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Contour integral

Definition

If f(2) is a continuous function on E C C, and (1) : [a,b] — E
is a smooth curve, the contour integral of f over v is

b
[fz)dz / F(8) 7/ (8) ot

Intuition: think of plugging in z =4(t), dz=——dt.

By Fundamental Theorem of Calculus: if f is analytic on E

/ f(2)dz = £(+(b)) - F(+(a))




Relation to other line integrals

For v = (x(t), y(t)) a path in R?, u(x, y) a continuous function

b

u(x, y)dx = / u(x(t), (1)) X'(1) ot

a

S~

b
/ u(x,y) dy = / u(x(t). ¥ (1) ¥ () ot

If f(x+1iy) = u(x,y)+iv(x,y), then

/ f(z) dz = / <u(x, y) + iv(x, y)) (dx + idy)

v

_ /(udx - vdy) + i/w(vdx+udy)

ol




o Let y(t)= e for t € [0,3]. Calculate /zdz.
il

Using the definition we get

™

/2 eltielt gt = i/2 2!t gt
0 0

us

_ i/2 cos(2t) + isin(21) dt
0

= (% sin(2t) —i % cos(2t))

3
0

= 1

Get same result if write z = (}2?)’, which by F.T.C. gives

/(522)/dz _ %(eiw/Z)Z o %(eiO)Z _ _% _%
2l



o Let y(t)=e' for t € [0,3]. Calculate /zdz.
il

Using the definition we get

™ s

/2 el je' dt = i/2 e el
0 0

us

2
:i/ 1dt
0

=1

VB

Can’t write Z = f/(z) for analytic function f(z), can’t use F.T.C.



A piecewise example

t, 0<t<t,

oesfromOto1+.
14i(t-1), 1<t<2, °

Let ~(t) = {

Need to separate an integral over ~ into smooth pieces:

1 2
/ezdz :/ elat +/ e tit=1) j gt
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=el|, + e1"/ e'tidt
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Independence of parameter

Theorem

Suppose that v : [a, b] — C is a smooth path, and that
a(c) = a,
a(d)=b.

a(t) : [c,d] — [a, b] is a smooth function, with

If 11 [c,d] — C is the path u(t) = v(«(t)), then

/f(z) dz = /f(z) daz.

Proof. By the change of variables formula for integrals

d b
/C F(a(D) 7' (a(t)) o (t) ot = / F(4(5)) /() ds
e Important that p(c) = v(a), u(d) = ~v(b): same direction!

e For piecewise smooth v: if y =~ U--- Uy,
can take a new parameterization ., for each ;.



