Math 425, Winter 2018, Homework 6 Solutions

Additional problem 1. Consider the partition x; = a + (b — a). This has spacing
(b — a)/N which goes to 0 as N — oo. So we can write
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Additional problem 2(a). Start with vy (¢) = p, and 71(t) = p+t F(p). Then

71 () = ()] = t1F(p)| < Mt.
This is the case j = 0. Assume it holds for some j. Then write
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This is the statement for j 4 1, so the result follows by induction.

Additional problem 2(b). For ¢ € [0,7] we can bound
1.
175 (t) = -1 (B)] < FMLJ 79 = M;.

The M; are summable:
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By the Weirstrass M-test the series converges uniformly on [0, 7], for any chosen 7.
Additional problem 2(c). Let v;(t) — ~(¢) uniformly on [0,7]. Then by Lipschitz

continuity of F' we have F(v;(s)) — F(v(s)), uniformly on [0,7]. So since integrals of
uniform limits are the limit of the integrals, we conclude that

~(t) —/0 F(y(s))ds  for te[0,T].

However this holds for every chosen value of 7', thus it holds for all ¢ € R.

Additional problem 3. For any i, we have
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Take x = e;, and note ||T4€j||max = max; |A;;| |lej|l1. Assuming |Taej|max < Clz|; for all
x = ej, then we must have C' > max; j |A4;;].

We then note
Tzl < Vil Tarhma < Vi (max| Aij]) ey < viyim (mas |41 la]

With A the identity matrix the result holds with L = 1, but v'm? <maxi7j ]Aij]> =m.
If A;j =1 for all ¢,7, and z = (1,1,...,1), then Tyx = (m,m,...,m), so |z|g = /m,
|Taz|g = my/m, and thus

| Taz|g = Vim? (rrz;e]px A1) ]

This example also works when m # n.

Additional problem 4. If |Taz|g > c|z|g for some ¢ > 0, this implies that T4z = 0 only

if z = 0, so A is invertible. Conversely, if A is invertible, let A~! be the inverse matrix.
Then there is some C so that for all y € R™,

Ta—1yle < Clyle.
If we plug in y = Tax, we get
lz|p < C|Tuz|lp = |Taz|p > C Yz|s.
so (%) is true with ¢ = C~1.
For the second part, if |Tax|g > c|zg|, then setting @ = T 41y gives

e >c|Tayle =  |Taryle <c yle.



