to 9Q, B(Z,d) = {z € R?||lz — Z| < 6}, S* = {z € R?||z| = 1},

f(x): R? — R!, f” is the Hessian matrix with entries 8326];.
K3 J

Let ®(2) = ¢1(x1, 22) + ipa(z1, £3) be a holomorphic function in a domain €2y, given that
Q C Qo,

0P . =
a;Z) - 0 m Qo, (I) - CQ(QQ>

Denote by H the set of critical points of a function ®
— 0
H= €Q=—(2)=0,.
{zea -0}

Assume that ® has no critical points at the boundary and nondegenerate critical points in
the interior;

(2.2) HNON={0}, ®'(2)#0 VzeH.

(2.1)

Then ® we have only a finite number of critical points:
(2.3) card H < 0.

Denote %—f(z) = 1 (x1, x2) + 1ha(x1, 22).
We will prove Carleman estimates for the conjugated operator

A, =P Ae” ¥,

We will use the factorization

- 0 o0d 0 o0d\ _ 0 o 0 0D\ _
@4 A= (2& - T@) (2% - T%) V= (2% - T%) (2& - T%) .

and prove Carleman estimates first for every term in the factorization.

Proposition 2.1. Let ® satisfy (2.1) and (2.2). Let f € L*(), and T be solution to the
problem

o 0®_. ~
(2.5) 25 T V= [ inQ
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or v be solution to the problem

o o~
(2.6) 2£ TV = f i QL

0
H (axl wQT)
(2.7) +R€/ml ((VQ% - 3?62) U) vdo + H (z— + T%)

while in the case (2.6) we have

2
H (— + zwﬂ) v — 7'/ (Vor, v)[0)*do + Re/ i ((-l/zi +uv— 0 ) '17> vdo
L2(Q) o0 80 0xy 01y
0 ? ~
(2.8) + Z— — U7 = [ fllz20

LQ(Q)
Proof. We prove the statement of the proposition first for the equation 28” — 7—57 = f
Since 2— — T%i) = (am1 i)eT) + (zam — 1 7), taking the L?— norms of the rlght and left
hand 51des of (2.5) we have

|G o) oo (o) () )
— — T |V + 2Re —— — T —io— — 1T
L2(Q) Ox T Ox T2 L2(Q)

0 N[k
(i o)

Since we take the commutator to have [(8i o), (za@ — 11 7)) = 0, we obtain

2
e ()59 o ),
L2() Oy L2(09) Oy L2(9Q)

8 2 o IpY 2
8 o + T = [ fllz2)
This equality implies

2
H <— — zw27'> o — 7'/(99(%1/1 — o) [0)?do + /mz ((Vgaixl — ylai) 5) vdo

2

In the case (2.5) we have

2
—7'/ (V(,ol,y)|5|2da
12(Q) o9

2

L2(Q)

+ = ||f\|%2(9)-

L2(Q)

+

LZ(Q)

0 ~ 5
+ || t5— +ynT =
' < 05 (00 ) o) 1 £1I720
Finally by (2.1) we observe that 1, = (—5"—8961 + 40—81,2) = &c 22 and Yy = %(J’—ng - —“"—gw;) = —J’—gx;.

Therefore from the above equality, (2.7) follows immediately.
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Now we prove the statement of the theorem for the equation (2.6). Since 2,2 — T%‘f =
(8%1 + ithoT) + (—ia‘iz — 1 7), taking the L?— norms of the right and left hand sides of (2.6)

we have
2
+ 2Re (( 0 +z¢27') <zi — T > )
12(9) Oz, 12(9)

H (361 +Zw27)
2 ~
H (z— _ w) A = 17

£2(Q)
Since [(8%1 + ithaT), (2.8232 +117)] = 0, we obtain

2
H ( + Z?,DQT) v + ((8(9 + 11/127') (“/7)) + (V1U ( ai - 77017) )
L2(Q) T L2(09) L2(09)

Z_(? 7 — T = Hf”L2(Q)
This equality implies

L2<ﬂ>
2 0 9 -
H (— + ngT) v — T/ (V101 — o) [0]2do + / 1 ((—I/Q— + v = ) 5) vdo
L2(Q) 19) 90 0xy 01y

+

Hlign W7 = [ fllz20)
T2 L2(Q)

Finally we observe that v, = %(g—;’i + %a%) = % and Y, = (%‘% — g—“:;) = —%ﬁ—;.
Thus estimate (2.8) follows immediately from the above equality, finishing the proof of the
proposition. [

Let u solve the boundary value problem
(2.9) Au=f inQ, ulgg=0.

Denote

0 = {(z1,22) € 0 (Vy,v) > 0}
and

00_ = {(x1,22) € 02|(Vp1,v) < 0}.
The main result of this section is the following Carleman estimate with degenerate weights.

Theorem 2.1. Suppose that ® satisfies (2.1) and (2.2). Let f € L*(), and let u be a
solution to (2.9) with uw € H*(Q)). Then there exist positive constants C > 0 and 19 such that
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|20
0z

(2.10) <C (erml\%z(m +T/ (v, Vi)
Pon

for all T > 19:

2
TP do

2
0
T —T/ (v, Vi) au
L2(Q) o0 _

ov
ou

2
—| ¥ do | .

THUGNPIH%z(Q) + Huewl H%{l(g) +7 ue

ov

Proof. As indicated earlier we can take €2 to be the unit ball. Denote v = ue™*. Without
the loss of generality we may assume that u is a real valued function. By (2.4)

o 90\ (.0 9D o 9B\ (.0 0b
7 — = T — T Il — TP1
Arv <28z Taz) (20z Taz) v (Qaz Taz) (23z T@z) v=fer

Denote @ = (22 — T%)'&, Wy = (22 — 782)0 and 2 = ¢y (21, 22) + itha(1, 2). Thanks
to the boundary condition (2.9), we have

~ - o 0v - - ov
Wi |ag = 20:0|sq = (11 + ZVQ)@’BQ; Walag = 20,0]sq = (11 — iv2) —|aq.

ov

2
0 d\ -\ =
do + Re/ ) ((Vga—xl -1 8:@) wl) wrdo
= || fe™ 1220

2
| (i o)
L2(Q)

2d Re [ i 0 9\ &, ) T
o+ e/ Z((_V28_m+yla_x2)w2>w2 o
2
(7o)

Let us simplify the integral Rez’faQ ((1/28%1 — 1 3%2) {Dl> wydo. We recall that ¥ = ue™*

and wy = (g + iug)% =(n+ iUQ)%eTW. Thus

0 0 —
Re /agl ((VQ_axl — 0932) ) wido =
0 0 ou ou
; o U e i N e g
Re /aQ 1 ((Vgﬁxl 1&%2) [(l/l + i) 01/6 }) (v —ivy) 01/6 do
, ) B . v|?
e [ (s =) -5

(1/1 — iVQ)dO' +
1 ) o\ |60
Re/89 —2( 3301 Vla—@) da_/ag

By Proposition 2.1

H (— - %r) @

2

-
—7/<v%m>7’
L2(Q) o0

)

v

ov

(o)

2
—T/(V%JO
L2(Q) o9

= | fe™ 122
12(9)

@2
ov

do.
ov 4
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Let us simplify the integral Re fa@ ) ((—Vga%1 + 1 %) 7372> Wydo. We recall that ¥ = ue™*

and wy = (1 — Z'VQ)gij (v — zyg)%ewl We conclude

. 0 0 —
Re/ml<(_y28_+m@xg> >w2da—
0 0 ou ou
(0 v - NOU
(2.11) Re/mz (( Vag . + 18x2> {(1/1 WQ)aVe 1) (11 —l—wQ)aVe do
. 0 ) . ?
Re /aszl {(—Vga—l + 11 8902) (n — Wz)}

(1/1 + iVQ)dO' —
1 0 0 ov
Re /aQ —1 ( axl Vla_xQ)

Using the above formulae we obtain

v
H <_ * Wﬂ) (’a% - wn) @l|  —or / (v, Vipr)
s, H(ax;w)

U
(2.12) +2 /BQ -

Let a function zzk satisfy

ov

2
daz/
a0

2

v do.

v

2 2 2

ov o

M

o

2

L2(Q)

dO =2 fe™" T2

9 2 .
= —= = Q.
8I1 ¢ 81'2 d)l i
We can rewrite equality (2.12) in the form
0, i ? ‘ v ? ov |
1T o T 7
— ("W + || =—(e"*"w —27’/ v,V —| do
' 6m1( 2 L2(Q) (%2( 2 L2(Q) 89( #1) v
e 2 o — 2
+ ‘ — (7" + ‘ — (72T
ov|? o2
(2.13) +2 o |00 do = 2| fe™" |72 (-

Observe that there exists some positive constant C' > 0, independent of 7 such that

2 2

1.0 ~ 119 1‘ G~ 1‘ 0 T~
—(||w 4 ||w < — ||— (""" w + = |{|=— ("W
G 18l < 5 | m)| 4|5 rm) o
5512
— \Y4 d
T/8Q_(V ©1) B o
1|8, 2 1‘ o, .z 2
2.14 += |7 W + === ("W
214 o P I POTCsc) I
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Since v is a real-valued function, we have

2 2

v ~ v ~ _ _
~— + TP + 5 — T¢2v < Co(||w1H%2(Q)+ Hw2\|%2(9))-
Oy 2@ 11072 12()
Therefore
av |7 Ohy Oha | o, ~
- — i d 2
‘ 8:51 2(Q) T/Q (3561 oz ) VT I¢10lley
) o] i <l k)
L2

By the Cauchy—Riemann equations, the second term of the left hand side of (2.15) is zero.
Now since by assumption (2.2) the function ¢ has only non degenerate critical points, we

have
L2(9)> .

< Cl(||wl||%2(g) + ||ﬂ72‘|%2(9))-
L2 ()

0| _
0z

(2.16) T||5||2L2(Q) <C (H?H?pm) +7

By (2.15) and (2.16)

8@

(2.17) T||5||%2(Q) + ||5H?{1(Q) 9

Using (2.17), we obtain from (2.13) and (2.14) that

1 o o S |[[o®] |7 / v |
— = —2 v d
- (T\|vnm)+Hvumw |5, ) >[5 o
v |? v |?
2 do < 2||fe*? |2y — d
w2 [ | dr <ol e gy =7 [ Ve || do
concluding the proof of the theorem. 0J

We note that in the theorem we can add a zeroth order term to the Laplacian and the
estimate is valid for large enough 7.

As usual the Carleman estimate implies the existence of solutions for the Schrodinger
equation satisfying estimates with appropriate weights.

Consider the following problem

(2.18) Au+qu=f inQ, ulz=yg,
where T’ C {z € 0Q|(v, V1) < 0}. We have

Proposition 2.2. Let gy € L>(Q2). There exists 1o > 0 such that for all T > 1y there exists
a solution to problem (2.18) such that

(2.19) lue™ ™| 2y < CUIFe™ 2 + llge™ |l o) /72,



10 O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO
Proof. Let us introduce the space

0
H = {v € Hy(Q)] Av + qov € L*(2), 8—Z]ag+ = O}

with the scalar product
(v1,v9)g = / ¥ (Avy + qovr) (Avy + qovs)da.
Q

By Proposition 2.1 H is a Hilbert space. Consider the linear functional on H : v — fQ vfdr+

J: g%do. By (2.10) this is the continuous linear functional with the norm estimated by a

constant C(|| fe™|[z2(q) + l9€™ | 12(7))/ 72. Therefore by the Riesz theorem there exists an
element v € H so that

0
/ vfdr + /g—vda = / > (AT + qo0) (Av + qov)da.
Q i Ov Q
Then, as a solution to (2.18), we take the function u = €*™#* (AD + qg0). O

3. Complex geometrical optics solutions with degenerate weights

In this section we construct the complex geometrical optics solutions which will play the
critical role in the proof of Theorem 1.1.

We first observe that we can put the sets I'_ and 02\ I'_ . in a more convenient position
on the boundary of the unit ball and slightly deform the ball itself.

Namely we set

(3.1) Qc B(0,1), I_cs', §=90\I'_.cs.

Let ¢, € I'y be a piece of 02 between the points 2, and &, . and ¢_ € I'; be a piece of 02
between the points _ and z_ .. Then

(3.2) (L C B(0,1).

We construct complex geometrical optics solutions of the Schrodinger equation A + ¢q, with
q1 satisfying the conditions of Theorem 1.1. Consider the equation

(3.3) Liu=Au+qu=0 1in Q.

Let ®(z) be a holomorphic function satisfying (2.1) and (2.2). Let us fix small positive
constants €, ¢ and consider two domains:

(3.4) 00 _.={xe€d(Ve1,v) < —e}, 0o ={x€dN(Ve,v)>¢€}.
Suppose that
(3.5) r-coo_ .,

and

(3.6) S C Oy .



PARTIAL DATA IN TWO DIMENSIONS 11

We will construct solutions to (3.3) of the form

1
(3.7) uy () = eTq)(Z)a@) - Xl(fl?')eﬂb(%)a <:) +e™upy 4+ €™ ugg,  up|r. = 0.
z

We explain in the next subsections the different phase function ¢; and the amplitude a(z)
in (3.7). Moreover we derive the behavior for large 7 of the different pieces of the complex
geometrical optics solutions.

3.1. The amplitude a(z) and the function x;. The amplitude a(z) has the following
properties:

a € C*(Q), % =0, a(z)#0onQ.
Z
Next we construct the cut-off function x;(z).
By (3.1) and (3.2), there exists a neighborhood O; of the set I'_ such that ¢ (z) = Re ®(2)

is a harmonic function satisfying

(3.8) o1(x) < p(x), VYereQnO,
(3.9) INNO; CON__«,
(3.10) supp Vx1 CC B(0,1) N O;.

Consider the following integral

J(1) = / Xlr(x)eT‘b(%)_dex.
Q
We have

Proposition 3.1. Let r € C'*(Q) for some positive . Then

J(7) = o (%) |

Proof. Observe that the function x; can be chosen in such a way that

(3.11) o (2 (3) - 207 laupprs 0.

Assume that for some point from 9€)_ _. we have

0= (‘D (%) —W) |suppx = 0,

and the above equality is equivalent to
Re(®'(2)z) = 0.

This equality and the Cauchy-Riemann equations imply that %‘5 = 0 at this point, which is a
contradiction. Since it suffices to choose supp x; close to I'_, the proof of (3.11) is completed.
Therefore
R yony 1
J(1) = / Xlr(x)eTq)(?)_Tq)(z)dx = - / x17(7)
Q Q 0=(P(

T

Be™ )T gy
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Integrating by parts we have:

1/ 1 o(1)—r8()
T) = —— (‘}Z r(x €T )T Zd(]ﬁ
)= L G )

1

+5= Xﬂ“(ﬂ?) (1 + i)™ E dg = Jy + .

27 0:(2(2) — 0(2))

Observe that on 89
eT@(%)—T@ _ €2T7ZIH1<D(Z)'

Using a stationary phase and taking into account that d,Re® = 0,.Im® # 0 on suppyi NS,

we obtain )
J2 =0 (—) .
T

Next we observe that since r € C1+(Q) we have

1
Jl =0 (—) .
T
The proof of the proposition is finished. ([l

3.2. Construction of u;;. The function e™®®a(z) — x; (m)eTq’(%)a(%) does not satisfy equa-
tion (3.3). We construct u;; in the next term in the asymptotic expansion. Before we start
the construction of this term we need several propositions.

Let us introduce the operators:

i (¢.0 (¢.0
9y - 2m/Q<— dendg == [ 2 g,ag,

(3.12) c“)z_lg— — 9(&, OdCAdZ:——/ gjc’?d&d&.
T Jo

2mi Jg C— 2

Then we know (e.g., [26] p. 56):

Proposition 3.2. Let m > 0 be an integer number and o € (0,1). The operators 021,071 €
L(C™H(Q), CT et ().

Here and henceforth £(X,Y) denotes the Banach space of all bounded linear operators
from a Banach space X to another Banach space Y.
We define two other operators:

(313) beg _ eT((I’(Z)_(I)(Z))a;I(geT(q)(Z)_q)(z)))7 Eq:.g — " T(®(2)— (z))a (g@ T(®(2)— <I>(z)))

Proposition 3.3. Let g € C<(Q) for some positive €. The function Reg is a solution to

8@(2)

(3.14) 0zReg — pp

chg in €.

The function §¢g solves

- OP(2) ~
(3.15) 0,Reg+ T aiz) Reg =g in .
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Proof. The proof is by direct computations:

8. Rog + 782(2) Rog = 0. (" @E2E@) g1 (o7 ®)-FE)))
z

oD
Ty a(z) (eT(cp(z)w(z))agl<ger(<1>(z)f<1>(Z)))) -
z
_762(2) (€7 @D -2 g1 (4T @D -FEN)) 4 (7@ (7@~
z
0P(2), @ 302

47 (67@(2)*@(2))5;1(geT@(Z)*‘P(Z)))) =g.

0z

Denote
O, = {z € Qldist(x,00) < €}.

Proposition 3.4. Let g € C'(Q), glo. =0,g(z) # 0 for all x € H. Then
(3.16) |Rog ()] + |Rag(w)| < C'max|g(z)|/

for allz € O.pp. If g € C*(Q) and gl = 0 then
(3.17) |Rog(z)| + |Reg(x)| < C/7°
for all x € Ojs.

Proof. Observe that e™(®()=2() = (2i7lMe(:) By the Cauchy-Riemann equations, the sets of
the critical points of ®(z) and Im®(z) are exactly the same. Therefore by our assumptions
the Hessian of Im®(z) is nondegenerate at each point of H and it is enough to show that

[ et 8 ag n | < cnmaelgtel/r - and ] et 28 n i < oy

z —

We observe that for any z = x1 +ixy € Og the function ‘Z(T(’Z in the variable ( is smooth and

compactly supported. The statement of the proposition follows from the standard stationary

phase argument (see e.g., [14]). O
Denote

(3.18) r(z) =1I,_ (2 — z;) where H = {z1,..., 2}

Proposition 3.5. Let g € C1(Q), glo. = 0. Then for each § € (0,1) there exists a constant
C(0) such that

(3.19) | Re(r(2)9)ll 1) < COlgllera /™ IRa(r(2)9)ll 2y < CO)llgller@/m "
Proof. Denote v = Rqe(r(2)g). By Proposition 3.4

(320) ”’UHLQ(Oe/z) < C/T

Then by Proposition 3.3
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There exists a function p such that
0 0P
——]3 + 7 (2)
0z 0z
and there exists a constant C' > 0 independent of 7 such that
(3.21) 1Pllz2() < Cllvllrz()-
Let x be a nonnegative function such that x = 0 on O< and x = 1 on © \ Oc. Setting
p = xp and using g

p=v in{}

o. = 0, we have that

/Q r(z)gpdz = /Q o r(z)gpde = /Q r(2)gpdx

and
op 0®(z) . ox .
(3.22) ~ 5 +7 5, P=Xv—py- in Q.
Then
1 9 N — 8X_
(3.23) Ix2v|[72(0) = | r(2)gpdx + [ p-=vdz.
Q 0 32
Note that
(3.24) 1] ) < OTlpl|2) < CT|v|| 200 mgﬁdx = [ gr(z)pdx.
Q Q

Taking the scalar product of (3.22) and aﬁ) g we obtain

[~ <25 e [ (o

—— r(z) Ix / o [ r(2) =
dr = — |dx — [ — dz.
T/(zgr(z)p v /Q @@(z)g(xv +p8§) ’ 0 0z 8Zq)(z)g e
By (3.24) and the Sobolev embedding theorem, for each € € (0, 1) we have
o ( rz) \=
— <
/Q 0z <8Zq)(z)g> pde) <
o
0,9(2)

<

/ r(2)02®(z)
o (9:%(2))?

/Q r(z) @Edw

N 0.P(z) 0z

gﬁda:

(3.25) < Clglero) 1511, 22 ) < ClFllmssoy < C7 o2y

I—e (

L2-<(Q)
Here we choose d3(¢) > 0 such that d3(¢) — 40 as e — +0 and H®(Q) C L%(Q)

Therefore
(3.26) / gr(z)pda
Q

< CTﬁl+64HUHL2(Q) as 04 — +0.

By (3.20)

0
(327) ‘/Qpa—;cﬁdx S CHp||L2(Q)||UHL2(O ) S CHp||L2(Q)/T

£
8
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By (3.21), (3.26) and (3.27) we obtain from (3.23)
o1y < O ollzgey + Pl /7) < O ol 20
In the last estimate we used (3.21). O
We construct the function u;; in the form
(3.28) ur = (U111 + Ui2),

where the functions u;; ;, are defined in the following way: Let e¢; € C° (ﬁ), e1+es =1, e
is zero in some neighborhood of H and e; is zero in a neighborhood of 0€2. The second term
w11 in the asymptotic (3.7), is constructed to satisfy

0P(2)
0z

Let my(2), ma(2), m3(z) be polynomials satisfying
(07" (aq1) — ma(2))lw = 0,
ma(2)ln =0, (9.(92"(aqr) — mu(2)) —ma(2)) |l =0,

ms(2)ly = 0.ms(2)ly =0,  82(0- ' (aqr) — ma(z) — ma(2) — ms(2))|y = 0.
The equation for u;; can be transformed into

1
(3.29) Auyy + 47———=0xu11 = aq + o (T) in Q.

3
40,uqq + 47’8(1)(2) uy = 02 (aqy) — ka(z) +o0 (1> in Q.

z T
0 k=1

Then

0D (z) >
48211,1171 + 47 B U111 = €1 (8;1(aq1) — ;mk(z)) in Q.

and we define uy1; as

(3.30) ur () = L_LR(I) <€1(az_1<a(h) - ka(z))>

and we define ;12 as

(3.31) u1172(x):i€2(x ( (aq) ka ) (10.9(2)).

Since by the assumption the function e vamshes near the zeros of @, the function ;o is
smooth.

We will apply Proposition 3.5 to the function ;11 to obtain the asymptotic behavior in
7. In order to do that we need to represent the function

(3.32) G1=e ( (aqr) ka )

in the form
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where ¢ is some function from C*(Q). This is an equivalent representation of the function
m =0 (aq) — So_, mx(2) in the form
m=r(z)g, g €C(Q).

We remind that the polynomial 7(z) is given by (3.18). Denote as p = 9 '(aq). Let z;
be a critical point of the function Im® and z; € H (see (3.18)). By Taylor’s formula
p(z) = p(z;) +p1(z — 2) + p2(Z = Z5) + pualz — 2)* + p1a(z — %) (F — 7)) + p2(Z — %)° +
q(2,%). Then m = pa(Z — Zj) + p2a(Z — %) + pra(2 — 2)(Z — 7;) + q(2,%) and we set
g = (02(Z = Z)) + p(Z — 7)) + pa(z — 2)(Z — %) + q(2,%))/7(2). Let us show that
g1 € CY(Q). Obviously (pa(Z — Z;) + pa2(Z — Z;)% + pra(z — 2,)(Z — %)) /r(2) is a smooth
function and §(z,Z) = q(z,%)/r(z) is of C" outside of z = 0. Continue the function § by zero
on z = 0. Since q = o(|z|?) the partial derivatives of this function vanishes at zero.
By Proposition 3.5

(333) ”U1171HL2(Q) S 0(5)/7'176 Vo € (O, 1)

3.3. Construction of u;5. We will define u;5 as a solution to the inhomogeneous problem

1
(3.34) A(u2e™") + qruige™ = (qrugr + Augy 2) — 14 ( ¢T3 g (%)) in Q,

(335) 'LL12|F_ = UHBTImq).
This can be done since

lqiuir + Aug | 22(0) < C(6)/m'° V5 € (0,1)

1 1
HL1 <X167¢(i)a (:)) e TPt =0 (—2> .

and by (3.16), (3.30), (3.31)
C

11| copn) < —.
-

and by (3.8), (3.10)

By Proposition 2.2 there exists a solution to (3.34) satisfying
(3.36) ural 2y < C(8)/T570, V6 € (0,1).

3.4. Replacing ® by —®. Now we construct complex geometrical optics solutions for the
potential ¢, satisfying the conditions of the Theorem 1.1 but with ® replaced by —® and
the solution vanishes on S.

This is very similar to what we have already done.

Consider the Schrodinger equation

(3.37) Lov = Av+qgu =0 in .

We will construct solutions to (3.37) of the form

(3.38) vi(z) = e TEp(2) — Xl(x)e*T@b <

Q| =

3 _
)—1-6 TP+ e g, vls =0.
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The construction of v; repeats the corresponding steps of the construction of u;. In fact
the only difference is that the parameter 7 is negative or in terms of the weight function we
use —y instead of ;. We provide the details for the sake of completeness. The amplitude
b(z) has the following properties:

ob
5 =
Next we construct the cut-off function yo(z) with supp x2 € Oz where O is a neighborhood
of § =00\ TI'_,, and

be C*Q), 0, b(2)+#0on Q.

(3.39) o1(x) > @(x), VreQnOs,
(3.40) INNO, C GQJ“%/,
(3.41) supp Vx2 CC B(0,1) N Oy,
(3.42) suppx2 N suppy; = 0.

Consider the following integral

J(r) = /QXQT’(ZL‘)6_T<I>(i)+T¢(Z)dZL‘.
Similarly to Proposition 3.1 we have
Proposition 3.6. Let r € C1*(Q) for some positive {. Then

7r) = o (%) |

Now we construct vy;. Let e; € C®(Q) |, e1(x) +ea(x) = 1, eq is zero on some neighborhood
of H and e; is zero on some neighborhood of 9€2. Then

AUH — 47_8(1)(2) 821)11 = BQQ +o0 (l) .
0z T

Let my(Z), m2(Z), m3(Z) be polynomials satisfying
(0" (bg2) — (%))l = 0,
m2(Z)| =0,  (9:(071(bga) — M (2)) — 12 (2)) e = 0
and
m3(Z)ln = Oz (Z) |y = 0,  92(0 ' (bgz) — 11 (Z) — Ma(2) — 15(Z)) | = 0.

The equation for v;; can be transformed into

3

40501, — 4782—9v11 = <8Z_1(Z_)q2) — Zﬁz;&?)) +o0 (%) )

k=1
Let

(3.43) V11 = V11,1 + V11,2
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Then

09(z) _ 3
4&21)11,1 — 47’ 82 U11’1 = €1 <azl(bq2) — ZT?L[A?)) iIl Q,

and we take vy;; as

(3.44) V11,1 = iRé <€1 (azl(l_%h) - ka@)))

and we take vy 9 as

(3.45) vn,g:ieg(x< (Bg») ka > (g‘f)

Thanks to our assumption on the function ey, this function is smooth. Let us show that
we can apply Proposition 3.4 to the function v11 ;. In order to do that we need to represent
the function

(3.46) G2 =€ ( H(bga) — Zﬁlk(z)>

k=1
in the form
Go = zg(),
where g is some function from C*(£2). This is an equivalent representation of the function
m = 07 (bgy) — S_»_, k(%) in the form

m=r(z)g1, ¢1€ C’l(ﬁ).

Denote as p = 97 (bgz). Let x; be a critical point of the function Im® and z; be an arbitrary
critical point of the function ®. By Taylor’s formula p(x) = p(z;)+p1(x;)(z—z;) +p2(z;)(Z—
Zj) +p11(2 — Zj)2 —i—p12(2 — zj)(E — Ej) —i—sz(E — Ej)Z —+ Q(Z,z). Then m = pl(xj)(z — Zj) +
pi1(z — 2;)? + p1a(z — 2;)(Z — 25) + q(2,%) and we set g; = (p1(;)(z = 2) + pu(z — z)? +
p12(z — 2)(Z — Z;) + q(2,%))/r(2). Let us show that g; € C*(Q2). Obviously (p1(z — z;) +
pi(z — z)* + p1a(z — 2)(Z — Z;)) /r(2) is a smooth function and ¢(z,%) = q(z,%)/r(z) is C*
outside of z = 0. Continue the function ¢ by zero on z = 0. Since ¢ = o(|z|*) the partial
derivatives of this function vanishes at zero.
By Proposition 3.4

(347) ”U1172HL2(Q) + HUll,lHLQ(Q) § 0(5)/71_6, V(S c (O, 1)

Let v15 be a solution to the problem

o, (1
(348) A(Ulge_ﬂpl) + QQUQB_W‘DI = (QQUU + AUH,Q)G_T(D — LQ (Xge_ﬁrq)(i)b (%)) n Q,

(349) 1)12|3 = U11€TIm<I).

Then since
lg2v11 + Avii || r20) < C(8)/m'°, V5 €(0,1)
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=1y 1
Z

and by (3.16), (3.45), (3.44)

and by (3.41)

L2(9)
C
|v11]|copn) < —
.

by Proposition 2.2 there exists a solution to problem (3.48) such that
(3.50) o2l 2 < C(8)/757%, W6 € (0,1).
4. Proof of the theorem

Proposition 4.1. Suppose that ® satisfies (2.1),(2.2), (3.5) and (3.6). Let {x1,...,x,} be
the set of critical points of the function Im®. Then for any potentials q1,q € C*(Q), £ > 1
with the same DN maps and for any holomorphic functions a and b, we have

¢

@
;Kdeumqw)(xk)ﬁ I

Proof. Let uy be a solution to (3.3) and satisfy (3.38), and us be a solution to the following
equation

Aug + qoup =0 in Q, uslpo =u1, Vug|r_, = Vuy.
Denoting u = u; — us we obtain

: ou
(4.1) Au+ ggu = —qu; in Q, ulsgg = a—h‘_

We multiply (4.1) by v and integrate over 2. By (3.36) and (3.50), we have

0= / quivdr = / q(ab + buyy + avyy)e™ P dy
Q Q
1 i 1
[ (e ()5 i T (s
Q z =
1 T 1 1
(4.2) +axi(2)e™a (:> Xa(z)e b (:>)dzx +o0 <_) '
z = -

By Propositions 3.1 and 3.6

1)\ - 1 1
/ (qxl(:p)eﬂb(i)a (:) be ") 4 QX2<I)€_T(I>(%)Z7 (:)aeTq)(z)) dr =o (—) )
Q z = -

By (3.42)
1 1
/ axi(2)e™Pa <:) Xa(z)e ™3 (:)dw =0.
Q z z

Therefore we can rewrite (4.2) as
¢

s qab
4.3
(43) ; 7|(det Im®”) (z,)|2

p)e 2ir1m &(z,)

_ 1
+ / q(bu11 + avll)eT( (2)-®( dﬂ? + o ( ) =0.
Q
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By (3.31), (3.45), (3.28), (3.43) and the fact that
/ Bty 267 T g —
Q
(4.4) i qug( (CLQ1) Zk 1mk:( ))ef(é(z)—W)dx — 0 (1) :
o) T

At 70,9(2)
and the fact that

/ aqu11 267 @O -TE) gy —
Q

1/, e2(07" (bga) = Yoy () @8 gy _ o L
47 Jq - 70.9(2) ! (T)

which follows from the stationary phase argument and es|; = 0, we obtain

7 3(2) 1
+ / Q(bull,l + a011’1>€T(¢(z)7¢(z))dl‘ +o0 (—) = 0.
Q

T

(4.5)

L

7(qab)(z
(4.6) Zl 7| detIm(I)”)( K2

By (3.13), (3.45) and (3.30)

2’iTIm ®(z1)

~

QzTIm D(zp)

Z qab
= Tl detIm@”)(mk)P

1 1
— 4/ ( R<1>g1 + aRsGo)e T(®(2)-2(z )dIE+O( ) =
0

T

¢ ) 2irIm P(xy) 1

7T an 4 1 a T(®(z 4o 1 _
z:; 7|( detImcI)//)(a%M2 4/9((8 (qb))gl-l-( (q ))Ga)e d + (T)

@) i W(qal_))(xk)eQ”Imq)(”) o (1) .

= 7|(det Im@”)(mk)ﬁ T

We remind the definitions of the functions g1 and G, introduced in (3. 32) and (3.46).

In order to get rid of the integral [,((9;"(¢b))G1 + (9" (qa))Ga)e™*(*)~ *E) dz, we used
the stationary phase lemma (see e.g. Theorem 7.7.5 [14]) and the fact that G|y = Ga|y = 0.
Passing to the limit in this equality as 7 — +o00 we obtain

; i W(qal_)) (xk>62’i7'1m‘1>($k)
im -
T—00 |(det Im®”)(xy)|2

k=1

iTIm x
The function K(7) = Zk . (q(ilzg)t(:fl;r)l ;)(zk; “ is almost periodic. Therefore by the Bohr

theorem (e.g., [3], p.493), we see that K(7) = 0 for all 7 € R. Thus setting 7 = 0, we
complete the proof. O

Proposition 4.1 plays the key role in the proof of Theorem 1.1. In order to be able to
use this proposition we need to prove the existence of the weight function ®. The following
proposition will allow us to construct this function.

Let P, be a non-empty open subset of the boundary 0€2: the union of the segment between
74 and 74 . and the segment between ¥_ . and 7_.
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Consider the Cauchy problem for the Laplace operator

(48) Aw =0 in Qa (wa g_lf) |BQ\’F'€ = (aa b)

The following proposition establishes the solvability of (4.8) for a dense set of Cauchy
data.

Proposition 4.2. There exist a set O C C*(OQ\ P.) x CH N\ Pe.) such that for each
(a,b) € O, problem (4.8) has at least one solution ) € C*(Q)and O = C*(IQ\ P)xCH(IQ\ P.).

Proof. First we observe that without the loss of generality we may assume that a = 0.
Consider the following extremal problem

2
oy

1 .
v + GHwH%{Q(BQ) + E HAsziP(Q) - 1Hf7

(19) 1) = |

H2(OQ\Pe)
(4.10) e X.
Here X = {§(z)|6 € H*(2), A% € L*(2), Adlog = 0|aa\p. = 0,6]aq € H?(09), 22 € H*(0Q\ Pe)}.

For each € > 0 there exists a unique solution to (4.9) and (4.10), which we denote as ).
By the Fermat theorem (see e.g., [1] p. 155) we have

J(0)]6] =0, VéeX.

This equality can be written in the form

e . 06 ~ 1~
< By — b, $> + 6(¢€, 5)H2(8Q) + E(A2¢E, A25)L2(Q) =0.
H2(0Q\Pe)

This equality implies that the sequence {%—:j} is bounded in H2(0Q\ P.), the sequence {et, }
converges to zero in H?(92) and {%A%Ze} is bounded in L?(€2).
Therefore there exist ¢ € H*(02\ P.) and p € L*(2) such that

(4.11) % —b—q weakly in H*(0Q\ P,)
and
o) 9
H2(0Q\P.)
Next we claim that

(4.13) Ap=0 in

in the sense of distributions. Suppose that (4.13) is already proved. This implies
0Ad

(p, A*) 120 =0 V6 € HY(Q), Adloq = ng =0.

This equality and (4.12) imply that

(4.14) (q, @> =0 Vo€ HYQ),Ad|sq = @\m —0.
W /) gro0\p.) v



22 O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO

Then using the trace theorem, we conclude that ¢ = 0 and (4.11) implies that

% —b—0 weakly in H*(0Q\ P.).
v
By the Sobolev embedding theorem

% —b—0 in CYOQ\P,).

Therefore the sequence {{D\ek — Jek}, with
quek = A{ﬂ\ek in Qa Jek‘aﬂ =0

represents the desired approximation for solution of the Cauchy problem (4.8).

Now we prove (4.13). Let = be an arbitrary point in §2 and let X be a smooth function
such that it is zero in some neighborhood of 02 \ P. and the set B = {z € Q|x(x) = 1}
contains an open connected subset F such that = € F and P. N F is an open set in 0. By
(4.12)

0= (p, A*(X0))r2(0) = (XP, A?*0) r2(0) + (P, [A%, X]6) 12(00)-
That is,

(4.15) (XP, A%6) 12(0) + ([A% XD, 0)12() =0 V6 € X

This equality implies that Yp € H().

Next we take another smooth cut off function y; such that supp x; C B. A neighborhood
of = belongs to By = {z|x1 = 1}, the interior of B; is connected, and Int B; NP, contains
an open subset O in J2. Similarly to (4.16) we have

(4.16) (X1ps A%0) 1210y + ([A% X1]*p. 0) 12(0) = 0.

This equality implies that Y1p € H%(2). Let w be a domain such that wNQ = 0, dwNIN C
O contains a set open in 0f).
We extend p on w by zero. Then

(A(X1p), AS) r2auw) + (A% X]*P, 6) r2(uw) = 0.
Hence
A*(X1p) =0 in Int ByUw, pl|,=0.

By the Holmgren theorem A(X1p) =0, that is, (Ap)(z) = 0. O

|Int B

Completion of the proof of Theorem 1.1. It suffices to prove that ¢(0) = 0. We take
P. in the previous proposition to be the union of the segment between 7, and 7, . and the
segment between z7_ . and 7_.

We will show that ¢;(0) = ¢2(0). By obvious changes of the argument below we can prove
that ¢;(z) = ¢go(x) for any point x € €.

Suppose that 1 (z) is a solution to (4.8) for some Cauchy data. Next, since €2 is simply con-
nected, we construct a function ¢ such that the function ®(z) = ¢(z)+i(x) is holomorphic



PARTIAL DATA IN TWO DIMENSIONS 23

in Q. Consider the function ®(z) = 22®(z). Observe that Im® = (22— 22)1)(x) + 2z1720().
In particular by (4.8) and the Cauchy-Riemann equations, we have

]m&5|39\p6 = (27 — 23)a(x) + 27179¢(7), ag(j) = b(x).

Since we can choose a,b from a dense set in C'(92 \ P.) and the tangential derivatives of

(22 — 23) and xy25 are not equal zero simultaneously, we can choose a, b such that

Olm® ORe® Olm® ORed

oy I = g, I <0 5l = =5, ~lomr—
Obviously the function ® has a critical point at zero. We may assume that §2®(0) # 0.
Really if ®(0) # 0 then 826(0) = 28(0). If ®(0) = 0 we modify this function by adding a
small real number: ®(z) 4 €. Obviously we will have (4.17).

A general function d may have degenerate critical points. In order to avoid them, we

> 0.

(4.17)

approximate the function ® in C*(Q) by a sequence of holomorphic functions {®;}2°, such
that

8Re:15k 8Re§>k
5, - <0 5l >0,

(4.18) d, — & in C'(Q),

(4.19)  Hy, = {2]0.94(2) = 0}, cardHy, < co, HyN O = {0}, 9?Dy(z) # 0, Yz € Hy.

Let us show that such a sequence exists. For any ¢; € (0,1) we consider a function
®(z/(14 €)). Obviously

O(/(146)) —® inC'(Q), ase — +0.

Each function ®(z/(1 + ¢;)) is holomorphic in B(0,1 + ;) and in B(0, 1) it can be approx-
imated by a polynomial. Let ¢; € (0,1) be an arbitrary but fixed. Consider the sequence
of such polynomials. Let p(z) = >;_,cx2z" be a polynomial from this sequence. Consider
the polynomial p'(2) = Y 7_, kep2® ™t = Ti_, (2 — Z,)*™). Here we assume z; # 2, for k # j.
Let us construct an approximation of the polynomial p(z) by a sequence of polynomials
of the order k. We do the construction in the following way. First pick up all s(k) such
that s(k) > 2. Denote the set of such indices as U. Let k € U. Consider the sequences
{/Z\]%gl,ez}, ey {2’9&@)762} such that
,/Z’\k’gj,Q — /Z\k as €a — —|—O, \V/é] - {61, . ,ES(E)},
/Z\kjj,@ 7£ /Z\k7gjl7€2, 1 é k S K, if g] ;é gjl'
The polynomial
s(k ~
Po(2) = I8 (2~ 2

does not have any zeros of order greater then one. By the construction we have

K
Pl(2) = ) ke,
k=1

satisfying
Ck,eo — Ck, Vk € {1,...,/{,}.
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This means that the sequence of polynomials pe,(z) = > j_ Ck.e2", o, = Co cOnverges to
p(z) in C1(Q) and for small €, these > polynomials do not have critical points.

Let us fix some sufficiently large &k and consider k > k. Then card Hy, = cardHy, for all
ki > % and ko > %. Let card Hj, = £ and points 21 = Z11+1Za1, ..., 2¢ = T1,¢+1To Tepresent
all critical points of the function ®(z) = @i(2) + ith(2).

Thanks to (4.18) and (4.19), we can apply Proposition 4.1. We have

- q(7;)
—J = O’ % et 5’,'/ ,’% Y.
j; |det¢g(z])‘% J ( 1,7 2,])

Let j € {1,..., £} be an arbitrary number. Consider the polynomial
dy W50z = =) I (2 — 2)°

z) = — 2—2)2+d — ).
He) 2Hf;¢3(z;—zk)3< 7 HZ (25— ) ’

Then
(4.20) agp(zj) =d; €C, 0.p(%) =d €C,
p(z) = 0:p(z;) = 02p(z) = 0 j € {L,....(} \ {j}.
Consider the function ®(z) 4 ep(z). By (4.20) for small & the set of critical points of this

function consists exactly of ¢ points, which we denote as z;(¢) (z;(¢) = (Rez;(e),Imz;(¢))).
These critical points have the following properties:

0z; o~ 0z(e) d
w2y 5=z B9 o0 525 O

e =0 = _agék(@)'

In fact, there exists ¢y > 0 such that

5 =2(e), Ve€(—eo,), Jj#J
Then by Proposition 4.1 we have

L

s (7:(2) Y

=1 |det( ¢k+61mp) (75(e))|2

Taking the derivative of the function J(e) at zero, we have:

1 0 q(#(0))Re(d02Bk(23)) + Oy, q(35(0)) T (020 (23))

(4.22)

0204 (2)? ety (7(0)]?
1 g(7(0)) (202, 0 (7,(0) m 82, p(,(0)) + 202, ¥e(F; (0))Im &2, , p(7;(0))
32 detuf(7,(0)) 2
%q@ (o)) 2o et (0D Re(dO2B(35) + D, <dewg<;f;<o>>Im<daz<r>k<z;>>) Y

0204 (25) 2| ety (75(0))|
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The first and third terms of (4.22) are independent of Im 92, p(Z;(0)) and Im 92, p(Z;(0)).

Consequently et ol
12 9(75(0))(=20;,2,¥(%;(0) I 8; ,, p(75(0)) — 20,4, V(2 (0)Im 85, p(T;(0)) _
2 j=1 |detey (2;(0))]2

This formula and (4.21) imply that ¢(25(0)) = 0. Since by (4.18) and (4.19) the set Hj

converges to the set of critical points of ® and 0 belongs to the set of critical points of &), we
have ¢(0) =0. H
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