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More on contour integrals

Useful notation:
o If 29,2z € C, [z9,21] = straight line path from Zz, to z

[20,21] :{(1—t)20+t21 : t€[0,1]} J

Z1
We will write / f(z) dz :/ f(z) dz
[20,21] 29

e For v a path, —v denotes the same path in the other direction

—(t) = {1(-1) : te[-b-a]) J

Then / f(z)dz = —/f(z) dz, and —[zy,z1] = [z1,20].



Contour integrals over the boundary of a domain

We integrate over boundaries in counter-clockwise direction:

e If A = triangle connecting {zy, z1, zo} counter-clockwise

22 20 ’

/{mf(z)dz _/:1 f(z) dz —1—/2 f(z)dz +/z f(z) dz

Equivalently: 9A is the contour [zy, z1] U [21, 2] U [22, Z0]

e If D;(w) = disc of radius r centered at w,

27 . .
/ f(z)dz — / f(w + rel" ) ire™ dt ’
2D, (w) 0

Equivalently: oD, (w) is the contour {w + re : t € [0, 27]}



Cauchy’s Theorem

Cauchy’s Theorem for a triangle A
If f(z) is a smooth analytic function on an open set E D A, then

f(z)dz = 0
an

Relate to real line integrals: if f(x +iy) = u(x,y) +iv(x,y),

/7 f(z)dz = /7 (u(x, y) + iv(x, y)) (dx + idy)

_ A(udx ~vdy) + iL(vdx+udy>




Green’s Theorem for a triangle A
If u, v continuously differentiable on an open set E D A, then

ou ov
vax +udy = /(— — —> dx d
/aA 4 A\OXx Oy y

Replacing (u, v) with (—v, u) gives:

ov ou
udx —vd :—/<+)dxd
/BA 4 A\ OX oy 4

Cauchy’s Theorem follows from Cauchy-Riemann equations:

ou_ov  ov_ o
ox Oy ox 0y




Arclength of a path

For a smooth curve in R? given by {(x(t),y(t)) : t € [a, b] }

Distance traveled = /b\/x’(z‘)2 + y'(t)? dt ’
If (1) = x(t) +iy(t), then |7/(t)] = \/x'(1)* +y'()*

b
Distance traveled by ~: /(y) = / |¥/(t)| dt ’
a

Semicircle: ~(t) = e, t€[0,7], {(y)=r.



b b
Recall the inequality: / a(t) dt‘ g/ lg(t)|dt, we get
a a

/ f(z)dz
vy
Corollary

If |f(z)| < M for all z in the image of v, then

/ f(z)dz

Typical application:

/ f(z)dz
0Dr(2p)

b
< / ()] /(1) o

| \

< M-(v)

< 2rnr-max|f(2)|.




